JOURNAL OF

MATHEMATICAL
PHYSICS

VoLuME 7, NUMBER 10

OcTtoBER 1966

Construction of Vanishing Cycles for Integrals over Hyperspheres*

J. B. Boyuingt

Department of Physics, Branders University, Waltham, Massachusetis
(Received 2 September 1965)

The homological methods of Fotiadi et al. are applied to the study of the analytic properties of
an integral over a l-sphere T of a closed meromorphic l-form on the complex quadric of which I' is
the real section. Vanishing cycles are explicitly constructed at points of a certain standard type, and
the relevant Kronecker indices are evaluated. The Picard—Lefschetz theorem and the decompositign
theorem are then applied to obtain linear relations between the discontinuities round various singu-
larities. The results have a direct physical interpretation in the cases I = 4 and I = 2 in terms of tie
Riemann sheet structure of single-loop Feynman diagrams with four, five, or six vertices. They give
linear relations between the various discontinuity functions, which generalize the results obtained by
Fotiadi and Pham for the two-particle discontinuity of the five-point loop and for the complete

Feynman amplitude of the four-point loop.

1. INTRODUCTION

HE methods of homology theory have been

applied by Fotiadi and Pham''? to the study of
the analytic properties of various Feynman and
unitarity integrals. In all the simplest cases, the
first step is to convert the integral into an integral
over a hypersphere. Thus, two-particle unitarity
integrals are expressed as integrals over 2-spheres’
and Feynman integrals of single-loop diagrams with
four or more vertices as integrals over 4-spheres.’
The Picard-Lefschetz theorem and the decomposi-
tion theorem of Fotiadi et al.® are used to derive
relations between the discontinuities round paths
encircling the various Landau surfaces. To obtain
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the actual form of these relations in a particular case,
it is necessary to know certain Kronecker indices. In
the two cases they considered, Fotiadi and Pham"'?
give values for the Kronecker indices in question, but
they omit the argument leading to these values. We
shall consider the general case of an integral over an
I-sphere, construct s set of vanishing cycles at a
point of a certain standard type to be specified, and
evaluate the relevant Kronecker indices.
The integral to be studied is of the type
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i@ = =
IIw-z-1

i=1

1.1

where the integrand is a closed meromorphic I-form
on the complex quadric

z = {(ZO:ZH te ,2;) S c'*h:
2 ta+ -0+l =1},
and the cycle of integration is the I-sphere

Feynman Graphs by Homological Method,” Ecole Poly-
technique, Parss (1963) (Unpublished). T = {(%, 2, -+, ) ER"™.:
#D. Fotiadi, M. Froissart, J. Lascoux, and F. Pham, 2 . 2
Topology 4, 159 (1965). o+ 2+ - + 7 = 1)
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oriented as the boundary of the canonically oriented
closed (I + 1)-ball

) .T,) c R“l:
zo+ a2+ - + 2l <1}
The positive integers I, m, and ¢; satisfy

{(xO) Ty,

f is a polynomial in 2o, 25, -+ - , 2; of degree ¢ — 1
at most. For technical reasons connected with the
existence of the standard points at which we propose
to construct vanishing cycles, we shall also have to
impose the restriction that

m< 1+ 2.

w is the closed holomorphic I-form

1
0= 2 (=Dodag Ao AT A e A dals,
where a hat over a symbol indicates that it is to be
omitted fpem the product in which it oceurs. The
symbol a-b for a pair of complex n~vectors a =
(@, az, ¢ , @) and b = (by, by, --- , b,) stands for
the scalar product

ab = Z a;b;.
=1
The symbol P stands for the m complex (I 4+ 1)~
vectors p;, and we shall study the analytic properties
of J(P) as a function of P & C™"*, In some
physical applications, the components of the p; are
not all independent, they rather depend holomorphi-
cally on some parameter { varying in a complex
analytic manifold 7' of lower dimension. Then J
should be regarded as a function of ¢ rather than
of P. It usually happens, however, that there is
still sufficient freedom in the p; (at least if we allow

@ =
i<y

(D) (—Ditdta A oo A A -
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analytic continuation in particle masses) to enable
us to vary them along paths of the types to be
described later. We shall therefore regard the com-
ponents of the p; as independent complex variables
and consider J as an analytic function of P in C™“**,

To bring the integral (1.1) into the standard form
discussed by Fotiadi et al.,® it is necessary to com-
pactify the ambient manifold = of the cycle of
integration. This is most simply achieved by chang-
ing to homogeneous coordinates. Putting

zi=§-\'/§-l+1 (i‘:O:l’"':l);

and making the change of variable in the integral
(1.1), we obtain

@ = [ L, a2

I_Il @i 0"
where f = (fl-n)q_lf(fo/fzn, <o, G/6a) i8 a
homogeneous polynomial of degree ¢ — [ in

to, 1, ¢, 141, @ is the differential I-form

1
w = (§'I+1)—l Z;) ("l)ii'-' dfo

Ao AGE A - Adtlz,

and P; is the complex (I + 2)-vector (p;, —1).
The new ambient manifold is the complex projective
quadric

Z=[(fo, t1r " v Cran) EPIH(C):

Gt o+ 8= ()]
which is compact. I' is the homeomorphic image of
I' under the map w: C'** — P'*(C) defined by
@20, -+, 2) = (20, -+, 21, 1), which maps C'*?
homeomorphically onto P'**(C) — PJ(C), where
PZ(C) is the hyperplane, ¢;., = 0, of P'**(C). For
each integer j satisfying 0 < j < [, it is easy to show
by eliminating df; that

. /\3?,- ANERE: Ad§l+l

+ (=D dEe A e ATE A e AdE A o A dEin]lze

>4

Since ¢ = 0 does not define a point of P***(C), it
follows that & is a regular form on Z.

We write P; for the hyperplane p;-z = 1 in C'*?,
P, for the corresponding hyperplane §;-{ = 0 in
P*(C), =, = 2N P;and £ = £ N P;. The
integrand of (1.2) is holomorphic except on the
(I — 1)-dimensional complex analytic submanifolds

3, of S. Let & be the domain of C™“*" defined by
the inequalities
IRep,|<1 (j=1)2;"'

The standard points (to be defined at the beginning
of Sec. 3) all belong to ®. For P € &, the cycle T’
of integration does not intersect any of the Z,.

, m).
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Hence, the integral (1.2) is well defined and holo-
morphic in ®. It follows from the isotopy theorem
of Fotiadi et al.® that (1.2) may be analytically
continued away from & along any path on which the
3; remain in general position, the cycle ' of inte-
gration being deformed by the ambient isotopy
associated with the path. This analytic continuation
can only be blocked when a point is reached at
which the Z; are no longer in general position.
Because of the particularly simple form of (1.2),
this can only happen when there is a simple pinch
involving the Z; for j € 8, where 8 is some subset
of {1, --- , m} such that the number |B| of its
elements satisfies 1 < [8] < 1 4 1. The set of all
such 8 will be called B. The condition for a simple
pinch in the system g8 is that there exists a point
d = (q, gi+1) of P'*'(C) and complex numbers
\; (7 € B) such that

¢ =@ pa=qgn (GE ﬁ),l
1.
q = Z A;ps, E No= Qe J' ( 3)
i€ i€EB

This is possible if (and only if) P lies on the Landau
surface L, whose equation is

Lg(P) = det (pi*p; — 1,5 = 0.

Thus, the singularities of J(P) lie on the Landau
surfaces Lg, which are complex analytic submani-
folds of C™“**" of co-dimension 1, and J(P) may be
continued along any path in
m(l+1)
(o ,\é{ Ls.

J(P) is not a single-valued function of P, because
some of the L, correspond to branch-point singu-
larities. Continuation of J(P) round a closed loop
based on a point P, of ® and encircling some of the
Lg will produce, instead of the original J(P,) inte-
grated over T', an integral of the same form over a
cycle of integration obtained from I' by applying
the ambient isotopy associated with the loop. Since
the integrand is a closed form, the integral will
depend only on the homology class of the cycle
of integration in the compact homology group

(S — Ur, 2). Thus, J(P) depends both on P
and on the homology class of its cycle of integration.
The latter tells us which ““ Riemann sheet” we are on.
We investigate the Riemann sheet structure by
studying the effect on J(P) of successive continua-
tions round a sequence of closed loops based on a
standard point, each loop encircling one of the L.

In Sec. 2, we explain what we mean by vanishing
cycles and why they are of importance in this prob-
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lem. The geometrical construction of the cycles is
carried out in Sec. 3, where it is shown that they
are indeed vanishing cycles. The orientation of the
cycles is specified in Sec. 4, where the relevant
Kronecker indices are evaluated. Finally, in Sec. 5,
the decomposition theorem is used to obtain linear
relations between the discontinuities of J(P) around
its various Landau surfaces Ly.

The results obtained have a direct physical inter-
pretation in the case I = 4. The Feynman integral
corresponding to a single-loop diagram with m
vertices (where m > 4) may be cast’ into the form
(1.2) with I = 4, ¢; = L, and f = (fx + &)™
Each factor p; - { in the denominator of the integrand
corresponds to an internal line j of the diagram,
and Lg is the Landau surface obtained by putting
the lines j in 8 on the mass shell and contracting
out all the other internal lines. Thus, our results
give information about the Riemann sheet structure
of single-loop diagrams with four, five, or six vertices.
Similarly, in the case I = 2, we obtain information
about the two-particle discontinuities (as evaluated
by the Cutkosky prescription) of Feynman diagrams
of these three types.

2. THE NATURE OF THE PROBLEM

We outline the program to be carried through in
Secs. 3, 4, and 5.

In Secs. 3 and 4, we construct at each standard
point a set of relative cycles es, one for each 8 in B.
g is a compact I-chain of = with boundary in 4,2,
where

(B)z = n Ei)

w2 = Uz,

i€8 icp
and a similar notation is employed for the Z;. The
homeomorphic image of the above chain under @
defines a compact l-chain of £ with boundary in
@ 2. By abuse of language, we shall denote this
chain and its relative homology class in Hj(Z, (4, £)
by the same symbol ¢;. If 8 = {4, -+ 4.}, we can
write

€8 = €iyigerciry

the order of the indices being immaterial. If
1 < s < r, we define

dyeeei, .
[ Sat1oceiy (9‘-, .

. 6;, 6.»16‘-‘....-,
E H:—:(D 2(5,
=1

where the 9; are boundary homomorphisms. Geo-
metrically, the operator 9; applied to a relative
cycle gives the part of its boundary which lies in

U 2.),

kmg+1
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2. As the different boundary homomorphisms anti-
commute, it follows that e**"""*«, . .. is antisym-
metric in its superscripts though symmetric in its
subscripts. The cycle ¢**""*** is an (I — r)-sphere
for r < [, and is zero for r = I + 1. It will be shown
that e*"""** does not intersect any Z; with j € §,
where B is the complement of g8 in {1, --- , m}, so
that it defines an element of H ,_,((‘”2 - @),
which will again be denoted by e**"*"*", or, when a
definite order of the elements of 8 is understood,
simply by €.

In Sec. 3, we construct, for a given standard point
P, and a given 8 in B a path A\, [0, 1] — C™9*P
such that

MO) = Po, (1) = P,
ME) € N [CHEY 7gL.,}, for 0<t<1,
where
Ps € L,
but
PsE L, for YEB, ~#B8.

At P; there will be a simple pinch in the system 8
such that the point § satisfying (1.3) lies on the
original undeformed cycle of integration I'. The
definition of eg will be extended from P, to the whole
of s in such a way that e; depends continuously
on t and shrinks to a point (in fact to the point q
mentioned above) as ¢ — 1. The cycle ¢®, and the
various relative cycles also obtained from e; by
repeated application of boundary homomorphisms,
clearly also have this property. It is for this reason
that they are called vanishing (relative) cycles.
Now, it follows from the proof of the Picard-
Lefschetz theorem® that there exists an open ball
W in £ centered on § and a neighborhood V of Pj
in C"¢*Y such that, for P € V, W N\ Z,(P) is
empty for j & B, while the W M Z,(P) for j € 8
are in general positioned in W except when P & L,.
For t sufficiently close to 1, the point Mg(f) lies in V,
and the corresponding e is contained in W. Let Qs
be any such point, and let o, be a closed loop based
on P, made up of the part Xy of As from P, to Qs
followed first by a small circuit v about P, in a
positive sense (that which makes arg Lg increase by
27) and then by a return from @; to P, along Xs
described in reverse. The proof of the Picard-
Lefschetz theorem shows that, for || < I, the com-
pact relative homology group H;(W, 2 M W) at
Qs is an infinite cyclic group (written additively).
As ¢4 is contained in W, it defines an element of this
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homology group, which must in fact generate the
whole group. Similarly, the reduced homology group

i-10{® £ N W) is an infinite cyclic group and is
generated by the iterated boundary e’ of ¢;. Accord-
ing to the Picard-Lefschetz theorem, the ambient
isotopy associated with the small loop v, induces an
automorphism of H (£ — \U7., ;) at Q; which is
the identity except in the case p = | > |8, when an
element h of H$(S — \J 7-12;) undergoes the change

h — bk + ni, 8¢, 2.3)
where
n = (__1)}(1—lﬁl+l)(l—lﬂl+2)KI [h, eg], (22)

in which KI means Kronecker index (to be defined
in Sec. 4). 8'"' is the iterated coboundary operator
as defined by Fotiadi et al.® This definition differs
in sign from that of Leray.* Since different co-
boundary operators anticommute, their order is
important, If 8 = {4, --- 4,}, the symbol §"'¢?

stands for

oy wv By @ = By vee 8, iy e By, 0p,
Whlch is mdependent of the order of the symbols
i -+ 1, 8¢’ is an element of Hi(W — 5, £ N W).

7, is the homology homomorphism induced by the
inclusion map

i:W"‘(p)EmW_)S—' UE,'.
i=1

The formula (2.1) remains valid when |8] = I + 1,
as ¢’ then vanishes. Now, the ambient isotopy asso-
ciated with the path X; sends e, and ¢® at P, to the
corresponding homology classes at @, and it preserves
Kronecker indices. It follows that the ambient
isotopy associated with the loop a4 induces an auto-
morphism g of Hi(E — \Jr, £,) at P,, given by

h— Ysh) = h +n 8" &, heH;(z‘:— 02,),

=1

2.3

where n is given by an expression having the same
appearance as (2.2), but involving homology classes
at P, instead of at Q. In (2.3), ¢’ is to be regarded
as an element of H_ (% ~ (3 f)) so that §'°'¢?
is indeed an element of H{(Z — \U7.; Z)).

Now, as we saw towards the end of the introdue-
tion, the value of J(P,) on a particular Riemann
sheet depends linearly on the homology class of the
cycle of integration corresponding to that sheet.
Hence, in order to ascertain what happens to J(P)
when it is continued around a succession of loops

4 J. Leray, Bull. Soc. Math. France 87, 81 (1959).



INTEGRALS OVER HYPERSPHERES

ag, it is sufficient to find the images of the homology
class of the original cycle of integration T' under
successive applications of the automorphisms y,.
We see from (2.2) and (2.3) that, in order to do this,
we must know the Kronecker indices of T' and the
8'"¢® with the es. These Kronecker indices are found
in Sec. 4. In Sec. 5, we use the decomposition theorem
to obtain a basis for the group H;(£ — \U™, Z)),
and find the matrix representations of the yjg
with respect to this basis. Linear relations between
some of the §''¢’ and (when [ is odd) T' are also
obtained. These can immediately be translated into
linear relations between the discontinuity functions

Ag(P) = —n ./;m.a I"‘I (pf&,()“.
i

i=1

2.4)

The minus sign has been inserted in (2.4) to agree
with the convention usual among physicists that
the discontinuity is the original value minus the
analytic continuation around L; in a positive sense.

3. CONSTRUCTION OF VANISHING CYCLES

By a standard point we mean a point P of C™¢*¥
at which the p; are all real, their lengths |p,| are all
less than unity, and the following conditions are
satisfied for each 8 in B:

(i) The p, for j € B are linearly independent, so
that their Gram determinant A%’ is positive.

(i) AP > 0 for each j in B, where A® is the
determinant obtained from A’ by replacing the
column corresponding to p; by a column filled with
ls.

The condition m < I 4 2 ensures that such points
exist. For m = [ + 2 one could take p;, -+ , p.. to
be the position vectors of the vertices of a regular
(I + 1)-simplex centered at the origin. We define

== (a7 T AP BEB). @D
Then
pimg =1, for jE 8. (3.2)
This implies, since |p;| < 1, that
x = {A®}? iZE;A,‘.” > 1. (3.3)
Hence,
Ly(P) = det (pi+p; — Ds.jep = &® — ;,, AP < 0.

Thus, a standard point cannot lie on a Landau
surface of J(P). The vector

1753

P = @) 'm = {2 AP)T 3 APp;,  (34)
€8 7EB

is the perpendicular from the origin onto the (|8 —1)-
plane through the end-points of the p; with j € 8.
Condition (ii) expresses the requirement that the
foot of this perpendicular should lie inside the
(18] — 1)-simplex spanned by the p; with j € 8.
When @ and v are elements of B such that v is a
proper subset of 8, we have the identities

Pyompg = 1, T Ty = 7‘3} Ps'Dy = p;; (35)
and the inequalities
% > =, P; <Py (3.6)

which follow simply from the definitions and con-
ditions (i) and (ii).

Let P be a given standard point and 8 a given
element of B. We define the relative cycle ¢; to be
the sum of two chains e and ¢/”. These chains
are specified by giving their supports and then
orienting them. The supports are subsets of = C C***
and, in giving them, we write z for a general complex
(I + 1)-vector and x and y for its real and imaginary
parts. The support |ef”| of ef is the set of all z in
C'** such that

X =Alms| ' mp,  my =0,
y=NN—-1, 1<x< |nl.

The chain ef* is defined to be zero when |8 = 1.
For |8| > 1, the support |ef”| of e is the set of all
z in C'** such that either

3.7

X=m, wy=0 y =mx-1
or
X+(mz — %) = 0,

pi*x > 1 for some j € B,

X ¥ mg,
(3.8
y=& - D' x — =™ @ — =)

The orientations of the chains ef" and e{® are given
in Sec. 4. There it is shown that, for |[8| > 1, the
boundary deg" of e occurs as a term in def®, but
with opposite orientation. Hence, def does not
appear in the boundary des of e5 and the latter is

of the form \_,¢s 9,e5, where |3;e6] is the set of all
z in C'** such that

X(mg — x) = 0, X # m, p;*x =1,
pirx <1 for 1€ 8- {5},

y=& ~ D} x — =" (@ — =),

(3.9

when |8| > 2 and the closure of the above set when
[8] = 2. Thus, the boundary of e lies in (5,2 for
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18] > 1 and clearly also for |8| = 1. Hence, ¢; is
indeed a relative cycle of the type specified in Sec. 2.
Ifg = {¢, %, --,4}and 0 < s < r, we note, as a
generalization of (3.9), that |e®**"*, ... | is the
closure of the set of all z in C*** such that

Xe(mg — X)) =0, X=m, pirx=1

for

1€ {n -4}, pex <1 for jE {i - 4},
V=& —Dx — |7 x — =), (3.10)

For the cycle ¢, we have
€| = {z € C**:
X=my 0y =0V jiEBy == — 1}. (3.11)

This is a (I — [8|)-sphere if |[5| < L For |8] =1+ 1,
le?| is empty and e® is zero. To demonstrate that,
when |8} < I, |¢’| does not intersect any Z, with
j €& B, it suffices to observe that, if j & 8,

Pirmp— 1 = {A(ﬁ)}_l Z AS"’p.pr -1
i<k

— _{A(ﬂ)}"l A,(-ﬂi) < 0’

where Sj is a shorthand for g \J {j}.

Our next task is to construct a path X, for a given
standard point P, and a given 8 in B. We define
As to be A§¥ followed by Ag®, where g is a path of
standard points starting at P, and ending at a
point Pj(p; = p}), where (p})* is close to unity (so
that the vectors p/ for j & 8 are almost parallel
and of length just less than unity) but the (p/)*
for v C B are not close to unity. Thus P} is close to
the L, with ¥ C 8 but not to those with ¥ (C 8. For
0 <t < 1, M7 (t) is defined to be the point given by

p; = (1 — Op; + tq + 2rt(ps — b))

3.12)

for jE B, (3.13)
p; =p; for jEEB,
where
q = |ph|™" ph (3.14)

and X\ is a small positive number. The corresponding
value of p, for v C 8 is given by

P, = — Op) + tg + iM(p; — ) (3.15)
as can easily be verified. In particular,
ps = {t+ 1 — Onlq, (3.16)
where
1 = |pjl- (3.17)

J. B. BOYLING

For 0 <t < 1, it is clear that A{® (f) € &. Moreover,
N (t) & Ly for v C B, as p? 5 1 (see Eq. 3.3).
This is true because Im pJ < 0 for 0 < ¢ < 1 when
v is & proper subset of and pj < 1for0 < ¢ < 1.
At Py = \{¥(1) we have

Pi = q+i\p; —p), for jEB.
The conditions (1.3) are satisfied at P, with
i=@DET, N=(2a")" 4",
iE€ER
where the primed determinants are evaluated at P}.

Thus Py & Ls. However, Py ¢ L, when v is a proper
subset of 8, as

Py =1- N0y -

By choosing N so that P} is sufficiently close to

Lg but far from the L, with ¥ {C 8 and by taking
a sufficiently small value of A, we can ensure that
As? does not intersect any L, with v C 8. The
combined path s will then meet all the requirements
set out in Sec. 2.

We must now extend the definition of e; to the
whole of As. As it is already defined on Aj", we need
only specify it on Aj?. Here we put e¢; = ef" + ¢,
where e5" is given by (3.7) with

m = {t+ (1~ O1}7q, (3.18)

es? is zero if 8] = 1, and |¢f?] is defined for |8] > 1
to be the closure of the set of all zin C**! of the form

z = -(% + 'i(wg - %5)’!(% - 1)*(%5 - ﬁ,,) (3.19)

with =4 given by (3.18), where
(=1~ D&+ tq + nt(ps — ¥) (3.20)

and £ is a real (I + 1)-vector belonging to the set E
defined by

picE = (03’

pi) <1 at Ps, by (3.6).

£+ phpi-E> & forsome jEB.
(3.21)

The above conditions clearly define (to within
orientation) a chain e; of £ whose boundary belongs
t0 (5 2, and this definition agrees at P4(t = 0) with
the previous definition of e; at standard points. It
remains only to show that e shrinks down to the
point z = q as t — 1. Now " clearly does have this
“vanishing” property. Also = — q as ¢t — 1. It is
therefore sufficient to show that

I

(3.22)
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with { given by (3.20) tends to zero as { — 1 uni-
formly in £ for £ in E. For this purpose, it is con-
venient to rewrite (3.22) in the form

z—m=(1—pl& — 0 —ilpsl @ — O
X @ - - ), (323
to put
r=1-—t (3.24)

and to investigate the behavior of (3.23) as » — 0.
We shall obtain an upper bound on |z — =}° for
¥ € E which tends to zero as r — 0, where |a]® for
a complex vector a stands for the scalar product of
a with its complex conjugate. A simple calculation
shows that

1T* — pal™ 1T — Omgl*
=140 =7+ )71 - 9"+ 7UE - 7)
<14+ @1 — 74+ m7N1 - 2"+ 711 — 7).
(3.25)
Also,
@ -t —ilpl 1 — O
=—i{Z+ A ~74+1m
X [+1 = 9@ — 7 + ) + Z°1}}, (3.26)
where
Z =D+ +N0E - N G2

For r sufficiently small, 0 < arg Z < 4r inde-
pendently of ¥. Hence

Re {[+(1 — D@2 — » + ™) + Z]}}
> [+ — @ -4 M}
so that
M — ) — i pel (1 — )}
2A =1+ A — N2 — 7+ M,
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(@ — & — ot — i lpel @ — O
<SA—r4+m A -2 — 74+ 1. (3.28)

Thus, |z — =,|° cannot exceed the product of the
right-hand sides of (3.25) and (3.28), a quantity
which tends to zero as r — 0.

4. EVALUATION OF KRONECKER INDICES

Before giving the orientations of the chains ef"” and
es? at a standard point, we make some general re-
marks about the orientation of differentiable mani-
folds (in general manifolds with boundary) embedded
in R". Let M be a connected orientable m-dimen-
sional differentiable manifold in R* (0 < m < n),
and let x, be any point of M. There are only two
possible orientations for M. For a given local co-
ordinate system (z,, -+« z,,) is the neighborhood of
X,, these two orientations will take the values 1 and
—1 respectively. That which takes the value 1 will
be called the orientation determined by the local
coordinate system (z,, +++ , z.). Two local coor-
dinate systems (z,, --- , z,) and (z{, --- , z2) in
the neighborhood of x, determine equal or opposite
orientations according as the Jacobian

a(xl’) ) xm,)/a(xlr )

is positive or negative.

An ordered set of m vectors e,, -+ , e, of R",
whose (orthogonal) projections &,, --- , é, onto
the tangent m-plane T to M at x, are linearly
independent, determines an orientation of M,
namely that determined by the local coordinate
system (e,*x, -+ , e,*Xx) in the neighborhood of
x,. This will be called the orientation determined by
e, **° , €, at X,. Two sets of vectors {e,, +++ , e,}
and {ef, --+ , e’} determine equal or opposite
orientations according as det (&;-e}) is positive or
negative. In the special case where {e,, --- , e,}
and {e], --- e} span the same m-dimensional
subspace of R" (not necessarily T'), the orientations
determined by them at x, will be equal or opposite
according as det (e;-e}) is positive or negative.

In the sequel we shall make repeated use of the

. )xm)

and relations
det (al) *tt y 8uy Dy, vt ' bn) det (al,' ter 8y bmﬂ’: Tty bn') = det (a,ua,-) det (b,,'bg'), (41)
det (8, *** , 8n, buss’, <o+, b) deb (@, -+ , a2/, bast/, -+, b,’) = det (a;-a,") det (b’ by’), 4.2

which hold when the real n-vectors a,, -

Doy, -

*y B, 8f o
that each a, is orthogonal to each b, and each af is orthogonal to each b]. Here, det (a,, --
» ba), for example, means the determinant of the n X n matrix whose columns are a,, - --

3 a,’n, bm-!—l’ ey, bu, b,‘:,.ﬂ, ey, b; are such

* 8w,
H a""
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bns1, *+- , b,. The proof of (4.1) and (4.2) is a
straightforward application of the identities

det (4) = det (4%,
det (4) det (B) = det (4B},

where A and B are n X n matrices and A* is the
transpose of 4.

Now the subset |ef”] of C'** defined by (3.7) is
an [-dimensional differentiable manifold with bound-
ary. We give it the orientation determined by the
global coordinate system (e,-y, --- , €;-y) where
{e,, -+, e} is an orthonormal set of real vectors or-
thogonal to =z and such that det (=, €, -+, ;) > 0.
Clearly, any two such orthonormal sets determine
the same orientation of |es”|. The oriented manifold
determines an l-chain of 2 which, by definition, is
es’. In terms of the given coordinate system, |es"
is given by
(ery)’ + (e29)* + -+ + (er°y)® < =5 — 1, 4.3)
and it is diffeomorphic to a closed I-ball. Its bound-
ary is the (I — 1)-sphere

x=m wy=0,
(ery)' + -+ (e9) = — 1.

The orientation of the boundary induced by that
of |ef”| is clearly that determined by the local
coordinate system (e,-y, - - - , €;+y) in the neighbor-
hood of the point

4.4

(4.5)

This oriented boundary determines the cycle def".

The set |es”| defined by (3.8) is a subset of the
differentiable l-manifold with boundary 3, defined
as the subset of C'** in which either

X = @, y = el(“g - 1)*'

my=0y==-—1 (46

= Ty

det (2x, — =5, a,, - -

and, since the left-hand side is, by hypothesis, posi-
tive, it follows that det (a,:a!) is positive. Thus the
orientation of M determined at X, by A,, -+, A;
is independent of the choice of a,, -+ , a;,. It is
also clear, by considering overlapping neighborhoods,
that this orientation is independent of the point X,.
We now show that this orientation is in fact the
same as that already defined for M, i.e., it is opposite
to that determined by the global coordinate system
(e.*y, - -+, €;+y). To do this, we shall pick a particu-
lar point X, in M — oM, and a particular set of a,,

, &;) det (2%, — =g, @), -~
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or

Xe(me — ) =0, x*>1, x35m,

Y= —Dx —m| " x—=). (@D

Let {e,, - -, e;} be as in the definition of ef"’. Then
(e,~y, -+, e;-y) provides a global coordinate sys-
tem for M and we give M the orientation opposite
to that determined by this coordinate system. The
orientation of ¢” is now defined to be that induced
by the above orientation of M. The points of M
all satisfy

0<(ery) + - + (e’ <m—1, (48

and its boundary oM is given by (4.4) or (4.6).
Clearly M has the orientation opposite to that of
def?. Since def” contains the whole of aM, it follows
that des" is canceled out in the sum and does not
appear in des.

It is generally more convenient to give the orienta-
tion of M, and hence of ¢, in terms of x rather
than y. Let us identify C'*' with R*** by the
correspondence

z=x+iyoX = (x7).

Suppose X, = (X, ¥o) is a point of M — M, and
{a;, -~ , a;} a set of real (I + 1)-vectors orthogonal
to 2%, — = such that

det (2%, — =g, &y, +++ , 8,) > 0.

We show that the orientation of M determined at
X, by the (21 + 2)-vectors A,, -+ , A, defined by
A; = (a,, 0) is independent of the choice of the set
{a,, --+, a;}. For let {af, ---, a/} be another pos-
sible choice and put A} = {a/, 0). As {A,, --- , A;}
and {Af, ---, A/} span the same [-dimensional sub-
space of R**** we need only show that det (A;+A}) =
det (a,-al) is positive. But (4.1) gives

, 8) = (2%, — =) det (a:+a;"),

and show that det (A,-E;) < 0, where E; = (0, e,).
If X, = (%o, Vo), we define, for every vector v of
R**! orthogonal to 2x, — =y,

T=(%— DK —m| v
— @ = D7 g — | (w5 — 1)
X [ve(xo — m)l(X0 — =3). (4.9)
Then

A = (@ + &) al(a,, 4). (4.10)
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Tt is therefore sufficient to show that det (&;-e;) < 0.
We now make the choice

X, = mg cOS’ @ + €, |ws| 8in a co8 @,
Yo = (x5 — D} Ixo — =™ (0 — =),
a, = €, ¢os 2a — |ms|”" = 8in 20,
i=2,3 -1,

where 0 < a < cos™' (J=5|™"). A short calculation
shows that

a4 =

a; = e,, for

— |meg|™* (=5 co8® @ — 1)7?
X {|ms| sin a(275 cos® @ — 1)e,
+ cos a(xp cos 2a — 1)=g},
(|ms) sin @) (= cos” @ — 1)le,,

for 1=2,3,---,1

5.-=

Hence,

det (e = —bol” (im )™~

X (2z3 cos’ @ — 1)(xh cos’ @ — ¥ < 0. (4.11)

Now that ¢; has been oriented, the orientations
of the (relative) cycles obtained from it by repeated
applications of boundary operators are completely
determined. In order to evaluate the necessary
Kronecker indices, we shall need to know the values
which these orientations take in appropriate local
coordinate systems.

det (2x, — =, a,, &,, -

= (2x0 - “ﬁ)zy 0

* a;) det (2x° — Ty Ty az, e
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First, we consider the orientations of the chains
d;es (j € B) which make up the boundary of es for
the case |8] > 1. Let X, = (%o, ¥o) belong to the set
|8;¢e5] given by (3.9) but not to any |9e5| with ¢ == j.
The orientation of es is that determined by a local
coordinate system in the neighborhood of the bound-
ary point X, of the form (a,*x, -+ , a,-X), where
we choose

a = & — |“'ﬁl_2 [=;+(2%0 — %0)](2X, — =),

and take a,, - - - , a; to be vectors of R'*" orthogonal
to both 2x, — =, and a, and satisfying

det (2x° — g, a1, e al) > 0.

This is possible because a, # 0 (since 2x, — =5 and
=; cannot be parallel). For (x, y) in ¢ close to X,,
we have

@i+ (X — X)) = a,°(x — x;) — I“ﬁl—z

X [me (2% — 7))@ — X 2 0. (4.12)

Thus, in terms of the orthogonal projection e} of ¢5
onto the “real” subspace y = 0 of R*'*?, we see
that A, is in the direction of the normal to de} at
(%o, 0) lying in e} and pointing towards its interior,
while A,, - - - , A, are tangent vectors to de} at (o, 0).
The orientation of d;e; therefore takes the value —1
in the local coordinate system (a,-x, -+- , a;°Xx) in
the neighborhood of X,. By (4.2) we have

’ al)

det (a;-a;).

m;+ (2%, — mg), “? - lﬂﬂl_z {m; (2%, — ‘Rﬂ)}2

The right-hand side is positive because the Gram
determinant is positive and the first factor equals
=}(=3 — =) which is positive by (3.6). Hence, we
could equally well have imposed on a,, --- , a, the
condition that they be orthogonal to both 2%, — =,
and =;, and that

det (2%, — =5, ®;, A5, -+ , a;) > 0.

Next, we consider the general case of the chains
e iy Where0 < s <r, s <1, B={4, -+ ,i,}.
Let Xo= (%o, ¥o) be any point of the set [e* """, ...,
given by (3.10). Suppose the vectors a,44, ++- , a; of
R**! are orthogonal to

2%, — mp, Tiyy v, Wy,

and that
det (2%, — =g, =5, * -,a)>0.

(4.13)

© oy Wiy &awyy "

We shall prove that the orientation of ¢*"""**, ...,
takes the value —1 in the local coordinate system
(a,+1°%, -++ , a;+x) in the neighborhood of X,. The
proof is by induction on s. We have just shown that
it holds for s = 1. Let us suppose that it holds for
the chain e***"***=*; ...,  where s > 1. Before com-
pleting the proof, we introduce some convenient
notations. If b,, --- , b, are linearly independent
vectors of R”, we write A(b,, -+, b,,) for the Gram
determinant det (b, -b,), which is necessarily positive.



1758

If ¢ is another vector of R", such that b,, --

cl(bl’ rer )bn) = [A(bl) e 7bM)]—l

for the part of ¢ orthogonal to by, --- , b,. Let
X, = (%o, ¥o) be a point of €%, ... a,

W,:.;(sz — ey Wy 0, ﬂ,-._l), a-nd Q4415 **° y 8; VEC-

tors of R'*! orthogonal to 2x, — =g, =, **+ , =, _,,

a, such that

det (2x0 TWEy Tiay 7y Wiemay Ruy Beuyy 00, al) > 0.
(4.14)

By, the induction hypothesis, the orientation of
g it L., takes the value —1 in the local co-
ordinate system (a,*X, +-- , a;-x) in the neighbor-

det (2x, — =5, =iy,

1 Tigmyy oy ypry **°

Hence a, ., - ' -, a; satisfy (4.14) if (and only if) they
satisfy (4.13). This completes the induction proof of
the statement made at the beginning of this para-
graph. The corresponding statement and its proof in
the case, s = I, r = Il + 1 (when €""""*,,....;, Te-
duces to a pair of points) are obvious modifications
of the above.

Finally, we have to consider the orientation of the
vanishing cycle &® = """ = 9" """, . We
consider only the case r < [, the modifications
necessary in the case r ! being obvious. Let
{e,, -+, e;} be an orthonormal set of vectors in
R**! orthogonal to =, =,,, * -+ , =, and such that

det (.., - (4.16)

We show that the orientation of e*'*"** takes the
value (—1)"' in the local coordinate system
(€r4:°Y, -+ , € -y) in the neighborhood of the point

,e;) > 0.

y Tiry e, er+l} e

X = m, y = e, (np — 1)*.

det (‘ﬂi.; Ct ) Ty 2x, — 7, 8, * 0

J. B. BOYLING

-, b., ¢ is linearly independent, we write

:! bl 'bh Tty bl'bm) bl'c
b: 'bu :7 y b2 'bmy b2 *C
bm°bly bm'b27 ’ b:u bm’c

by, b,, y  ba, c

, a;) det (2%, —

, &) det (=i, « -

hood of X,. The points (x, y) of e**"**~*,....,, close
to X, satisfy

7 (X — Xo)

= a,(x — X)) — ¢(x — x)* <0, (4.15)

where ¢ is independent of x. Hence, taking note of the
difference in sign between (4.12) and (4.15), we see
that the orientation of e‘******, ,....;, takes the value
—1in the local coordinate system (a,+,°%, -+ -, 8;*X)
in the neighborhood of X,. By (4.2) we have

Ty Tiny "y Ty, Bypry * 0 sal)

= A(2xo = Wy Wiyy T, W-’.) A(an-h Tty al) > 0.

Our discussion of the orientation of e§” and its
boundary shows that this is the case when r=|8|=1.
We can therefore assume r > 1. Consider the point
X, = (%o, Yo) of €**""""», defined by

Xy =®, + (= — =,) cos’ &

+ e, |xs — =,|8in @ cos a,

x5 — D} |x0 — =] (x0 — =),

Yo

wherey = {7,, - -+, %,-,} and a satisfies 0 < a < %u.

Let us define
a, = e, co82a — |xp — =,|”" (=g — =,) 8in 2«,
a,=¢e;, for t=r+41,.---,1.

Then the a, are all orthogonal to

2%, — Ty Tiey "y Ty
It follows by (4.1) that
s Tiosy 2%, — Ty €ry 00, el)

= A(“o‘n Crt ) Wipead 2x, — “ﬁ) cwzay
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and by (4.2) that

det (=, * - , €1) det (x;,, + -+

? ®iey €y ¢

y Rirmssy 2%, — m, €, -
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) el)

2
Ty Tis " Tigy Tty Wi Ty "h'(zxo - “ﬁ)
“‘.'_‘-ﬂ’.‘, ...... , “‘.'—l’ ﬂc'y—l‘(2x0 — “ﬂ)
TiptTiyy, 0 ’ T, Wipmsy T, (2% — )
2
Tiay Tiy Tiny 00y T, Wiy Tsy Ty
2 L)
ey *Tiyy """ H Tirarr Ty “7
H 2a
Tip*Tiyy "0 ’ Ty Tipeyy T "Wy + (ﬂiv - ﬂ.‘,'ﬂ-{) cos
2
= A(ﬂ;‘, R } “‘r—l)(ﬂl" - Ty .“7) co8 2&,

where we used in the last step the fact that =, is a linear combination of =, , ---

, ®i,_,. Since =;, —

=, =, > 0 by (3.12) and the Gram determinants are positive, it follows from (4.16) that

det (x.,, < -

» Tipoyy 2Xg — Top, By * 0

&) = (= 1) det (22, — g, i,y -

v ,a,)>0.

3 Tirmsy ry °

We conclude that the orientation of e*'****~*; takes the value (—1)" in the local coordinate system

(a'ox’ a'+1.x, .o

g = —|m — =, | [2} + (= — =,)" cos’ @ — 1]

, 8;x) in the neighborhood of X,. From (4.9) we find after some reduction that

X {lms — =, | sin a[=3 + (=g — =,)* cos 2a — 1le, + cos af=s — 2(x — =)’ sin’ @ — 1](=s — =,)},

i = (jmp — =, | sin @) [x + (x5 — m,) cos® @ — 1]te;, for ¢=r+1,---,1,

whence it is easy to show that det (&;-e;) is negative.
The orientation of e**'*"*~*, therefore takes the
value (—1)""' in the local coordinate system
(e.*y, €,41°y, --+ , €;-y) in the neighborhood of
X,. But, by choosing « small enough, we can make
X, arbitrarily close to the point X, of ¢’ defined by

yl = e,(ﬂ; _ 1)’.

Hence, the orientation of e®*****~*;, takes the
value (—1)""' in the local coordinate system
(e, y, €,41°Y, * -+ , €;°y) in the neighborhood of X,.
As the points of ¢******~*,_close to X, satisfy

(er'y)2 + (er+1'Y)2 + et + (el'y)2 S 7‘: - 1,

it follows that the orientation of e¢*'"*** takes the
value (—1)""' in the local coordinate system
(€;41°y, -, €;+y) in the neighborhood of X,.

We are now in a position to evaluate the various
Kronecker indices that will be needed in Sec. 5.
First, let us recall the definition of the Kronecker
index for chains of the special type we have been
considering.” The Kronecker index KI [¢;, ¢,] of a
p-chain ¢, with a g-chain ¢, in a differentiable mani-

§ G. de Rham, Variétés différentiables (Hermann & Cie.,
Paris, 1960).

X, = (xn YI); X, = &,

fold M of dimension » = p + ¢ is only defined when
¢, and ¢, have a finite number of points of inter-
section. In the neighborhood of a point of inter-
section P, we can find a local coordinate system
(%1, -+, x,) for M such that ¢, is given locally by
Toyy = -+ =z, =0ande; byz, = -+ =2, =0.
Let ¢, €, and ¢ be the values of the orientations
of ¢;, ¢;, and M in the local coordinate systems
@y - y» To)y (Tpary o+ » Za), and (@1 -~ y Tu)
respectively. The orientations of ¢, and ¢, will be
said to agree or to disagree at P according as e,e; =
or ¢e; = —e The Kronecker index KI [c,, ¢,] is
defined to be the number of points of intersection
at which the orientations of ¢, and ¢, agree minus
the number at which they disagree.

Consider first the Kronecker index KI [T, e,
where 8 € B. It is clear that I' and ¢, have only one
point in common, namely the point

X =|m| ", y=0 (4.17)

of C'*!, which belongs to e{. Let {e;, --- , e,} be
an orthonormal set of vectors in R'*! orthogonal to
w5, such that

det (s, €y, +- - ,e) > 0.
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Then the orientation of I' takes the value 1 in the
local coordinate system (e,-x, --- , €;°x) in the
neighborhood of the point (4.17), while that of
s takes the value 1 in the coordinate system
(e:*y, - -+, e;°y). Moreover, the points of T' satisfy
ey =0( =1, ---, ), while the points of ¢; close
to (4.17) satisfy e;»x =0(G3®) (G =1,---,0). But
the canonical orientation of the complex analytic
manifold 3 takes the value 1 in the (real) local
coordinate system

(e;°x, €,°y, €:°X, €,°¥, +++ , €;°X, €;°Y),

and therefore takes the value (—1)"/#'%"" in the
local coordinate system

(e1°X, e;+x, -+ , €:°X, €,°Y, €;°, * -+ , &;°Y).
‘We conclude at once that
KI[T, es] = (—DF¢-2, (4.18)

The other Kronecker indices that we have to
evaluate are those of the form KI [6'"'e?, ¢4), where
8, v € B. It follows from the duality of boundary
and coboundary operators with respect to the
Kronecker index that

KI[8'" e",e5] = KI[e", 3" ¢].

More precisely, if v = {4, --+ , 4,}, we have the

relation

det (2’757 T Why iy Ty Wiy €iu1y " ei) det‘ (“h) "

= (—1)" det (2=, — =g, =;,, -

= (“1)’(": - 7‘3) Almi,y » - ,‘M,),

whence
(—"1). det (27-'1 Ty Wiy N yWir Casyy v )el) >0
since =3 > =, by (3.6). We define vectors E;, F,,
and F{in R*'*? by
Ei = (e"; O)y Fi = (0’ ei)!

Fi = (— |y — =l @ — Dle;, e)
for i = s + 1, -+, l. The orientation of ¢
takes the value (—1)""' in the local coordinate
system [F,. (X — Xo), =+-, F,-(X — X,)] and
therefore also in the local coordinate system
[Fi,.-(X = Xp), ---, F{~(X — X,)] in the neigh-
borhood of X, since the F, lie in the tangent
(I — s)-plane to ¢t at X, and

det (F;+F)) = det (e;-e)) > 0.

ta

y Tiay €uay ¢

J. B. BOYLING

KI[s, «-- 5., e“m"; es)
= KI[e" ", 8, -+ 3, €.
As the boundary of egisin (4, =, it follows at once that
KI[§' e, el =0, if vyCB  (4.19)
For 8 = v we have
KI[8'"™ ¢ ¢ = KI [, ¢’
- (_l)l(l—lﬁl)(l-lﬂl-ﬂ) + (_l)i(b-lﬂl)(l—vlﬂl-l) (4.20)

by Cartan’s formuls for the Kronecker indices of
hyperspheres.*®

There remains now only the case in which v is a
proper subset of 8. Suppose 8 = {4, --- , ¢},
v = {%, <+, %}, where 0 < s < r. We have to find
the Kronecker index

KI[5'" ¢, e = KI[e" ", 6" """ 0ionnir]

Now ¢***** and ¢"*"*'*,,....;. have a single point in
common, namely the point X, = (x,, y,), where

Xy = Wy, Yo = (7‘:' - 1)* lﬂ, - “ﬁ!-x (ﬂ, - ""5)'

Let {e,+y, -+, €;} be an orthonormal set of vectors
in R'*? orthogonal to =, , =, -
and satisfying

det (ﬂ‘ i U0
By (4.2) it follows that

3 By Ty T T

',e;)>0‘

s Toiyy By — %gy oy,

Ty Wiy Ty T T €arry Tty e;)
ey, ez) det (767 Wy Wiy Ty Tier By 07, el)
The orientation of e'*' "+, , ...; takes the value

(—1)*"" in the local coordinate system
B X =X, -+, E-X = X
The points X of ¢**"*** satisfy
E,X—-X)=0, for 1 =5+1, :--,1,
while the points of ¢**""**, , ..., close to X, satisfy

Fl-(X — X) =0(X — X,[}), fori=s 4+ 1, -+, L

Now, the canonical orientation of ‘"’ £ is that deter-
mined by the vectors

[EH-U Fa+u E.+z, F|+2a ) Ely Fl]

s E. Cartan, OEurres compldtes (Gauthier-Villars, Paris,
1952), Pt. I, Vol. 2, p. 1227.
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at X,. It therefore takes the value (—1) /2 (= #) (i=¢+D)
in the local coordinate system

[Fnl'(x - XO)y Tt Fl‘(X - XO);
En+1'(x - xo): e rEl'(X - xo)],

and also, as may easily be verified, in the local co-
ordinate system

[Flo X - X)), -+, Fi:(X — Xy),
Eu-l'(x —Xp), -, E;'(X - Xo)]'

Therefore,

KI [e(‘...c,’ e.',-u.'.‘.h-“"] = (___1)}(1—a)(l--+1)
so that
KI [6|7| e‘v’ eﬁ] — (_l)i(l—lvl)(l-l‘vlﬂ)’

when v C 8, (4.21)

v # 6.

5. RELATIONS BETWEEN DISCONTINUITIES

It follows from the decomposition theorem of
Fotiadi ef al.® that, when the £; are in general posi-
tion in 2,

H;(z Yy 2,)

i=1
m~1
f=1

> @ "HLw (D),

Bc(1,* e, m—1}

(6.1)

where the direct summation is over all subsets 8 of
{1, -+, m — 1} (including the empty set &) and
the iterated coboundary homomorphisms §'’! are
all injective. The first isomorphism is that induced
by the homeomorphism of P***(C) — B,, onto C'**
obtained by treating P,, as hyperplane at infinity.

These isomorphisms hold in particular at any
standard point, and may be used to obtain linear
relations between the e;, where

e = 5 ¢,
for gC {1, ---,ml}, 1<81 <L, (5.2)
ez = (—1)'T.

We consider first the case m < I. As 3 has the
(I — |B])-sphere as a deformation retract, it follows
that each of the H;_ 5 (’Z) occurring in (5.1) is
an infinite cyclic group. Hence, Hy(S — \Ur, £)
is a free Abelian group of rank 2™, and the e, with
B C {1, .-+, m — 1} form a basis for it. Now, the
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compact relative homology group H:(S, \Jr, £)) is
dual to the closed homology group H5(E—-\Ur, ),
and hence (since £ is compact) to H;(Z — \ U, $)),
the duality being realized by the Kronecker index.
Therefore, H;(S, \Ur, £,) is also a free Abelian
group of rank 2" and has a basis {’¢} dual to the
basis {eg} of H(S — \Ur, 2,) in the sense that

KI [eg, "¢] = gy, for B,y C{l,:--,m—1}.
(5.3
This dual basis is given by
ﬂe = (___l)i(t—lﬁl)(l—l#l-l)(e‘g — e )
for C{1,--- ,m—1}, 1<8| L, (5.4)

the - (—1)““*”8,,.,

as may readily be verified using (4.18), (4.19), (4.20),
and (4.21).

Since the e; with 8 C {1, --- , m — 1} form a
basis of H;(2 — \Ur, £,), the remaining e; may
be uniquely expressed as linear combinations of
them. Thus, if ¥ C {1, --+ , m — 1}, there exist
unique integers ng, such that

Cym = Z Ny €. (5 ~5)

Bcil,e0r, m=1)
On taking the Kronecker index of (5.5) with % and
applying (5.3), one finds that

ng, = KI [e,a, ﬂe]'

Substituting from (5.4) and applying (4.18), (4.19),
(4.20), and (4.21) we obtain finally the relations

Cym = {("‘1)'_"” - l}e-r

_ E (____l)i(lﬂl—l‘vl)(2l-—|ﬁl-|‘rl—l)ep (56)

yefc(l, esv m=-1]
By
forally C {1, --- ,m — 1}.

Now, the basis of H{(Z — \Ur, £,) consisting
of the e with 8 C {1, .-+, m — 1} determines a
faithful representation of Aut Hy($ — \Ur, ),
in which each automorphism is represented by a
non-singular 2™7' X 2™"' matrix with integer ele-
ments. In particular, the automorphism y; defined
by (2.3) is represented by the matrix 4, where

Voo = 2 A,
aC{l,--+,m—1}. (6.0
It is convenient to write
A% =&, + B (5.8)

Applying (2.2), (2.3), (4.18), (4.19), (4.20), and
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(4.21), we find that, for 8 C {1, --- , m — 1},
B #= I,
B¥) =0, unless «a C 8 and v = 8,
BY = —(—1)iuei-lel+nai-igi-ta)
when o C 8, a # 8, 5.9

B = ~[1 4 (=",
while
B =0, unless « CBCr,
B;ﬂ:) - __(_l)i(l‘yl—lal+1)(2l—|1|—la|)(_l)l—lﬁl

when «a CB8Cry, v#8 (510
B;in) = (__l)i(lﬁl—lal+x)(zl—lﬂl—lal)[1 _ (__l)l—lﬂl]

when o C 8.

The basis we have been using suffers from a cer-
tain lack of symmetry in that the element m of
{1, ---, m} plays a preferred réle. It is difficult to
obtain a more symmetric basis so long as we deal
with homology with integer coeflicients. However,
since the closed form integrated in (1.2) defines an
element of a (de Rham) co-homology group with
complex coefficients, we can obtain just as much
information by considering homology with complex
coefficients. Then, instead of the free Abelian group
H{(E — \ U7 Z)) of rank 2™, we have a 2"7'-di-
mensional complex vector space H;(Z—\JT., £;;C).
Identifying the ez with their images under the
natural homomorphism of Hi(Z — \Um, £;) into

H{(Z — 1 Z;; C), we see that the e, with
g C {1, ---,m — 1} form a basis of the vector

space Hi(E — \Ur, £;; C) and the linear relations
(5.6) still hold. Similar relations may be obtained
by choosing elements of {1, -+, m} other than m
to play the preferred réle. By repeated application
of these relations, we can express the e; with I — |8
odd as linear combinations with rational coefficients
of the eg with I — |8| even. In fact, if | — |8| is odd,
we have
2

v28
I-lyleven

€ = Civi-18141)€4, (5.11)
where the coefficients ¢, may be obtained by solving

the recurrence relations

c {4 2n _
2 (-1 (2r g l)c, =1 (5.12)
The first six coefficients are
cl = —-‘%’ cz = _%’ 03 = —%’ (5.13)
1

8 —_ 69
Cy = _—Sl, Cs = ——Bl, Ce = = .
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Thus the e; with [ — |8] even constitute a symmetric
basis of the vector space H; (S — \Ur, £;; C).

Corresponding to the automorphism ; of
Hi(E — \Ur., 2,), we have a non-singular linear
transformation Tp of Hi (£ — \ U7, Zi; C) onto
itself, which is still given formally by (2.2) and (2.3).
In terms of the basis consisting of the e; with
1 — || even, T} is represented by the non-singular
2™ X 2" matrix M® with rational elements,
where

2

Tole.) = B

Using (2.2), (2.3), (4.18)~(4.21), and (5.11) we find
that

MPe,, 11— la|even. (5.14)

MY, = 6,, + NP, (5.15)
where
N =0, unless y =8 and a C 8,
N;i) = _(_1)}(lﬂl—lal)
when o« C 8, a # 8, (5.16)
N = —2, for | — |8] even,
and
® __
N1u =0, unless a C B8 Cn, when (5_17)
NP = (—1)*““—'"'—”%11|—|m+m
for 1 — [B] odd.
We now consider the cases m = I 4+ 1 and

m = 1 + 2. As the zero-dimensional compact ho-
mology group of a O-sphere (i.e., a pair of distinct
points) is free Abelian of rank two, it follows from
(5.1) that H3(E£ — \Ur., 2,) is a free Abelian group,
of rank 2”7 4- 1 in the case m = I + 1 and of rank
2™ 4 m — 2in the case m = [ 4 2. In both these
cases, there exist 8 which satisfy both

BC {1, - 6l = L.

For such 8 the O-chain ¢’ may be expressed as the
difference of two O-simplices. Indeed, suppose

,m — 1} and

B = {4, +++, %:}, where the order of the elements is
such that
det (ﬂ;,, trt Wiy, g ﬂp,,,) > 0.

Let ef and ef be (—1)""' times the O-simplices
defined by the points

X, = mp, Y = (x5 — D} s — mpal ™ (s — 7p)
and
X=m Yy=—(=— 1)’ fms — mpm| ™" (75 — Tpm),
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respectively. Then, with the given ordering for the
elements of 8, we have

é=d -2

Hence,
+ -
€ = € — €,

where

+—

€ =

A basis for Hi (£ — \J., £,) in thecasesm = [+ 1

and m = [ + 2 is provided by the e; for
BC {1, - 18] <1,

together with the ejand e for3 C {1, ---,m — 1},
|8] = 1 The dual basis of Hi(Z, \Ur, £,) is now
given by

e, ey = 8.

7m_1};

3 e = \_1)}(l—lﬁl)(l-lﬁ|—l)(ep - eﬂm))

for BC {1, ---,m—1}, 0<|B] <,

‘e = (_1)!1“-'-1)6"., (5.18)
fe - ';é:ll (—l)l_lﬂe'ym Lo = €gm — €p)y
for BC{I’:m_l}r IBI__-Z

as one easily verifies with the aid of (4.18), (4.19),
(4.20), (4.21), and the relations

KI [ej, es] = KI[eh,e’] = 1,
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KI [ej,e] = KI[&,¢"] = —1,
KI [e;; 63,,.] =1,
KI [e;) eﬂrn] =0,

holding for 8 C {1, --- , m — 1}, || = L. On writing
e,mfory C {1, -+ ,m — 1}, |y] < ! as a linear
combination of the e with 8 C {1, --- , m — 1},
|8] < land the ezand ez withg C {1, -+-,m — 1},
8| = 1, and evaluating the coeflicients as before,
we find that (5.6) is still valid in the casesm =1+ 1
and m = [ + 2. It follows that the linear relations
(5.11) also remain valid. So too do the matrix
representations given by (5.8)—(5.10) and (5.15)-
(5.17), respectively, though they now refer only to
the subgroup (subspace) of Hi(Z — \Ur, Z))
[Hi (2 — U, £;; C)] generated (spanned) by the
€, which is mapped onto itself by each of the (7).
However, as the homology class of the original
cycle of integration I' = (~1)’ey belongs to this
subgroup (subspace), these matrix representations
still contain enough information to enable us to
find the value of J(P) on any Riemann sheet that
can be reached by a succession of loops ag.

It is interesting to note that, when I is odd, (5.6)
with vy = J expresses 2I' as a linear combination of
e with 8 in B. Hence, the original integral J(P) may
be written as a linear combination of its discon-
tinuity functions (2.4). Unfortunately, this does not
work in the physically interesting cases of [ = 4
and | = 2,
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The variation of the Green’s function of a linear differential operator is computed as the variation
of an n-tuple integral with variable boundary. This generalization of Hadamard formula is shown
to lead naturally to the method of “invariant imbedding” of R. Bellman. Three applications of the
general formalism are given: the Dirichlet problem, the neutron or photon transport in a plane
parallel anisotropically scattering slab, and scattering in a central field where three identities used in
potential scattering are shown to be a consequence of the invariance of the asymptotic Green's

function.

L INTRODUCTION

DENTITIES analogous to Green’s identities are
common in mathematical physics mainly through
the variational principles. Among notable examples,
we mention an identity used by K. M. Case' in
neutron-transport theory, and the Kato identity®
(with all its variants) in scattering theory. From
these identities, it is possible to derive remarkable
functional relations, generally under the form of
nonlinear integro-differential equations, some of
which have already been put to use in radiative
transfer theory.*

The purpose of this paper is twofold: we first
compute a general expression for the variation of
the Green’s function of a linear differential operator
to obtain a generalization of the Hadamard formula
of some importance in applied functional analysis.*"*®
We next show how the method of “invariant im-
bedding” of Bellman, Kalaba, and Wing® (which
is used recently in radiative transfer theory, neutron
transport theory,® electron backscattering theory,”
and potential scattering®) is derived as a particular
case of the Hadamard formula. From invariance
principles, a set of two functional equations satisfied
by Green’s function is obtained. These equations are
related to the Ambarzumian—Chandrasekhar invari-
ance principles of radiative transfer theory. For
further examples of the Hadamard formula, we show
its relation to Kato identity; we also show how the
variation of the Green’s function can lead to a neat
and unified treatment of some fundamental identities

1 K, M. Case, Rev. Mod. Phys. 29, 651 (1957).

2 T, Kato, Progr. Theoret. Phys. (Kyoto) 6, 394 (1951).

2 1. Spruch, in Boulder Lectures in Theoretical Physics
(John Wiley & Sons, Inc., New York, 1961), Vol. IV,

4 See, for instance, S. Ueno, Progr. Theoret. Phys. (Kyoto)
24, 734 (1960).

5P, Levy, Problémes concrets
(Gauthier-Villars, Paris, 1951).

¢ R. Bellman, R. Kalaba, and M. Wing, J. Math. Phys. 1,
280 (1960).

7 R. Dashen, Phys. Rev. 134, A1025 (1964).
3 R. Dashen, J. Math. Phys. 4, 388 (1963).

d'analyse fonctionnelle

of scattering theory by a central field, like a recent
generalization of the virial theorem by Robinson
and Hirschfelder.’

II. THE GENERALIZED HADAMARD FORMULA

Let F be a linear differential operator, U a func-
tion of the N independent variables, z', ---, z",
satisfying the linear partial differential equation

FU - Q. =0, 1)

where @, is a given function. We define the adjoint
operator G through the identity

VFU — UGV = div J@, V), ©)

where the components of vector J are bilinear forms
of U, V, and their derivatives. We will not delve
into details of the well-known computation of J.'°

Let
£, = {VFU — UGV), 3)

L= ceo - VQu - UQM (4)

where Q, is also a given function.
If £ is taken as Lagrangian, the Euler-Lagrange
equations are

88/8V = FU — Q, = 0, (5)
52/8U = GV — Q, = 0. (6)

To this set of equations, we must add boundary
conditions. (We assume from now on that boundary
conditions are adjoint of each other.) If we add to
F a linear integral operator whose kernel is self-
adjoint, we do not modify the expression of J
(Eq. 2). Let us compute the variation of the N-tuple
integral with variable boundary**

¢ P. Robinson and J. Hirschfelder, Phys. Rev. 129, 1391
(1963).

10 P, Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc., New York, 1953).

1 T, De Donder, Théorte invariantive du calcul des vari-
ations (Gauthier-Villars, Paris, 1935).
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dv = dz' - da". )]

=_/;.de,

Define the dummy variable r as the independent
variable and

8U = XU, V, 2!, ©) or,

8V = XU, V, 2, 1) br, €]
&' = XU, V, o, 1) br.
Then
a_ f D& dv + 95 ©X" + D' dS ()
i N-1
with
_8& 523U , 829V
De = + sU ar + 57 oV ar (10)

and X", D" the components normal to the surface
of vectors whose Cartesian components are, respec-
tively, X* and

Do = 08 U 88 3V 82 i__(gg)
T 8U, a7 8V, dr ' U 4 de’ \or
3¢ d_ (aV)
MW TAY Y (1)
with U, = 9U/dz*, ete. Moreover,
8U/ér = X" = aU/ar + U ; X7, (12)

8V/er = X' = oV/oar + V X .

We assume that the Fuler-Lagrange equations [(5)
and (6)] are satisfied. Then,

I=—-%V,Q) - iU, Q).

The independent sources @, and ), are specialized
to

N . ) N . ;
= H o — i), = II (' — 23)
with
fm 5 — o) o' = 1
and
U = U(rl lro), V = V(rl IIO)’
Yo = (x;)y I, = (x;)

are, respectively, the Green’s function of the direct
and adjoint problem.*

From the reciprocity theorem, we have

Vi |r) = Ul | 1) (13)

12 Unless explicitly stated, sources are not on the surface.
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and therefore,

I = —-Uf |r). (14)

We have also

fND,cdv=f§§

- [%a- [ Lo +vaja
-3 [vZva+i[vEva
~[v&a- [vTka.

Using the formal properties of the derivative of
Dirac’s function,

[v&aw+ [vSLa
- [ [ 7o 09 - nen &

+ U | 1)) 87 — 1.(7)) %Ej] dv

or, or,
=3, grad, U(r, | 1) + 3 grad, Ufr, |[5,). (15)
Define
f :o.,eodv_f v Vd +f v Udv. (16)

From (9), (14), (15), and (16)

8U, | 1) _ [ .'Q_l_]_ ‘ Q_U_]
e PR =R YRS az;

— [ fN D,8L, dv + 56 (£X" + D) dS], (168)

which is the first form of our result. The variation
of the Green’s function is the sum of two terms: the
first bracket of (16a) is the variation of the Green’s
function when points r;, r, are displaced, and the
second bracket illustrates the fact that U(r, | r,) is
a functional and therefore reflects any displacement
of the boundary or change of the substratum. Intro-
ducing (11) into (16a), we obtain a second (and
sometimes more useful) form:

8U(r, l )

5,r°=[Z(Xo——+X1 .-) fads]

- [/N D& dv + 95 R dS], (16b)
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e = ) X'+ 3 8i'xt,
7 i

; i 5L _ 8L
3 = (J.i&, - oU : U oV ., Vs
oL 8L
—_— ———-—60_ o U'“ -— _6—V__-l V’“ -..)’ (17)
i 08 o
Si - 6U';1 U-i )
A TR T
T S
3L “ [ ’
+Eﬁ_:X.i+_6—I§§_—:X.i+"' (18)

We have written derivatives up to the second
order only. Either form (16a) or form (16b) can be
used. For instance, in neutron transport theory,
boundary conditions impose R” = 0, and form (16b)
is more appropriate. On the other hand, when r is
not explicit, D, £ = 0 and D"8 = 0, and form (16a)
i more appropriate.

We must ask under what conditions §U(r, | 1,)/ér
equals to zero. For instance, let us assume that
boundary conditions have an intrinsic character.
That is, the boundary conditions, and therefore also
the Green’s function, are invariant for Euclidian
displacements, i.e., for translations and rotations.
Let X{ = X{ = @', where Q' is the cosine director
of unit vector ©. Translation invariance yields

Q grad, U(r, |1o) + Q grad, Ulr, | 1o)
- Saeas~o a9
This equation is verified for any Q and therefore
grad, U(r, | o) + grad, Ulr; | 1o)
~$ras=0, (0

where 3° is the vector whose components are 3j.
Similarly, rotational invariance yields

r, X grad, U(r, | 1) + 1o X grad, U, | 10)

—-39@ x MdS=0. (1)

III. AN IDENTITY

We now show the close connection between an
identity (used time and again in various forms) and
the variational formulas (16a) and (16b). Let us
consider a one parameter (r) family of problems. A

J. DEVOOGHT

subseript will label the problem in the family. Let
Us and V,, be, respectively, solutions of

FBUS - Q; = O) GaVa - Q; = O) (22)

where o, 8 are given values of the parameter and
@5 Q. given functions not necessarily equal to
Dirac’s functions. U, and V, satisfy adjoint bound-
ary conditions on the surface, Both the boundary
conditions and the surface are assumed to be in-
dependent of the parameter. We have the identity

Ka.B = (Vm FBUH) - (Va; Q;)

— (Us, GuV.a) + (Ug, Q2) = 0. (23)
We define
U, = Uz — Uy, V.=V -V,
F,=Fg ~ F,, G, = Gy ~ G,

Let 8 — «, and, keeping only first-order terms,
K. =3V, oF, U,) + (U, 6G, V,)
— (Va, @5) + (Us, QB

+ % -/I‘Vdiv [tg(Ual 6'Vvq;) + g(Va) 6Ua)] dy = 0.
(24)

The surface integral vanishes and we have the first-
order relation

(Va, @5) — (U, Q2)
= 3({U., 6G. Vo) + ¥(V., 6F, U).  (25)
Let Q5 = 6(r — 1), Q2 = 8(r — 1), r¥ # 1. If we
let @ = B, we have the reciprocity theorem
Vit | 1) = Uulr, | 1o), (26)

where V,(r | r,) and U(r | 1,) are solutions of (22).
Introducing (26) in (25), we have

%(Vay 6Fa U«x) + %(Um 6Gu Va) = ~—6(]::(1'1 ‘ro)
@7

or

——I—GU(;’T L fN D, Lo dv

in the notation of Sec II as a special case of (16a).
Identity (23) with @ = 8 has been used by Case' to
derive various forms of the reciprocity principle.
When o 7 8, identity (23) has close connections
with the Kato identity, >* and F = H — E with H
the Hamiltonian and E the energy. However, as we
shall see in Sec. IV C, surface and sources are re-
moved to infinity.
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IV. APPLICATIONS
A. The Dirichlet Problem

We have
Lo = Y(UAV + VAU). (28)

There is no explicit dependence on 7 and 9,£, = 0.
The homogeneous Dirichlet boundary condition is
U(r| ) = 0and V(r|r,) = 0 for r on the surface.
Therefore, X’ = X' = X*, = X", =0 and R* = 0.
If self-adjointness is taken into account, and if r,
and r, are not on the boundary, Eq. (16b) yields

GUfrl | Io)

= % grad, U(r, | 1,)
T

ér
+ 38 grad, UGty |12
o aU, | 1) 83Uk [ 1)
T Jer an m WS @
where on = X"57 is the normal displacement.

Usually, the Green’s function is defined as the solu-~
tion of AU(r | r,) = 4#x8(r — 1,). If 1, and r, are
fixed, we obtain the classical Hadamard formula®

W |5) = —1 § WELD EID) 4 g

(30)
B. Neutron and Photon Transport

The method of “invariant imbedding” of Bellman,
Kalaba, and Wing® is, in fact, contained in formula
(16b). The problem, set up initially by Bellman, was
to search for functional relations between particular
Green’s functions: the reflexion and transmission
function of slab-like media. The problem was later
generalized to stratifiable inhomogeneous media with
isotropic scattering. However, we can further gen-
eralize the results of Bellman ef al. to arbitrary
Green’s functions (although the problem is simpler),
to arbitrary media (i.e., not necessarily monotone
under inclusion), and to anisotropic scattering. The
variational method used here has the advantage
over the “invariant imbedding” methods in that no
“particle counting” is necessary. It should be remem-
bered that “invariant imbedding’” was motivated by
the conversion of two-point boundary-value prob-
lems into initial-value problems. Although equations
are nonlinear, the switch from Fredholm-like equa-
tions to Volterra-like equations has many computa-
tional advantages.

Since this application is intended to illustrate the
flexibility of the variational expression for the
Green’s function, we shall restrict our illustration
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to the time-independent case of the plane-parallel,
anisotropically scattering, atmosphere of finite op-
tical thickness a.

Let ¢(z, p) be the intensity of radiation in the
direction +u (0 < p = cos ¢ < 1), where 8 is the
angle in the direction of the entering normal (i.e.,
along the positive axis). Let 2 = 0 be the left
boundary and x = & be the right boundary. The
Boltzmann equation takes the form

ﬂ@%;-“—) + ¢(z, )

=@ [ 8 W 0 du' + S, @D

where ¢(z) is the mean number of secondaries scat-
tered for one primary particle (either photon or
neutron), S(z, 1) the source intensity, and f(u" — )
the probability that a particle moving in direction p’
is thrown into the direction u after scattering. We
have the normalization

f_if(n'ﬁn)du’ = f_ll fu' — p) du = 1.

Moreover, time-reflection symmetry gives

W' =) = f(—p— —u)
and spatial-reflection symmetry gives f(u' — p) =
f(u — #’). There are no internal sources, but since

the slab is irradiated by a plane-parallel source,
we have the following boundary conditions:

¢(0: .“) = 0: g>0
(@, ) = 8(u — po), My <0,

In order to apply Eq. (16b), we must convert
these boundary conditions into surface sources,
otherwise no Green’s function can be defined. Let
us take S(z, u) = Qi(x — a)5(u — ). Integrating
(Bl)froma — etoa + ¢

pidla + ¢, 1) —dla— ¢, )] = Q 8(u — mo).
Since ¢(a + ¢) = 0 and

(32)

33)

lmole — ¢ 1) = 8 = )y Q= —o = + luo].

39
The adjoint flux is ¢*(, u), the solution of

L 3
—n ™, 1) g’ u) + ¢*(z, p)

=@ [ #° W) ) ' + $*Ga, ). (39)

Intensity ¢(z, u) can be rewritten as the Green’s
function G(z, u | a, m). We choose S*(z, p) =
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—w8(u — p;) with g, < 0 and with ¢, n) =
G*(z, | ay, + ). It is easy to check

G*(x: ] I a, I‘l) = G(x: —u I a, _/-‘1) (363')

and

e Gz, u | @, u) = lw| Gla, —u, | 2, —p)
(the reciprocity principle).

(36b)

The volume V in the space z X u is topologically
equivalent to the lateral surface of a right cylinder
of length a. The boundary is the sum of the two
edges of the finite cylinder, and reduces to the
boundary of the z subspace.

From the definition of I:

1=l [ 66, ul0,m) 86—V s — ) do du
+ ol [ rta, 1 0, 866 = 80— ) dod
= J%I G(a: 1 I a, I‘O) + J_’éll G*(a: Ho I a, Fl)

= Ji‘zil G(a, m | @, po) + % 10| Gla, —po | @, —p1y)

= |m| Ga, m | a, po). @3N

We separate the scattered from the unscattered
flux and write

Gla, n | a, po) = 8 — o) + S(u, po)/|ul, (38)
where S(y, uo) = 0 for p < 0. The number of re-

) = [t + S|

x [ Lot = 0 = c@tw = | st = ) + &

S(”’lr I‘o)

‘S("‘#o; _ﬂx)+ | |
.21

INOI

= 5(#0 - Ih) +

— o) [ S(=w, =6 > ) P57 = (0

o [ [} St S

=) g gy +

J. DEVOOGHT

flected particles in direction u > 0 for a collimated
plane source |uo| 8(z — a)6(u — wo) is Sy, uo). The
following relations are the immediate consequences
of (38) and (36)

S(I"’: Ilo) = S(_I‘O; _l‘)i
S*(u, po) = S(—p, —po). (39)

We imbed the problem in a family of problems
with variable thickness ¢ and therefore ¢ = r, the
variational parameter. The boundary conditions are
unchanged'® and R" = 0. Moreover, X" = dz/dr
on the surface 1 at x = A and X" = 0 on surface 2
at x = 0. Using Eqs. (17) and (31), the surface

integral 9§ @" dS reads
1
1
§aras= [ 6@ ula ) du
1 -1

X [ 13 = ) — @i — ]
X G(a, —u’ I a, —u) du'. (40)

In order to avoid the complication of surface
sources in (16b), we remove them infinitesimally af
thickness a — e. To order ¢, we have

68(”'17 I‘O) § " ds.

Since u; < 0 and D,L = 0, ¢(z) being an explicit
funetion of position but not of thickness a.
Introducing (38) into (40) and (41),

(41)

—_y! -
S M ; Ml)] dﬂ'
Iy

— c(@)f(p1 — wo)

S(I‘y

[ |’“’) s — 1) du

D .

fl S(“} ”O)S(z_”'; K (42)
-1 I

From (39), since pors < 0, 8(ui — po) = 0, and S(u, po)S(—p, —u) = 0, we have

oa

080 ) _ 5, (s L) = ol 0 ) + f = 3 S

+ f fluo — ) — S(N” ”) du + f -, S(“’ ”’0) f( u) S(Ihl

(1, po) du

——-—-I—)- du du’ ] . (43)

13 When the surface sources are arbitrary or when the surface has curvature, the problem is more complicated and

lies outside the scope of this paper.
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Since S(u,, wo) is also an explicit function of @ and
41, po are independent of a' §S/6a = 8S/da Eq.
(43) is the final result, a generalization to aniso-
tropic scattering of a result derived by Ueno,*
Bellman and Kalaba® by different methods. An
alternate derivation is the invariance equation (20),
since the Green’s function is invariant for a displace-
ment of the origin. We have

3 3z, @

9 9. 01 9
or dr 9%,

or le

while S is not an explicit function of z, and =z,
Therefore, 68 (u;, po)/dr = 0 gives

(8/0x0 + 8/02)8(p1, o) = —(8/9a)S(k1, po)

and the invariance equation reads

%3
dr da’

(9/00)S(us, ) + § T dS =0 (44)
with the normal pointing along z. Equation (44) is
identical with (41).

C. Scattering by a Central Field

The variation of the Green’s function can provide
a neat and unified treatment of some fundamental
identities of scattering theory.?

We define the reduced Hamiltonian

H = m/M)H, V@) = Cm/B)V({), (45)
and
H=-A+V.
Operator F is
F=H - §. (46)

The Green’s function will be defined for a point
source removed to infinity in the direction of —k,

lim UG, | 1) = exp ik,

+ F(6) [(exp tkyr))/r] = ¢ (47)
With |k; = |k, = k and = — 6 the angle between
ko and %;, we have

lim U(r, - ka | 1, —» — k.a)

a—ro

= lim eXp ’ik,-r; = Um(rl Iro)'

Ty

(48)

At large distance, the uncollided flux dominates,
and we can state that Ux(r, | 1,) is invariant for
any transformation which leaves k,, and k;r, in-
variant. Since k and r,, r, occur only in the products
ki, and k;r,, we can assume U.(r; | 1,) to be a
member of a two-parameter family of functions:
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Uw(rl [ r0) = G()‘tl! AT, l k/)‘7 pﬂ)lk-u-ly (49)

where N\ and p are independent variables, and p is
any parameter of H, except the parameter of k.
Therefore,

ULy | 16)/ N hepmr = 0
oU (1, lro)/aﬂlx-u-x = 0.

The last equation is a consequence of the fact that
U.(tilro) is independent of any other parameter
except k. Using identity (16a) and

M = —limf ineeo dv

61' A

~ lim § D"z a8 = lim 20ELIT)

a=—®

and (50)

(51)

a—+xo

(since X* = X! = X = 0), therefore,

1imf 3))‘£o dvl)‘..“-‘ =

a—sx

—1im9§ D€ dShoper, (52)

a—w®

limf 3)“£0 dle..“..l =

g

—lim 9§ D2 dSpopr. (53)

a—co

We prove that identity (52) is a generalization
of the virial theorem given by Robinson and Hirsch-
felder” and that identity (53) leads, by specializa-
tion, to the various identities derivable from Kato
identity.®* From (11), we have

lim 95 D" dSheper

a—

o e U , 88 @ (g)]
= hff}f}g [5U,, ar T30, o \or ) b 98

: 3¢ oV | 8 d (ﬂ)]
+ lim 95 [av,, ar T 5V or \or ) yepercs &5
(59
where V is the Green’s function of the adjoint prob-
lem defined as a planewave incident in direction

—k, and scattering into —k;, The derivatives
should be evaluated in the following ways:

(a) 3/0N F(\r, /) et

= (rd/or — k 8/3k)F(r, k), (55)
where F is any function of r and k;
(®)  3/oN A hey = —2A0), (56)

with A(r) the Laplacian in spherical coordinates.
(1) We give now an example of Eq. (52). We have
L = §V[—-A + V() — K]U

+ 3U[-A + V() — K]V (57)
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and

[ a=1fv]ve +r‘“’(”)]vfz

6N [amy
+1f [zvo 4r "V(")}Vd» (58)

On the other hand,

tim [ Doy dS

el ]

R 1] &8 oU L 9
“1‘33552[5*5“37+au,,ar(31)]d5

. r1[ s 9V | 88 @ (GV)]

+ h_’fé [aV ar T, ds. (59
Using the reciprocity principle, V{r [ 1) = U(r, | 1)
and self-adjointness, Eq. (59) reads

im | UG | r)[zm) +r L@] Ute | 1) do
9% 53—“‘"] s,  (60)

ty-Kra
4084 -
- ’arar ar or

Lo-kKia
a result identical to the generalization of the
Robinson~Hirschfelder theorem (Eqs. 31 and 38 of
Ref. 9). Introducing (47) into (60), we obtain
U | 1) [21/(1») +r 4—)—] Ut | 1) do

lim
ry—Kra
re-kia

E 2l

d

=2r 2 kP — )],  (61)
where v is the angle between k; and k,.
(2) We now give two examples of identity (53).
Using a partial wave expansion

U(l‘, l'o) = zo: A.,,P;(COS 0)¢;(1‘)/T, (62)
where the ¢,;(r) are real solutions, zero at the origin,
of

& /dr + [ — 2mV (@) — 0+ 1)/r"1¢. = 0. (63)
Therefore,
£ = ¢, {d*/dr*

+ [ — 2mV @) — W+ D/7Naul).  (64)

The volume of integration is the line 0 < r £ .
Let us take first p = [,
then

b8

® ¢ur)
L = —@l+ 1) fo D g (65)

a=1

J. DEVOOGHT

and
- 3 _ 3 g@) *
lim ?g D& dS = lim <¢' aral o al 66)
with R the radius of a large sphere.
We can use the asymptotic expansion
ou(r) =sinfbr — 3 Ir + 9k, D}/ (67)

and ¢ D"&, dS = —(d9/3l — =/2)/k, provided
that V(r) does not have a singularity worse than
r~* (¢t < 2). Therefore

@+ [ sora=[E-mmomlp @

is another Robinson-Hirschfelder equality. As a
second example, we assume p = R, where R is the
radius of a cut-off potential V{r, B).

Let V(r, R)=V,(r)[1—H(r—R)], where H(z)=1
for 2 > 0 and H(z) = 0 for z < 0. Therefore,

3%
o

d = —2m [ " SOV 8¢ — B) dr

= —2m$piR)Vo[R).  (69)

However, the exact wavefunction outside R is
known as

(a2

¢:(r) = r[ji(kr) — tan (g) n,(kr)] (70)
and
f %'% - dv = —2mV(R)R
X [ (kR) — tan n-n,(kR)I". 71)
Since
95 D2, dS
'y @Q«_ﬁg)” _1latany,
(¢'araR ar OR/ls  k OR (72)
we have
d tan 9, /0R = —2mV,(R)E
X [ji(kR) — tan n-n,(kR)}',  (73)

an often-derived Ricatti-type nonlinear differential
equation.®**"**
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A toroidal vacuum magnetic field, which has closed magnetic surfaces in the neighborhood of the
magnetic axis, is mathematically constructed. The existence of these surfaces is demonstrated by the
theorem of Moser on the stability of mappings which are perturbations of rotations whose rotation

angle is a function of the radius (twist mapping).

INTRODUCTION

HE magnetic field studied in this paper is a

mathematical expression constructed to satisfy
Mazxwell’s equations. It is not constructed from a
current distribution. However, it may be imagined
that the fields exist inside current coils wound on a
torus (Stellarator). The windings are such that there
is a field line which closes on itself (magnetic axis).
In the example of this paper, the components of
the magnetic field perpendicular to the magnetic
axis vanish quadratically in the neighborhood of
the magnetic axis (I = 3).

The existence of the magnetic surfaces is proved
by the stability of a mapping of a plane into itself
with a fixed point. This mapping may be described
in the following way: Let a plane intersect the mag-
netic axis in a point P. Let P’ be a point in the plane
in the neighborhood of P. The image of P’ is found by
following a field line through P’ until it returns to
the plane in a neighborhood of P. Since P is on the
magnetic axis and since the magnetic axis closes on
itself, then P is its own image. If the mapping has
invariant closed curves, then the field has closed
magnetic surfaces generated by the closed curves
moving along field lines.

If r, 8 are the polar coordinates of a point in the
plane, and ¢/, 6’ the image coordinates where r = 0
is the fixed point, then for the example, the mapping
will be shown to be of the form

v’ =r 4 rfr, 6), )
=0+ 67'2 + 01(1', 0)’ (2)

where the leading terms in r, are of the order *, the
leading terms in 6, are of order r°*, and 8 = 0 is a
constant. The mapping of Eqgs. (1) and (2) is thus
a perturbed twist mapping. The mapping will not
possess closed invariant curves unless certain con-
ditions are imposed upon r, and 6. The work of

* Work supported by Research and Technology Division,
U. 8. Air Force Systems Command.

Moser''? will be used to show that there is a neigh-
borhood of the fixed point in which these conditions
are satisfied.

Only an existence theorem is demonstrated so that
the results may be of only theoretical interest. Thus,
it will be shown that there is a magnetic field with
a magnetic axis such that there exists a neighbor-
hood of the magnetic axis which contains a magnetic
surface. It does not follow that every point inside
the magnetic surface will lie on a magnetic surface.
However, as a neighborhood shrinks to the magnetic
axis, the measure of the points in the neighborhood
lying on magnetic surfaces approaches the total
measure of the neighborhood.

L. UNITS AND COORDINATES

The symbols X, ¥, Z denote the coordinates of
a right-handed Cartesian system. In the X, ¥ plane
there is a circle with its centerat Y =0, X = R > 0.
The radius of the circle is less than R. A torus is
generated by rotating this circle about the ¥ axis.
The center of the circle generates a circle of radius
R in the X, Z plane. A magnetic field is created
inside the torus in such a way that the circle of
radius R is a field line. This field line is the one
chosen for the magnetic axis.

The symbols x and y are Cartesian coordinates of
a plane containing the ¥ axis. The point z = y = 0
is the point of intersection of the magnetic axis with
this plane. The z axis is in the X, Z plane while the
y axis is parallel to the Y axis. The coordinate ¢ is
the angular coordinate of the magnetic axis. It is
chosen so that X = R at ¢ = z = 0. As ¢ increases,
a point on the magnetic axis makes a right-handed
screw about the Y axis. The variables, z, y, ¢ are
the coordinates to be used in the calculation. Their
rangeis —~R<z< o, —o <y < ,0< ¢ < 2r.

! J. Moser, Nachr. Akad. Wiss. Gottingen, II. Math.-phy-
sik. Kl. (1962).

* J. Moser, Proceedings of the :.Symﬁ;sium on Nonlinear

Problems (University of Wisconsin, Madison, Wisconsin,
April 1962).
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The relationship between the X, ¥, Z and z, y, ¢
systems is given by

X =R + 2) cos o, 3
Y=y, €))
Z = —(R + 2)sin ¢. )]

Note that z, y, ¢ are essentially cylindrical coordi-
nates with R - z the radial and y the axial variable.

The magnetic field is represented by the vector B.
Since B is a static vacuum field, it may be represented
as the gradient of a scalar ¥ so that

B = V¥. (6

For a simple toroidal field in the positive ¢ direc-
tion, ¥ = B,Ry where B, is the magnitude of B at
the radius R. No generality is lost if it is assumed
that B, = land B = 1.

A field whose scalar potential is ¢ is superimposed
on the simple toroidal field. Since x = y = 0 on the
magnetic axis, then for this value of zand y, V¢ = 0.
The potential ¥ of the total field may be written

¥ =¢+ . Q)

The equation satisfied by ¢ is V* = 0, which in
these coordinates may be written

y/oz’ + (1 + n)7* ay/oz + °Y/9y

+ @+ 27 '/e’ =0. (8§

The equations for the field lines are given by
dz/de = [(1 + 2)°(3¥/82)](1 + 8¥/3¢)", ©)
dy/de = [(1 + 2)*(@¥/aPI(L + 8¥/3¢)™.  (10)

0. CONSTRUCTION OF THE MAPPING
Ifin Eq. (8) ¢isreplaced by N a(z)e’ ***"*’ and the

2 —~iay+ng)
s

equation multiplied through by (1 + z)%
the result is

(1 + x)2d2Nna/d:’ + (1 + x) de:/dz
— &’ + 2)* + n°]N.. = 0. (11)

If I, and K, are modified Bessel functions of the
first- and second-kind, respectively, then I [a(1 + z)]
and K,[a(l 4 z)] are solutions of Eq. (11). The
functions N,..(z) and N,..(z) will be defined by

Ki@Lla(l + 2)] — I@K,[e(1 + 2)]

Noaaolz) = Ki()IL(e) — I()K,. () s
a2
No(@) = Ko@LlaQ + 2)] = L@K[al + 2)]

a{K,,(a)I,'.(a) - I,,(a)K,’.(a)]
(13)

JAMES E. FAULXNER

The primes in Egs. (12) and (13) denote differentia-
tion with respect to the arguments of I, or X, and
not with respect to z.

Since N,.o and N,,, are linear combinations of
solutions to Eq. (11), they are themselves solutions
to Eq. (11). From Eqs. (12) and (13), it is seen that

N..o(0) = Ni.0) =1, 14)
N:mc(O) = Naal(o) = 0. (15)

From Egs. (11), (14), and (15), the Taylor expan-
gions of N,., and N, to the third order are

Nowol®) = 1 + ${(®* + o)2’]
— HEw + a3 -,
Noarlz) = 2 — 2°/2
+@+n"+a)6-. AD

From Eqgs. (16) and (17), an ! = 3 field will be con-
structed. Choosing o, and a, such that «; > &, > 0,
then to the third order

(16)

€08 0, YN pas1(%) — €08 YN pa ()
= i — @)2’] — 30} — ad)zy].

Similarly, if o; and o, are chosen such that a;> >0,
then to third order

(18)

oz ' 8in azyN, . o(@) — a3’ sin ayN pa,o(2)
= §l(a — ai)z’y] — §[(az — a)¥°].  (19)

If the left-hand sides of Egs. (18) and (19) are
denoted by U,(oy, as, z, y) and V. (as, a4, 2, y),
respectively, then the potential ¢ to be used in con-
structing the mapping is given by
¥ = sin ‘PUO(QI) Qg T, y)

— ¢o8 oVilas, eu, 2, 4).  (20)

From Eqgs. (18), (19), and (20), it is seen that to
the fourth order the function ¢ has the form

¢ = Az® — 3Dz’y — 34zy’ + Dy + Ex*

+ Fi’y + Gy’ + Hay® + Jy* + -+, (21)
where

A = (o — o) sin ¢], (22)

D = (a3 — o) cos ¢], (23)

and the functions E, F, G, H, and J are linear
combinations of sin ¢ and cos ¢. ,

From Egs. (9), (10), and (21), the field-line equa~
tions to the third order are given by



THE EXISTENCE OF

dz/dy = 347" — 6Dzy — 34y°
+ (4E + 64)2° + (3F — 12D)2%y

+ (2G — 6A)zy® + Hy', (24)
dy/de = 3Dz — 64xy + 3Dy’

+ (F — 6D)z* + (2G — 124)z%y

+ (3H + 6D)xy* + Ky* + --- . (25)

The symbols z, and y, denote respectively z(0)
and y(0). If z(p) and y(¢) are expanded as power
series in z, and 7,, then to the third order this may
be written

2(p) = Zo + ZaoTs + T1Tols + Tosls + TaoTs

+ yzxxgyo + ylzxoy: + Yoslo, (26)
Y = Yo + yzoxﬁ + Yyureyo + yozyg + yaoxﬁ
+ ynxﬁyo + ym:voyﬁ <+ yosyg ' 27)

where Zz,, Zi, ¥20, --- are functions of ¢. These
functions vanish at ¢ = 0.

If Egs. (26) and (27) are substituted into Eqs. (24)
and (25), the equations for the variables 5o, 211, * -
may be found by equating coeflicients of powers of
o and y,. It may be shown (see Appendix I) that
to the third order all coefficients vanish at ¢ = 2,
except

—zu(2r) = —20a(27) = Y20(2m) = Y12(2)

=36 [ A@do [ de)de.  @9)

From Eqgs. (22) and (23)

36 [ A do [ D) o

= m(a] — a))(es — ).

(29)
If the right-hand side of Eq. (29) is denoted by 8,
then to the third order
z@r) = o — Byolzo + vo) + - -+ , (30
y@2r) = yo + ﬁxo(x?) + yg) + .- (31)

If Eq. (31) is multiplied by ¢(:* = 1) and added to
Eq. (30), the result is

z(2r) + 1y (2r)

= (0 + 1yo) exp B + o) + f(zo, ¥0),  (32)
where the leading terms in f(z,, y,) are of fourth
order z, and y,.

By making the substitution z, 4+ ¢y, = r exp 76,
z(2m) 4+ y(27) = ' exp ¥, Eq. (32) is put in the
form of Egs. (1) and (2) where the leading terms in
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r,(r, 6) are of order r* and those of 6,(r, §) are of
the order 7°,

II1. STABILITY OF THE MAPPING

Equations (1) and (2) in themselves do not prove
that the mapping has closed invariant curves; thus,
if 7,(r, 6) = €**, then the mapping is unstable no
matter how small e is. The stability of the mapping
is demonstrated by the following theorem proved
by Moser™:

Given a mapping
o =p+ )‘2P2(p’ 0); (33)
6 = 8 + N[0 + 6:(p, 0)], 69

where 1 < p < 2,0 < A < 1. The functions p, and 4,
are periodic with period 27 in 6. If the mapping
satisfies the conditions that

(1) Every closed curve enclosing the fixed point
(p = 0) intersects its image, and
(2) There exists a constant @ > 1 such that

Q7 < dt/dp < Q, (35)
- - am.+m:p2 l am.+m. 02
d™t/dp™ <Q,
lae/dp™1 + 3™ a6™| | {ap™ ag™ Q

(m, < 333), (m,y + ms < 333), (my+ ms < 333) (36)

then there exists a §, independent of the constant A,
such that if

loo| + 162] < 3, (37)

the mapping of Eqs. (33) and (34) has closed in-
variant curves in the annulus 1 < p < 2.

To apply the theorem to the mapping of Egs. (1)
and (2), first let C be a closed curve about the fixed
point and let €’ be its image. Since € and €’ both
enclose the fixed point, the only way they cannot
intersect is for ' to be inside the region bounded
by C, or vice versa. Since the mappings of Egs. (1)
and (2) are generated by following field lines, it
must be flux preserving. Thus, within the region
bounded by C, there must be the same flux as that
with the region bounded by C’. This is not possible
if one of the curves is contained in the region bounded
by the other. Consequently, the two curves must
intersect. This demonstration has assumed that the
component of the magnetic field perpendicular to
the z, y plane does not change sign within C or C’.
This will be true if C is in a sufficiently small neigh-
borhood of the origin.

$ The theorem presented here is a special case of theorem
(3) in Ref. 1.
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It may be shown® that there is a neighborhood of
the fixed point where the mapping meets the other
requirements of the small twist theorem by sub-
stituting \p = », \p’ = #’. This changes the mapping
of Egs. (1) and (2) into the form of Egs. (33) and
(34), where for A < r < 2\, 1 < p < 2, £(p) = 8o,
and

Pz(P; 9) = )‘_arl()‘py 0)) (38)
02(P1 0) = \"* ol(P) 0)' (39)

Because the leading terms in r,(r, §) are of r* and
those in 6,(r, ) are of 7°, then

lim p,(p, 6) = lim 6,(p, 6) = 0. 40)
A0 A0

Because of Eq. (40) and no matter how small § is,
there is some value of A\ for which Eq. (37) will be
satisfied since & is independent of . Equation (36)
states that the derivatives of p, and 6, must be
bounded up to order 333. That this is true follows
from the fact that the Bessel functions are entire
functions. Equation (35) will be satisfied provided
that 8 does not equal zero. From Eq. (29), it is
possible to choose the constants o, oz, as, @, s0
that 8 does not vanish.

The conclusion is that the magnetic field whose
potential is ¢ + ¢, where ¢ is given by Eq. (20), has
closed magnetic surfaces in some neighborhood of
the magnetic axis.

As stated earlier in the paper, this result is only
an existence theorem. Thus, no attempt will be
made to estimate the constant 8. The result applies
only to geometries similar to a Stellarator.
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APPENDIX

The equations for z;, %, *-- may be found by
substituting Eqgs. (26) and (27) into Eqgs. (24) and
(25) and equating coefficients of equal power of
zo and y,. The solutions of these equations involving
only coefficients of the power of z, and y, up to
these orders may be written

oule) = 3 [ 46 do,

2ule) = =6 [ D) o',

2ale) = =3 [ A dg,

vl = =3 [ D) do,

vl = =6 [ 4G de,

vale) = 3 [ Do) do,

2ule) = 4 [ B de +6 [ 4G) do
+18 [T 4@ [ A6 do”
+18 [ D) a [ D) e,

2l =3 [ P de =12 [ D) def
~18 ["a)ae |7 D) do
+18 [" D [ A der,

sal)) =2 [ G e = 6 [ A o
+18 [ Ao |7 A6 o
+18 [" Dy as [ D ar,

sl = [ H) df

+18 [ D@ do [ " AW de”

(A1)

(A2)

(A3)

a9

(A5)

(A6)

(a7

(A8)

(A9)

—18 | Taera [T D e, @10

vl = [ F@)do' — 6 [ Do)

- 18 [ Dy as [ " Ay d

+18 [ " Al do' [ " D) de”, (AL
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’ ’ , From Eq. (20), it follows that if y(e) is any of
Vo) = 2[., (") d¢' — 12 fo Ale) de the functions 4, D, E, F, G, H, J, then
[ v’ 2r
+18 [ D) de [ Do) de” [ @ de=o0. (a15)
[ 0 [(]

From Egs. (22) and (23) it follows that

+18 [ arar [ aenar, @ T :
[ @ [ e ar

w@ =3 [ Ge)ds +6 [ D) de . .
i) =3 [ Gl J, D de = [ D0 [ Derar. a0

’ [
— ¢ ’ r e
18 j; Di¢) do fo Al") de From Eq. (A15) and by integration by parts

+18 [ 4 do [ "D de, (ALY f AW do [ " D) de’

@ =4 [ 16 e = ~[" D@ [ Aerar. @

v .’ From Egs. (A15) and (A16), the right-hand sides
+ 18 f A(Y') do’ f Afe'") do”’ of Eqgs. (A1) through (A16) all vanish at ¢ = 2x
’ ° with the exception of (A8), (A10), (A11), and (A13).

’ v These four equations, together with Eqs. (A15) and
4 (4 17
+ 18 fo D(e') de f,, D(p") de””.  (A19) (A17), may be used to derive Eq. (28).
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Derivations of the partition function of the Ising model on a general planar lattice L, which proceed
via an associated dimer problem and use Pfaffians, are simplified by constructing a lattice LA (the
“‘terminal lattice” derived from an “expanded lattice’’ of L) for which (A) the allowed dimer con-
figurations are in one—one correspondence with allowed Ising polygon configurations on L, and which
(B) is planar if L is planar so that Kasteleyn’s theorem may be used directly to construct the appro-
priate Pfaffian. This is in contrast to previous use of nonplanar associated dimer lattices for which
the correspondence is not one-one, so that is has been necessary to prove a somewhat obscure “cancel-

lation theorem.”

1. INTRODUCTION

INCE Onsager’s famous solution of the Ising
model on a plane rectangular lattice,' a number
of alternative and simpler derivations have been
discovered. One of the most straightforward of these
derivations relates the Ising configurational prob-

lem® to the combinatorics of hard dimers®** on a

suitable associated lattice. This derivation, which
has been expounded by Kasteleyn,®* by Montroll,”
and by Hurst and Green,® has the additional ad-
vantage of illuminating the problem as to why only
planar Ising lattices are analytically solvable. The
purpose of the present paper is to show how this
approach can be simplified still further, and in a
way that removes a residual obscurity concerning
the significance of the nonplanarity of the associated
dimer lattices which have been employed previously.®

The main steps in the dimer solution of the Ising
problem are:

(a) The zero-field Ising model partition function
Z(T) for a lattice L, which has a bond for each inter-
action term J,;s;s; between spins ¢ and j, is expressed

* Permanent address: Department of Chemistry, Cornell
University, Ithaca, New York.

1 L, Onsager, Phys. Rev. 65, 117 (1964).
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?/Iod. Phys. 25, 352 (1953); C. Domb, Advan. Phys. 9, 149
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in terms of the generating function T(v;;) of con-
figurations of ‘““polygons” drawn on I according to
the rules:

(i) the lattice bond (¢j) in a polygon carries
a weight

vi; = tanh Kj, K;; = J/kT; @

(ii) an even number of bonds r (including r = 0)
meet at each site ¢ of L.?

(b) The configurational problem for polygons on
the lattice L is related to a dimer problem®* on an
associated lattice L*. The corresponding dimer
generating function A(w,,) counts all configurations
in which:

(1) each bond (ki) of L and its two terminal
vertices k, [ can be occupied by a ‘‘dimer” of weight
wy, (related to the »,;) and

(il) each site k of L* is occupied by one and only
one dimer,

(c) By associating properly chosen signs with
the weights, an antisymmetric matrix A = [a.i],
Gu = Z£W, = —dau, is constructed whose Pfaffian'®
Pf(A) is equal to the required generating function.

(d) The determinant of A is evaluated asymp-
totically for large regular lattices in a straight-
forward way by using the cyelic (or almost eyeclic)
properties of A.>*" In view of the basic result'

[Pf (A))* = Det (4), @

this yields an asymptotic expression for the gen-
erating function T(»;;), and hence for the partition
function Z(7T) and the limiting free energy per spin.

Now, in a fundamental theorem on the dimer
problem, Kasteleyn®® has shown that for an arbi-
trary planar lattice a single Pfaffian can be con-
structed which is exactly equal to the generating

1 See T. Muir, A T'reatise on the Theory of Determinants
(Cambridge University Press, London, 1904), and Refs. 3-8.
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function of dimer configurations; in particular, each
dimer configuration is counted with a positive sign.
Conversely, for nonplanar lattices either many
Pfaffians are required or, in general, some con-
figurations are counted negatively.®® However,
following the original paper by Hurst and Green'
(in which Pfaffians were first introduced for the
Ising problem), the associated lattice L* in step (b)
has previously®™® been taken as the corresponding
“terminal lattice” LT, which, in general, is non-
planar ag illustrated for the square lattice in Fig.
1. TFurthermore, the correspondence between
allowed polygon configurations on L and allowed
dimer configurations on L* is not one-one; rather,
it is one—one for some configurations but one—many
for others, as illustrated in Fig. 2 for a vertex
of the square lattice. In view of the nonplanarity
of LT, Kasteleyn’s dimer theorem cannot be used
in step (c). If, nonetheless, one constructs the “best”’
possible single Pfaffian, one discovers that those
dimer configurations, counted incorrectly with a
negative sign, miraculously cancel the errors due
to the lack of one-one correspondence with the
polygon configurations, so that the latter are finally
counted correctly, and the day is saved!™ Although
it has been proved that this surprising cancellation

S ST

Fia. 1. Part of the square lattice S and its associated nonplanar
terminal lattice ST,

(19“;0()3. A. Hurst and H. 8. Green, J. Chem. Phys. 33, 1054

2 The name ‘“‘terminal lattice’” has been introduced by
Kasteleyn in Ref. 6. For a general lattice L the terminal
lattice LT is constructed by replacing a site ¢ of L at which ¢,
bonds meet by a “city” or “cluster” of q; sites one on the
termination of each incident bond (“‘external’” bond of LT).
These g sites are then joined by all possible “internal’’ bonds
so that the city becomes a “complete graph’ of order ¢;.

1 For the case of lattices with sites of odd coordination
number, such as the honeycomb, the augmented terminal
lattice LT+, in which the city has an extra “dummy”’ terminal,
has been proposed by Kasteleyn, or some equivalent device
has been used (Ref. 8, pp. 207-9).

“ What happens for the square lattice is that all con-
figurations of dimers at a city are counted correctly except
the last one shown in Fig. 2 where the dimers cross. This is
counted with weight —1 so that the total weight of the r = 0
configurationis 1 + 1 — 1 = 1 as required. For the triangular
lattice, configurations of r = 6 and 4 bonds are in one—one
correspondence, but for r = 2 and 0 the correspondence is
one-three and one-fifteen, respectively! The details of the
subsequent cancellation are thus more subtle.
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F1a. 2. Some allowed configurations of » polygon bonds at
a vertex of the square lattice and their associated allowed
dimer configurations on the terminal lattice illustrating the
lack of one-one correspondence.

of miscounting with lack of correspondence can be
arranged to hold for vertices of any degree, and
hence applies to all planar Ising lattices,®'® the
situation remains mysterious. Clearly, it would be
more satisfactory if these rather inelegant complica~
tions could be avoided in all cases by the construction
of an associated lattice L* satisfying the conditions:

(A) polygon configurations on L are in one-one
correspondence with dimer configurations on
L%, and

(B) L* is a planar lattice (when L is planar) so
that Kasteleyn’s basic theorem may be em-
ployed directly to construct the appropriate
Pfaffian.

As we show below, such a lattice can readily
be found. It is the terminal lattice' of an “expanded
lattice” L®, constructed from L by ‘“‘expanding”
each vertex at which more than three bonds meet
into a group of vertices of degree three (ie., at
which exactly three bonds meet).

2. EXPANDED LATTICES

The associated lattice L* = (LF)", which we
eventually construct (see Fig. 6), eould be introduced
immediately, and one might then verify directly
that it always satisfies the conditions (A) and (B).
However, the general proof is a little simpler, and
one obtains more insight into the problem if one
proceeds in two stages. Firstly, we show that the
partition function of the Ising problem on an ar-
bitrary lattice L can always be derived from the
partition function of an expanded lattice L® in

15 P. W. Kasteleyn (private communication).
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. F1a. 3. Reduction of the honeycomb to the square lattice
in the hmlt_ K* — o, The reverse transformation represents
an “expansion” of the square lattice.

which no vertex has degree greater than three.
Secondly, the precise equivalence with the dimer
problem on the corresponding terminal lattice is
demonstrated. Finally, it can be seen how the
intermediate lattice L® could be bypassed.

For convenience, we take the Ising partition func-
tion of an arbitrary lattice L to be

270 = X exp[2,™ Kulss; — D), @

=1 (€}

where the first sum runs over the values s; = =1
for each vertex ¢ in L and the second sum runs over
all bonds in L. The interaction parameter K;; is
defined in (1) and is positive for ferromagnetic
interactions which tend to align coupled spins. The
inclusion of the term —1 in the exponent merely
ensures that the zero of energy corresponds to the
totally aligned state s; = 1 (all 2). (If K;; > 0 for
all ¢, j, this will be the ground state, but otherwise
it need not be.)

Now, observe that, if the limit K,, = K* — 4«
(or Jop = J* — =) is taken for some pair of spins
a and b linked by a “starred bond” in L, then these
two spins become “locked” together, so that s, = s,,
since any terms in (3) with s, = —s, include a
factor exp(—2K*) that approaches zero. Corre-
spondingly, if a set of bonds in L is starred, we
see that

lim Z(T; L) = Z(T; L"), )

f
where L® is the “reduced lattice’” obtained from L
by identifying all groups of sites a, b, ¢, - -+ linked
together by starred bonds and deleting the now
redundant starred bonds. Perhaps the simplest in-
stance of this reduction is the well-known relation
between the honeycomb and the square lattices
which is illustrated in Fig. 3.

Conversely, let us construct an “expanded lattice”
L® from L by replacing each vertex of degree ¢ > 4
in L by a‘“cee” of (g — 2) vertices of degree three
and (¢ — 3) extra “supplementary’” bonds as shown

MICHAEL E. FISHER

in Fig. 4. (If one wishes to preserve some symmetry,
one could alternatively use, here and below, a closed
“ring” of ¢ vertices and ¢ supplementary bonds,
although this entails the addition of more vertices
and bonds than necessary.) It is evident that if L
is a planar lattice then so is L® Furthermore,
vertices of L® have degrees one, two, or three only.
Now, consider the Ising problem on L® in which
each supplementary bond is assigned a parameter
K* while each “primary bond” has the parameter
of the corresponding original bond in L. By Eq. (4)

we then have
Z(T; L) = lim Z(T; L"),

K*—w

(5)

so that quite generally one only needs to solve the
Ising problem on lattices with vertices of degree
three or less!

For completeness we now sketch step (@) of the
general derivation. The identity

exp (K,;8:8;) = cosh K;; [1 + v;;8:8:], (6)

where v;; = tanh K;; holds for any variables s;s;
taking only the values ==1. Introducing this expres-
sion into (3), expanding the products of factors
[1 + 4,885, and using

> ()" =2 for reven, o
fimel =0 for rodd,

yields the well-known result
Z(T; L) = 2" ][] e™* cosh K,;)Y(.;; L),

(44)

(8a)
where N is the number of vertices of L (i.e., the
number of spins) and

Tw:;; L) = Z H Von

T(L) (gh)cT

(8b)

is the generating function of allowed polygon con-
figurations I'(L), constructed on L according to the
rules (ai) and (aii) stated in the Introduction,
namely, if the bond (gh) occurs in the configura~
tion I'(L) (which it does at most once) it carries

3 2
4
. 1
q ; /’7/?4
q_l 2 q—i

9—.

Fic. 4. The expansion of a general vertex of a lattice L into a
““cee” of g—2 vertices of the “‘expanded lattice” LE.
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ON THE DIMER SOLUTION

a weight factor v,, and in view of (7), an even
number, r, of bonds meet at each vertex of L.

For polygon configurations on an expanded lattice
L®, we naturally assign a weight v* = tanh K* to
each supplementary bond while each primary bond
retains its original weight v;;. The limit K* — « in
(5) may then be taken explicitly, and we obtain
finally the general relation
Z(T; L) = 2°[JI* ¢7** cosh K;]

(i)

X T, v* = 1; LE); )

where the product runs only over the primary bonds
of L* (i.e., the original bonds of L). In obtaining the
factor 2" in (9), we have used the fact that, if N* is
the number of vertices of L* and M* the number of
supplementary bonds, then N* — M* = N, since
each supplementary bond can be associated with pre-
cisely one of the additional ‘“cee” vertices, as may
be checked in Fig. 4.

3. RELATION TO DIMER PROBLEM

To perform step (b) and relate the polygon con-
figurations on L® to a dimer problem, we now intro-
duce the terminal lattice of L%, namely, L* = (L*)T.
This is constructed'® by replacing each vertex of
LE of degree two by a pair of new vertices joined by
an “internal bond” and replacing each vertex of
degree three by a triplet of new vertices joined by
a triangle of internal bonds (see Fig. 5). Evidently,
this terminal lattice L* will be planar if and only if
L* is planar. (This is, of course, the point of removing
the vertices of higher degree from L.)

We now set up a one-one correspondence between
polygon configurations on L® and allowed dimer
configurations on L* [see, rules (bi) and (bii) in
the Introduction]. With the presence of any polygon
bond on L¥, we associate the absence of a dimer on
the corresponding ‘‘external bond” of L* and vice
versa.'® By checking all the possible bond configura-

Tsy, v*; LF) = @ (I1¥ 03] AT, 07, 1; L%).
i)
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Fia. 5. Vertices of degree ¢ = 1, 2, and 3 of LE and their

corresponding cities in the terminal lattice LA = LE)T
showing the one-one correspondence of allowed bon and
dimer configurations.

tions at a vertex of degree 1, 2, or 3 in Fig. 5, one
sees that the allowed dimer configuration on the
internal bonds of L* is always unique (in contrast
to the Kasteleyn—-Hurst—Green situation pictured in
Fig. 2).

Suppose A(w,;, w*, w'; L*) is the generating func-
tion, defined in analogy to (8b), for dimer configura-
tions on L* in which (i) a dimer on an internal bond
carries weight w’, (i) a dimer on an external bond
carries weight w* if it corresponds to one of the
M* supplementary (i.e., starred) bonds of L¥, but
(iii) weight w;; if it corresponds to a primary bond
of L® (i.e., to an original bond of L). To obtain the
correct relative weights for the polygon configura-
tions, we may put @' = 1 and must then set w* =
1/v* and w;; = 1/v,;, since a polygon bond corre-
sponds to the absence of a dimer. The dimer con-
figuration in which all the external bonds of L* are
occupied then has weight (v*)™*"II(v;;)™*. Since the
corresponding polygon configuration on L® has no
bonds, it should have weight unity. Combining these
observations we see that one-one correspondence is
expressed by

(10)

Substitution in (9) yields the final identification of the Ising problem on L with the dimer problem on

L2, namely,

Z(T; L) = 2N[H(“ v;;(1 + vii)_ll A(”‘-':'y 1,1; LA),

(1)

which completes step(b).(Note v/(14-v) =¢ X sinh K.)

an

18 In previous treatments, the presence of a polygon bond has been associated with the presence of a dimer, but our
choice is simpler in general, since it avoids the need for extra “dummy” vertices at sites of L (or LE) of odd degree (see

Ref. 13).
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q7-2 g-1

F1a. 6. Direct transformation of a general vertex of 2 lattice
L to a “chain of triangles” on the associated dimer lattice L4
which is planar if L is planar.

If we perform the transformation to the terminal
lattice on a general “cee” of LF derived from a
vertex of L of degree ¢ (see Fig. 4), the net result
is to replace the vertex by a “chain of (¢ — 2)
triangles’’ as illustrated in Fig. 6. Altogether 3(g — 2)
vertices and 4¢—9 extra ‘“secondary” bonds are
introduced. Clearly, L* is planar if (and only if)
L is planar. One might now check directly that
dimer configurations on the chain of friangles and
their incident primary bonds are in one—one corre-
spondence with polygon bond configurations at the
vertex of the original Ising lattice L. Then the basic
relation (11) could be written down directly from (8)
without mention of L%, The detailed verification of

'
i

t

} i

—— H

i H

R

Fia. 7. Detailed verification of the one-one correspondence
between polygon bond configurations at a vertex of degree 4
and dimer configurations on the corresponding chain of two
triangles on LA,

MICHAEL E. FISHER

the direct transformation to L* for a vertex of
degree ¢ = 4 is displayed in Fig. 7, which should be
compared with Fig. 2. Our analysis via the expanded
lattices assures us that this correspondence will be
exact for any ¢ if dimers on all the secondary bonds
are assigned unit weight while those on the primary
bonds are assigned the weights w;; = 1/v;;.
Evidently, for ¢ = 4, the chain of triangles in-
volves two more sites and one more bond than the
corresponding terminal city. For ¢ > 6, however,
the number of bonds in the chain is the same as,
or less than, in the corresponding city, although
the number of points is, of course, always higher.
This seems a small price to pay, however, for the
simplicity of planarity and one-one correspondence.

4. REMAINING STEPS

For completeness we sketch the remaining steps
{c) and (d) of the derivation although they are
not new. To associate signs with the dimer weights
w,; and thereby construct an antisymmetric matrix
A = [a,], we follow Kasteleyn®*"® by orienting the
bonds of the lattice L* and adopting the convention:
if the arrow on a bond (kl) runs from vertex kiovertexl,
the corresponding mairix element 18 @y =-+wy; = —ay,
and vice versa. [Nole a,., = 0 if there is no (nm) bond.]

Now, for a planar oriented lattice embedded in
the plane, we may define the “orientation parity”
of a face to be “clockwise-odd” (or even) if the
number of bonds in its perimeter (or contour cycle’”)
oriented in a clockwise sense is odd (or even).
Kasteleyn’s fundamental analysis®® may then be
summarized in the following theorem:

Theorem: Any planar lattice L* can be oriented so
that the orientation parity of each face is clockwise-
odd and the Pfaffian Pf(A) of the corresponding
antisymmetric matrix A is then equal to the gen-
erating function A(w,,) for dimer configurations
on L4,

The use of this theorem is demonstrated in Fig. 8
which displays a suitable orientation of the dimer
lattice 8% = (SF)T appropriate to the Ising problem
on the rectangular lattice. Note that this is also the
terminal lattice H™ of the honeycomb lattice! The
clockwise-odd parity of each face is readily checked.

Using the labeling shown in Fig. 8 and the weights

- - - -1
wyo= 7Y, w, =0,", and w, =v*' =9 (12)

required for the Ising model by (11) (but retaining
v; ¥ 1 50 that the honeycomb Ising lattice can also
be described), the matrix corresponding to Fig. 8
may be written in compact notation as
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¢ 1 1 —
-1 0 1 — Wty

-1 -1 0 w . .

[A];; = : )
—w; 0 1 i
W0 -1 0 1

L Wotaty - 1 _1 0 "
(13)

where the factors wi' and «;* denote matrix elements
in the blocks (Z = 1, §) and (3, § &= 1), respectively.
The construction of the matrix A completes step
(¢). To illustrate the final step in the derivation of
the Ising partition function, we consider an n X m
rectangular Ising lattice of N = nm sites with
interactions J, horizontally and J, vertically, and,
at the same time, the corresponding honeycomb
lattice of 2nm sites and interactions J,, J,, and Js.
By (11), (2), and Kasteleyn’s theorem, the free
energy per spin in the thermodynamic limit of an
infinite lattice is
—F/ET = lim (1/nm) In Z(T; L...)

N, Moo

21In2 -+ Invww,
— In (1 4+ 2)A + 2)A + v;)
4+ lim % (1/am) In Det (A,.),

., M

(14)

where for the rectangular lattice we must put
vy = 0¥ = 1.

Now the matrix A for this problem is cyeclic in
6 X 6 blocks except for perturbations due to missing
interactions at the edges of the lattice. (If periodic
boundary conditions had been imposed, the lattice
would no longer be planar and four Pfaffians would
be needed to express the dimer generating function
exactly.?) Since we are interested only in the value
of Det(A,,) for a large lattice, however, we may
(rigorously) neglect the departures from strict perio-
dicity and block diagonalize A,,, to sufficient approxi-
mation by the standard unitary transformation. The
(r, ) block will have the form (13) with

w = exp [16,(n)], w, = exp[i6(s)], (15)

—P/ET = In2 — (J, + Jo)/kT

+ 3@ [ do, f d6, In (cosh 2K, cosh 2K, — sinh 2K, cos 6, — sinh 2K, cos 6,).

OF PLANAR ISING MODELS 1781

Fig. 8. The dimer lattice L4 = (S2)T = HT associated with
the Ising problem on the square, S, and honeycomb lattice H,
showing a suitable clockwise-odd orientation of the bonds.
where

0,(r) = 2xr/m,
0:(8) = 2ws/n, s=1,2,--n.
The logarithm of Det(A,,) is then expressed as a
sum of nm terms of the form ln Det[A,.]... In the

limit n, m — o, the sum becomes an integral and
we obtain the symmetrical result

~F/ET =2In2 — In (1 4 ) + 0)A + v3)
+3@07 [" o [ domn DGyt 4), (D)

where ¢, + ¢, + ¢; = 27 and

D(gy, 2, $5) = 1 + v}v; + vjv; + v3v}
— 2(1 — vDow, cos ¢, — 2(1 — v3)vsty cOS b,
— 2(1 — v3)vy, cos ¢s.

r=12,---m, (16)

(18)

This may be checked against the known answer for
the honeycomb lattice.”’’” On putting v; = 1 the
last term in (18) drops out and (17) is easily reduced
to Onsager’s famous formula for the square lattice,
namely,

(19)
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A method of determining the leading behavior of planar graphs for two-body processes in a spin-
$-spin-1 conserved vector current theory is outlined. The leading behavior can be found by in-
spection. Coeflicients of lower-order terms can be found explicitly. In a later paper we hope to use
our methods together with analysis of nonplanar graphs to justify the Reggeization hypothesis in

nth order.

INTRODUCTION

T has been suggested by Gell-Mann et al.' that,
in a conserved vector current theory of a nucleon
interacting with a heavy vector meson, the nucleon
lies on a Regge trajectory. It had previously been
thought that there was no class of Feynman graphs,
which, together with the Born term, generated a
Regge-pole behavior at high energy. Gell-Mann
et al.! verified to fourth order that the leading terms
at high energy gave the correct contribution to the
high-energy Regge-pole behavior. The work was
extended to sixth order by Cheng and Wu.> The
motivation for this series of papers is to develop
sufficiently powerful techniques with which to study
the nth order of the Reggeization problem. In this
first paper, we will content, ourselves with studying
the high-energy behavior of planar meson-meson
scattering graphs. This is the simplest case to study,
since the traces of the integrand can be expressed
as explicit scalar products of the momenta. We have
the somewhat surprising result that all such graphs
have a high-energy behavior of ¢* In’, where b is a
positive integer dependent upon the topology of the
graph. This is in contrast to the spinless case, where
the exponent of ¢ was also dependent upon the topol-
ogy of the graph. We also find that renormalization
has a significant effect on the high-energy behavior.
In fact, for any specific order, the overall leading
behavior is contributed by that graph with the maxi-
mum number of divergent subgraphs. As is well-
known, the leading term for any specific order is of
little importance, since as we will find in a later
paper, the leading term is cancelled by terms from

* This work was supported in part through funds provided
by the Atomic Energy Commission under Contract AT(30-1)-
2098. Most of this work was carried out at the Department
of Applied Mathematics and Theoretical Physics, University
of Cambridge, England.

1 M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx,
and F. Zachariasen, Phys. Rev. 133, 145 (1962).

2 H. Cheng and T. T. Wu, Phys. Rev. 140, B465 (1965).

nonplanar graphs. It is the advantage of our method
of analysis that we can pick out the important lower-
order contributions as well as the leading term.

Throughout this paper we will denote the mass
of the nucleon (meson) by m,(m,). We will use the
matrix goo = 1, g1 = 22 = (Jaz = -1

1. THE TOPOLOGY OF FEYNMAN INTEGRALS

We consider a planar meson—meson scattering
graph G with r lines and { independent loops. We
label the external mesons with index ¢ (¢ = 1, 2, 3, 4),
1 =1, 2, (£ = 3, 4) corresponding to the incoming
(outgoing) mesons. Meson (z) has four momentum
p;. Further, we denote the boundary of the graph
joining the vertices of mesons 4, j, by b,;. It is along
the boundaries by, bys, b3 that we carry momenta
D1y Ps = D1+ P2y Pa

Throughout the analysis, it will be convenient to
consider the graph G drawn on a plane A which,
in consequence, is divided into ! 4 4 disjoint areas,
A;G =1, ---,Dand B;(j = 1, 4, 5, 6), such that

i
4=U4;+UB,.

The first | areas A; lie within the boundary of the
graph, and it is around the boundary of such an A;
that we run internal momentum %; in a clockwise
direction. The other four areas B;(j = 1, 4, 5, 6)
are external to the graph, area B; having as part of
its boundary that boundary line of the graph carry-
ing external momenta p;, where p, is defined to be
zero momentum. An example of a graph properly
labeled is given in Fig. 1.

We wish to consider two forms of the Feynman
integral Fg corresponding to the graph G. The first
form derived from the Feynman prescription® is, as
is well-known, an integral over the internal momenta
of essentially the product of r meson and nucleon

3 R. P. Feynman, Phys. Rev. 76, 769 (1949).
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Fra. 1. The two-fermion loop graphs.
propagators. We will refer to this integral as Ij. where b;(z = 1, --- , I) are linear functions of the

Chisholm* transformed this expression for Fg into
a form that explicitly exhibited Fq as a function of
the invariants of the system. This was achieved by
first introducing Feynman parameters and then
integrating over the internal momenta. The final
form for Fg is an integration over the Feynman
parameters of a function of the Feynman parameters
and the invariants and parameters of the system.
We will denote this integrand by 2. I2 can be ex-
pressed in terms of two functions C' and D*'® and
certain derivations of these two functions. We will
assume that the form and topological structure of
these two functions are well-known. In particular,
we can write D asan (I + 1) X (I 4+ 1) determinant
in the form

i

|

I .

. (1.1)
|

|

f

(19‘5 g) S. R. Chisholm, Proc. Cambridge Phil. Soc. 48, 300
s K. J. Eden, Phys. Rev. 119, 1763 (1960).

external momenta of the problem p,, pi, ps, the
coefficients being linear functions of the Feynman
parameters. b; can be written down immediately
from the momentum structure of the graph. We
consider each of the r, lines traversed by momentum
k;. Suppose the gth of these r; lines carries a total
momentum of k; — k; + p,, where areas A, and A;
have this line as a common boundary and p, is the
external momentum carried by this line, then
b, = D", ap,, Where a, is the Feynman parameter
for the gth line. For instance, for the graph of Fig.
1, b» = a.p;. 0 is also a function of the parameters
and momenta, but we will not be conecerned with
its structure.

We now wish to consider the derivations X, =
(20)7'aD/db;. As a determinant

; 1.2)

where all the entries in the final column are zero
except the entry in the 7th row which is unity. X,
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can thus be written as a sum over momenta p,, p,, ps
and we define the coefficients by X, = X?'p, +
X%p. + X%*p,;. We will also need to study the double

derivative X;; = (8C)7'9°D/ab.8b;. As a deter-
minant
i 0
C ]
Xy=% L as
': 0
0--+1---010

where the entries in the final row (column) are zero
except for the entry in the jth column (¢th row)
which is unity. Before we specify the topological
structure of these functions, we first define a partition
from one area of the graph to another area of the
graph as a continuous line in the plane A joining
arbitrary points in the two areas. The partition only
traverses lines of the graph and any line just once.
Further, the partition enters any area at most once,
and enters any B; area only if one of the points to be
connected lies in that area. We will refer to a parti-
tion from area B, to area B, as a {-partition.

We then have the prescription that —X,,C is
equal to a sum of terms, there being a one-to-one
correspondence between these terms and the parti-
tions between area A; and area 4,. Each term is the
product of the Feynman parameters of the lines cut
by the corresponding partition together with the
C function for the graph, where the loops traversed
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by the partition have been omitted. We will refer
1o this derived graph as the fragment.

Similarly, —X%7C is equal to a sum of terms, there
being a one-to-one correspondence between these
terms and the partitions between areas B; and 4..
FEach term is the product of the Feynman parameters
of the lines cut by the corresponding partition to-
gether with the C function for the fragment.

These rules are easily derivable from explicit
examination of the determinant. As an example, let
us consider the graph of Fig. 1. We find X{:C =
—B18: and X,,C = —pB,Bs.

The fact that I can be expressed in terms of
C, D, and X,, X;; functions can be seen from the
following simple calculation. In the spinless case,
the typical Feynman integral (F), takes the form

F= f;[_Ilda.fHd“k,a,,kk + 2k, + 60
(1.4)

on the introduction of the r Feynman parameters
a;. The a,; are the elements of the determinant C,
each being a linear function of the Feynman param-
eters. Integrating over the internal momentum* we
obtain

—_ IQ'_______D_Y r—21-2 21
oy B J 1 daerm2/p,
1.5)

If, however, in the numerator we had, for instance,
a factor k,-k, then,

_ - (ky - ks)
=fHd°“f .Hd’“’ [aiidode + 2b,Je, + 6

g=1

! F] ) e
4 —_—— e e P K N (r—2) 3
X f H d'k; (abl 3 [a;kde; + 2b;k; + 6]

< e

=1

= 4@ — 2 — DI f ‘I:Il da;

(ir”)* (r — 21 — 3!
4dfr—20r — 1) (¢ — 3)!

(1.6)

2 (r — 2 D! r-21-2 ; yr—21 1N/ _ 1 r—21-3 ; yr—2i-1
=y T2 [ T day (0 X(C7Y/D7™) + 4= Dl = 20 = 17 X0 DL

Chisholm evaluated I% as a sum of terms. Spe-
cifically,

{4ral

Ié = Z Ai(CT—2l—2—|’/Dr—21—i),

i=0

a7

where [ir,] indicates the highest integer below 3r,
where r, is the number of nucleon lines in the
graph. The first term (1 = 0) will be called the basic
term. A, is derivable from I; in the following man-
ner. Define the function A = IM[]! (@ — m})
where @, is the total momentum carried by line y;

then A, is the same function of the X;(z =1, --- , I)
as A is of the variables k,.

It is notationally convenient at this stage to in-
troduce the functions Q,, @, Q.. We define @, as

: (1.8)

1
9,,—6

where the index u refers to a particular line and
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€a, 18 +1, —1, or zero depending on whether k;
appears in the expression for the momentum of the
line p with a positive or negative sign or does not
appear at all. P, is the external momentum carried
by the line p. Thus, for a line carrying momentum
ki — ki + P, 0 = X; — X; + P, We further
define @/ as @, = ¥-Q, + m,. We can now restate the
preseription for A, in terms of Q). A4, is the same
function of the 2/'s as A is of the variables
(v-Qu + my).

Q,, is defined as the following determinant:

{ :é,‘};,
1 ¢
9, = —s0 | e (L)
________ ) Sk
€pksx €3k ‘l 0

The second term (2 1) in the Chisholm ex-

Ky [y-(Ps + k) + ml]‘/ﬂuz} {'5'4')’6[7'(_’91) + ml]’YTul}gabgﬁv
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pansion of IZ is itself a sum of terms, there being a
one-to-one correspondence between these terms and
distinet pairs of @”’s. Each of these terms is derivable
from the basic term by removing the corresponding
pair of s and replacing with a pair of v matrices
7%, v, With a summation over «. Further, this term
is multiplied by @,, P when we remove £, @/, where
P is an operator acting on D in the following manner:

P = [ dg/D + 81°

=1/(m — D™, m>2. (110

For the third term (¢ = 2) we remove two pairs of
Q"s, replace with v matrices, sum and operate with
Q,...2,,,,P°. The other terms in the expansion are
obtained in an analogous manner.

As an example of this prescription, we will consider
the graph of Fig. 2. Here,

It =

where K is a function of the parameters of the graph.
The basic term of the Chisholm expansion is there-
fore

(on") K (@y" Qo v°us) @iy’ @iy "w) D2,

where we index the lines with the Feynman param-
eter of the line. Thus @, = v-(X, + P;) + m..
The second and (in this case) the last term in the
Chisholm expansion is

(i7" ) K @y v o) vy oY 5%s) Qs wn G i@y D71 (1.13)

2. THE LEADING BEHAVIOR OF THE
TWO-NUCLEON LOOP GRAPH

We wish to determine the leading behavior of the
integral F (where @ is the two-nucleon loop graph
of Fig, 1) as the momentum transfer variable { =
(p: — ps)* becomes large. For definiteness, we will
consider that amplitude where all meson helicities
are zero in the center-of-mass frame. Using the
helicity vectors specified by Gell-Mann et al, * the
polarization vectors e;, ¢.(e;, €,) are linear sums over
71 and ps(p. and p,), where e, is the polarization
vector for meson (Z). We argue in five steps.

A, Straddling

Let us consider first the basic term. If 4, were
unity, then we would have the spinless problem.

[(Ps + k' — millki — mil[(Py + k))° — ma)[(Py + ky)* — m3] (1.11)
P ?’*k( Ps
> &‘ >
(1.12)
P‘fkt m f‘ﬂ' k;
°"2
}-Su l‘z‘ P*

F1e. 2. A graph with a simple Chisholm expansion.

The determination of the leading behavior®™® is then
essentially equivalent to finding the maximum num-
ber of shortest paths through the graph connecting
some vertex of the boundary line b,; with some vertex
of boundary line b,,. The leading term of the Feyn-
man integral in the limit of large ¢ derives from suc-
cessive integration over small neighborhoods of the
origin of the sets of Feynman parameters of those
lines in the shortest paths. To be specific, we intro-

-8J. C. Polkinghorne, J. Math. Phys. 4, 503, 1393 (1963).
* (. Tiktopoulos, Plg's. Rev. 131, 480 (1963).
8 P. G. Federbush and M. T. Grisaru, Ann. Phys. (N. Y.)
22, 263 (1963).
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duce the scaling transformation of Federbush and
Grisaru.® For a set of Feynman parameters oy, e,
&y+i, We transform to the variables p, &, -+, @,.;
with the constraint Z”:: a; = 1. pis termed the
scaling parameter of the set and parametrizes the
region of integration by planes parallel to the plane

* a; = 1. Writing D = gt + h we define a d-
line® as a set of Feynman parameters such that

(a) gh™" is zero when these o’s are set to zero.

(b) On transforming to the corresponding scaling
variables, there remains a factor p** in the numera-
tor of the Feynman integral 7§ (in the spinless case,
just the basic term with A, = 1) when we remove
all overall factors from the C and D functions.

(¢) dis minimal (d is termed the length of the set).
The integration is performed in the following (p + 1)
stages:

(a) Of the set of d-lines take any d-line (d,) not
contained as a subset by any other d-line. Integrate
over a small neighborhood of the origin of the o's
of d,, keeping only the lowest power of p,, the scaling
parameter of d,, in g, h, and C.

P‘;{_I dpy -+ dpy

J. V. GREENMAN

(b) Let p£'g,, pPhy, pC, be the g, h, C functions
where only the lowest terms in p, have been kept.
Let us relabel the original o’s so that only the first
6,’s(ay, + -+, @) belong to d,. Then g,, hy, C, are
functions of &,, - - - , @,, @, 41, * * - , @, Let us relabel
these parameters as @y, ++- , s, @g,41, =+ , @, We
now take any d-line (d,) defined with respect to these
new o’s and new functions ¢,, h,, C; not contained
as a subset by any other d-line defined with respect
to these new o&’s and new functions g, h;, C; and
integrate over a small neighborhood of the origin
of the o's of d; keeping only the lowest power of
p:, the scaling parameter of d,, in gy, b, C,.

(p+1) Let P7+lgm P‘th, p’,’,C,,bethe Jo-1, hv—lr Cp—l

functions in the approximation when only the lowest
power of p, has been kept. If there exist no more
d-lines and p is maximal, then the leading behavior
is extractable. In fact, we can apply the well-known
integration formulas’

O o> e [T s e g e @1
@ e=av [ [ ”(p"‘;Mjf Pl L t)”][{l]z] , 2.2)
(iii) 6 <d ‘/;1 j;l p‘:—;p;....l,)?i;jjl_}_. 'h'):ipu

f f (r - )d CRELN.") S R @.3)

as ¢ tends to infinity. The coefficients are necessarily
convergent.

In the spin case, A, is a sum of scalar products
X;-X,;. Each scalar product X;-X; is a linear sum
over s, I, and m2. Each scalar product X;-X; con-
tributes an explicit ¢-factor. However, since the
coefficient of tin X ;- X, is a function of the Feynman
paremeters, in general on scaling, powers of p are
generated which raise the value of d and lower the
leading behavior.

To discuss the problem in detail, we need to
generalize the concept of d-line by relaxing the con-
dition that d is minimal. We will refer to such a set
as a t-set. Let us consider the effect on the numerator
A, of scaling a t-set T. Let us consider that part of
A, where the difference in the exponent (a) of ¢, and
the exponent (8) of p is a maximum. If we have an

* 1. G. Halliday, Ann, Phys. (N. Y.) 28, 320 (1964).

overall factor p"™* in the numerator when A4, is

replaced by unity, then we say the set T’ generates a
leading behavior of t““™® 7, Our problem is to find
those t-sets that maximize (a-8)-v. As we will find
in a later section, we need only consider those t-sets
that divide the graph into three distinct, disjoint,
connected regions—region B, within the boundary of
the t-set, and regions R, and R, such that \J,_, 4; =
R, + R, + R,, and R,(R,) has part of its boundary
in common with the boundary b.,(bs.). Thus in the
example of Fig. 1, if we scale loop 3, R, is A4, R, is
A, + A,, and R, is empty. If A, lies in R,(R,) and
A; in R, or R,(R, or R,), then the presence of the
scalar product X,-X; in A, raises the leading be-
havior. This immediately follows from examination
of the coefficient X7:X7* 4+ X7T*X7* of —if in
X;-X;. On scaling, we find that X7 X7«(X7X7*)
is proportional to p° when A, lies in R,(R,). The
second term is proportional to p or p°. If both A,
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and A; lie in R, or R,, then, on scaling, the coef-
ficient of ¢ in X;-X; is found to be proportional to
p. Therefore, if we say that a scalar product X, - X;
straddles a t-set if all the partitions from area 4;
to area A; traverse at least one line of the #-set,
(or if, when ¢ = j, loop !; lies in the scaling set),
then it is only the scalar products that straddle the
t-set that enhance the leading behavior for that ¢-set.

For the two-nucleon loop graph of Fig. 1, there
are nine {-sets. For the four rungs 8,, 8;, 8s, B4, the
structure if the graph permits at most two straddling
scalar products and hence, at most, a leading be-
havior of t. However, for the loops one and three,
the structure of the graph permits at most four
straddling scalar products and a possible leading
behavior of t*. Whether we can in fact find a term
in A, with four straddling scalar products depends
on the intricacies of the canceling mechanism in the
trace calculation.

B. The Trace Calculation

We wish to calculate the trace of the matrix
Xo = (ra)0rg) -+ (rga). gy = go = -
¢:» = q then the relation (v-q)(y-q) = ¢" renders
the calculation trivial. The trace is equal to (¢%)°.
If the trace involves only two momenta P,, P,, then
the calculation is almost as simple. We have two
possibilities. If the scalar products in X, are al-
ternately v- P,, v- P, then the trace is a power series
in the scalar product (P,-P,) of degree b. One can
successively reduce the product X,, by use of the
anticommutation relations. In fact, we find that,

(’Y'P4)('Y'P1)('Y'P4)
= 2(P,-Py)(y-P,) — Pi(y-P)).

(2.4)

The trace calculation is thus reduced to the trace
calculation of the matrix (y-P,)(y-P,) or I, the
traces in these two cases being 4P,-P, and 4,
respectively. The coefficient of (P,-P,)® in the trace
expansion is therefore 2°*'. If the (v-P,), (y-P,)
do not always ocecur alternately in X, then the high-
est power of (P,-P,) in the trace expansion is less
than b.

In our problem we are interested in only two
momenta P,, P, since it is only the product of
P, with P, that gives rise to a ¢ factor.

If in the matrix X,,, momentum ¢} forms a scalar
product with y-matrix v, and v, derives from a
vertex (nucleon line) of the nucleon loop, then we
say that ¢, is associated with that vertex (nucleon
line). For loop 3 of the example of Fig. 1, vertices
¥" and &' are necessarily associated with momentum
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P,, since the important part of the meson polariza-
tion vectors is proportional to P,. Further, vertices
o' and B’ must be associated with P, since it is the
momentum X,, where A; lies in R,, that provides
the P, momentum. Hence, in the trace of loop 3
for the basic term, we cannot achieve alternating
(v-Py), (v-P,) matrices, and therefore cannot achieve
a t* behavior for loop 3 as a scaling sef.

C. The Second Term in the Chisholm Expansion

If we examine that term in the coeflicient A,
of the Chisholm expansion, where we have replaced
Q7,, @, by v matrices, then it is evident that we can
effectively generate four straddling scalar products.
This is because, on scaling loop 3, X;; generates a
factor p~' equivalent, so far as the high-energy be-
havior of the term is concerned, to a ¢ factor in the
numerator. The trace is certainly not zero, as can
be seen by using the relation of Eq. (2.4) to simplify
the product of the three y-matrices associated with
vertices o', §/, and nucleon-line B;, and again to
simplify the product of the three sy-matrices as-
sociated with vertices v/, &', and nucleon-line 8,. The
relevant part of the trace is then,

4(P1-Py)" Tr [(y-P)v.(v-P)y"].

This derived trace is most simply calculated by
moving the second " matrix to the left using the
anticommutation relations and the relation vy.y* =
4]. The coefficient of (P,-P,)?, the highest power of
(P,-P,) in the trace expansion, is therefore —32.
This is a particular case of the general result that
the coefficient of (P,-P,)*”*, the highest power of
(P,-P,) in the trace of the matrix ¢""X,,, where

(2.5)

G == = Q= Qa2 = " = Qs = Py
=0 = """ Qa2 = Qa1 = = @1 = Py
and
G=gn ¢h=g

is equal to (—)2°*".
The leading behavior of the third term of the

Chisholm expansion of I7 is therefore seen to be

£ In *t and derives from the integrand,
('—32)2(1)1 ‘P4)4X11X33Xf‘Xf‘X3P'X:‘D'2,

the scaling sets being loop 1 and loop 3.

(2.6)

D. Other Terms in the Chisholm Expansion

We immediately observe that there are other
terms which have this leading behavior. For instance,
if we replace the X, factors of 85, 8. by X33, we lose
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Fie. 3. Renormalization of a one-fermion loop graph.

an explicit ¢ factor but gain a p~* factor, an implicit
t factor, The trace calculation again yields (—32).
The term with two X,; factors and a leading be-
havior of # In % is therefore

— 1(—32)°X%X,, X" X 4(P,-PY'C"'D ™.
Similarly,
— 3(—32° X0, X5 X3 X5 (P1-P)’CT'DTY (2.8)

has a & In * behavior. It is easy to see that beside
the term X2, X2, (P,-P,)’C*P(D™"), which we con-
sider in the section on renormalization, the only
other term giving the ¢ In * leading behavior is

— 3(—32° X X X1 X1 X3 (P, -P)’CT' D™, (2.9)
E. Renormalization

2.7

We follow the Salam'® procedure of subtracting
from the original integral certain divergent integrals.
The form of the integrand of the divergent subtrac-
tion integrals is identical to that of the original
integral. The difference lies in the expression for the
momentum of each line. Hence, these integrals can
be expanded in the Chisholm manner as shown by
Chisholm.*

10 A, Salam, Phys. Rev. 82, 217 (1952).

We exhibit this procedure first for the graph of
Fig. 3(a). To refer to this graph in the following
analysis, we will use the symbol G = 123. The graph
itself is not a divergent graph, but there exists a
divergent subgraph, loop 2. Renormalization of the
Feynman integral F,; is achieved by subtracting
the Feynman integral F,,,., corresponding to the
graph with the momentum labeling of Fig. 3(b).
Since scalar products &, - k,, k;- k. do not oceur in the
integrand I3,;. of F,.,., loop 2 is essentially isolated
from the other two loops. Hence, we will find it
convenient to write the Chisholm expansion of I3,
as a product of the Chisholm expansion for loop 2,
and loops 1 and 3. Specifically, we write I7,,, =
I%,.I%,. The Chisholm expansion of I3, consists of
three terms, of which the last (i = 2) is undefined,
since P(D™") is undefined. However, this last term
can be written as In [(D’ + @)D" |a-w
~[1n p|,~0 + In D’], where D’ is the D function for
the loop-2 graph. If we scale loop 2 and expand
pI?,, in powers of p we find pI%; = D e p"G,, Where
a, = I%;.. The only divergent part of I3,; is the first
term aop~! and this is canceled by the term in the
subtraction integral F,,;.. Thus, to find the high-
energy behavior of the term T = #X7XI+X2,D™?
of I%,,, we need to subtract off the first term of the
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Taylor expansion in p, the scaling parameter for
loop 2. The renormalized expression for 7' is then

Tr = £X0X7' X3 D™ ~ XX 3507 D5%,  (2.10)

where the suffix zero indicates the coefficient of the
lowest power of p in the Taylor expansion for that
function. The leading behavior derives from the
part of Ty where only the lowest powers of p have
been kept in X,, X5, X.:. We may then write this
approximation {Tj%) for Tz as

1 3
- Py D ("229“:
Ts = /; dz X3,X%5 (gtp:c + h)3 »

where D = plgtp + k). The leading behavior for
the term T is therefore * In ¢ with scaling sets p and
z. If we had blatantly ignored divergence problems
and used the simple power counting methods used
in previous sections we would find the leading be-
havior only £*( In £)° with scaling set p. It is in this
sense that we say renormalization raises the leading
behavior., We must also consider the leading be-

@.11)
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havior of the remaining finite part of the subtraction
integral Fi.5-, but this is easily seen to be %, since
D, is independent of i,

Let us now consider the problem of renormalizing
the Feynman integral F, of the graph of Fig. 1.
First, we renormalize with respect to loop 3. For
each divergent term in the Chisholm expansion we
make a Taylor expansion, the first term being diver-
gent. We represent F, pictorially as in Fig. 4, where
the open circle represents the divergent term of F,
and the shaded part the remaining finite part of
Fo. As in the example of Fig. 3, we expand the re-
normalization subtraction term for loop 3(F,) into
a produet of Chisholm expansions for loops 1, 2, and
3. That part of the subtraction term containing, as
factor, the last term in the Chisholm expansion for
loop 3, is divergent and cancels the loop-3 divergence
in Fo. We can pictorially represent F, as in Fig. 4,
where the shaded triangle represents the remaining
finite part of F,. To renormalize the loop-1 divergence
in F, we subtract the loop-1 renormalization term

F:

e P~

Nt

e W W

F.O.-F;-F;,: - / //'A

N

%

-~

N

o BTE

Fic. 4. Renormalization of the two-fermion loop graph.
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(F3) renormalized for loop 3 as represented in Fig, 4.
Finally we must renormalize for the overall over-
lapping divergence; we subtract a renormalization
term (F,) renormalized for loops 1 and 3.

The only divergent term encountered was the
last term in the Chisholm expansion of F,. Suppose
there were no divergent subgraphs, then the struc-
ture of the term would be *C*I1X;; In DD;*, where
D, is the function D evaluated for particular values
of s, i, say s, t,. Expand In DD;* as

In (gt + Wh™" — ln (gty + ho)h™*
and rewrite the first half of the integral as

1 1
tfodxfo It da ol | o X 2.12)

By the hypothesis, the function in the square brack-
ets has a behavior at least p° in the scaling parameter
for any subgraph. Here exists only one f-set of
length one, namely z. The high-energy behavior of
this term is therefore ¢* In t. If the only divergent
subgraphs are logarithmically divergent subgraphs,
which at the same time constitute f-sets, then the
integral is still convergent, but the number of ¢-sets
of length one is increased to m + 1, where m is the
maximum number of such subgraphs consistent with
the delta function constraints. The leading behavior
of the last term in the Chisholm series for the two-
number loop ladder (Fig. 1) is therefore & In *.

We have found the leading behavior of only part
of the renormalized integral Fo — F;, — Fy; — Fj,
that part corresponding to the removal of the diver-
gence in F,. There are two other types of terms to
evaluate at high energy.

(@) Terms ‘AN, N_&

The leading behavior is only ¢ since D is
independent of t.

(b) Term A&, which is again at most ¢
Finally, there is the finite part of the overall sub-
traction term to evaluate at high ¢. This is again at
most ¢*.

The leading behavior of the two-nucleon loop
ladder is ¢ In * deriving from the renormalized last
term in the Chisholm expansion. It is not canceled
by other terms in the expansion.

3. THE HIGH-ENERGY BEHAVIOR OF THE
GENERAL PLANAR GRAPH

A. Nondivergent Terms in the Chisholm Expansion

We now generalize the results of the previous
section to the case of general planar graphs of the

J. V. GREENMAN

meson~meson scattering process. For simplicity, we
consider only those graphs such that:

(i) the nucleon loops have no inner structure—all
meson lines joined to the loop are directed
outward;

(ii) no meson line returns to the same nucleon
loop.

We will later remove these restrictions. We calculate
in the center-of-mass frame where the line defined
by the 3-momentum vectors of the incoming parti-
cles is taken to be the three axis. The line defined by
the outgoing 3-momentum vectors is taken to be
in the 1-3 plane at an angle 6 to the 3 axis. The
energy will be denoted by w, the magnitude of the
3-momentum by g¢. The helicity vectors are defined
as in Gell-Mann et al.'. For simplicity, we take all
helicity values zero; the high-energy behavior is in
fact independent of the helicity values.

Suppose the graph G has no divergent subgraphs,
then, provided we can find a t-set such that:

(i) all the external lines of the ¢-set are meson

lines;

(ii) no two external meson lines of the t-set are
one and the same meson line;

(iii) the graph is divided by the f-set into only

three distinet disjoint, connected regions—

the region R, within the boundary of the f-set

and region R, (R,) having part of its boundary

in common with boundary b;,(8s,);

there does not exist a meson line of the -set

that, when cut, separates the f-set into two

distinct parts, but does not belong to a con-

tinuous path in the graph from boundary

bys to by lying entirely in the f-set;

(iv)

the leading behavior is ¢ In °t, where b is the maxi-
mum number of {-sets that can be scaled for any
term of the Chisholm expansion, and that can fulfill
the above four conditions. We will call such a t-set
a T-set. If we cannot find a T-set, the behavior is
t* In t. Before we attempt to justify this assertion,
we introduce additional notation. If a vertex or
nucleon line is associated with a p,(p,) momentum
vector, then we associate that point with an arrow
pointing to the left (right). Further, we call the
boundary between the region R, and R,(R, and R,)
the left (right) boundary of the T-set. Now, let us
consider those nucleon loops of the T-set, T, ad-
jacent to the left boundary of T,. Order them from
top to bottom. Consider the first loop (I,). The
external vertices on the left boundary must have
arrows to the left. Let all other vertices have arrows
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to the right. The arrow directions of the nucleon
lines are determined by the fact that arrow directions
must be alternating in the trace. Thus two nucleon
lines must generate an X,, factor. Consider the
next loop (I,). The external vertices of the left
boundary must have arrows to the left. Vertices
connected to loop I, of necessity have arrows to the
left. Let all other vertices have arrows to the right.
The arrows of the nucleon lines are determined when
two of them generate an X,, factor. The arrow direc-
tions of all other loops in the set are obtained by
consistent use of this procedure, as they are also
for the next row of loops. The procedure is consistent
in that all vertex points in the right boundary have
arrows to the right.

That the leading behavior of the term correspond-
ing to the arrow system is #* on scaling the T-set
follows from two assertions:

(i) the traces are nonzero,

(ii) the arrow system implies that to each internal
and external meson line of the T-set we can associate
a scalar product straddling the T-set.

Thus if,

ey = number of external meson lines of the T-set,

ey = number of external nucleon lines of the T-set,
iy = number of internal meson lines of the T'-set,
iy = number of internal nucleon lines of the T-set,

and the number of lines (loops) in the set is r,(Ir),
thenrr = ey + ey + 3(r — 1). In our case ey = 0.
The number of straddling scalar products is 7, +
ex = (lp — 1) 4+ ey. Thus the leading behavior
of the T-set is ¢*, where @ = —[ex + 3(r — 1)] +
[(Ir — 1) 4+ ex] + 27, namely two.

If b is the maximum number of 7T-sets, we can
find, for any term of the Chisholm expansion, the
leading behavior is ¢ In %, since the exponent «
of the scaling parameters is always one less than the
exponent 8 of D', To prove this, suppose the T'-set
does not include external meson lines of the graph
and that there are n fragments of the graph which,
together with the T-set, makes up the graph. Let us
label them 1, -+~ , ¢, -+ - , n. If L is the total number
of loops in the graph 3L + 1 = Zr,- + rp + e,
where r; = 3(l; — 1) + e, and I;(es,) are the num-
ber of loops (external meson lines) of the fragment
1. Further Z ey, = 4 + ey. If vi(v.) is the number of
X;; factors associated with the T-set (fragments of
the graph), and E is the number of scalar products
not straddling the T'-set, then

a=[Blr—1+ex—1 -2+ E —1,
=1"4+eu+E_"Yn’
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B=L+1—9 -1,

=X GL-D+1+e+1—7—1.
BwE +v., = Z(iM« + eM-‘) — €y = Z(ls - 1) +
4, hence 8 — a = 1. The same result holds if the
T-set contains external particle vertices.

There are other terms, derived from this ¢ In® ¢
term, that also have a leading behavior of * In® &:

(1) Suppose, in one of the loops (I;} of the T-set,
we remove two X, factors to generate an X,
factor, then the trace is nonzero if the two associated
nucleon lines had opposite arrow directions. If they
did not, then it is necessary to redirect the arrows
of the intervening vertices and nucleon lines. This
is not possible if this section of the loop corresponds
to part of the boundary of the scaling set. However,
if the procedure is possible, then in the new term «
is decreased by one as is 8. Hence 8§ — « 1 still
holds.

(2) If we remove two factors X, X;(¢ ¢ j) then
suppose,

(a) A, lies in R,, and A; lies in R,. If, in the
original term,

(1) X:(X;) contributed momentum p,(p,),
then in the rearrangement we lose a power of ¢ and
replace it with a power of p. Hence the leading
behavior is reduced by two powers of t.

(ii) X;(X;) contributed momentum p,(p,),
then in the rearrangement we lose a factor p°t and
gain a factor p, hence no change in behavior and no
change in 8 — a.

(b) Suppose 4, A; both lie in B,, and suppose
there exists a partition from A, to 4, lying entirely
within the T-set. Further, if X;(X;) contributes a
p1(ps) or py(p:) momentum, then we lose a ¢ factor
but gain p~' in the rearrangement. Hence neither
the ¢* behavior nor 8 — « is changed.

(c) Similar arguments can be given for other
arrangements of 4;, A; in relation to the T-set.

We thus have the result that the leading behavior
of any graph G, that has at least one T-set, is £ In %,
where b is the maximum number of T-sets consistent
with delta constraints and with compatible arrow
configurations. There are many terms in the Chis-
holm expansion with this leading behavior but they
are all derivable from a certain basic term that has a
minimum number of X ;; factors; t-sets not satisfying
the second, third, and fourth conditions for T-sets
give a lower behavior than £,

We can easily remove the two restrictions placed
on the set of planar graphs that we would consider.
Suppose the T-set contains nucleon loops con-
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tradicting the two restrictions. If we remove the
offending meson lines and the nucleon loops, the
problem of designating arrows has already been
solved. Re-ingerting the lines, any arrow conflict
can be resolved by replacing the X; functions of the
two nucleon lines adjacent to the source of conflict
by an X,; function. The analysis is as before. The
leading behavior from the finite terms of the Chis-
holm expansion is £ In °, where b is the number of
T-sets consistent with delta-function constraints and
with compatible arrow configurations.

B. Renormalization of the General Planar Graph

Suppose the graph G has p divergent subgraphs
S, -+, S,. We consider the question of renormal-

J. V. GREENMAN

heading we consider the last term in the Chisholm
expansion.

1. P Non-overlapping Logarithmically
Divergent Subgraphs

Consider a term T in the Chisholm expansion of
I that is divergent for q of these p divergent sub-
graphs. We denote this term by T(p;, -+ , po)
where p; is the scaling parameter for the 7th of the
g subgraphs. Further, if we keep only the lowest

power of the scaling parameters p;,, +--, p;, in T
and denote the derived term by
T(ply yﬁin ;ﬁ«'n ’ﬁiv’ ;Pa)

then we can write the renormalized term as

ization and its effect upon the high-energy behavior Tdor, -+ 1 p) = 2 2 (=1
of the graph under four headings. For the first =0 xr
three headings we consider all terms in the Chisholm X T(ory =+ Bisy =0 s Biwr "0 5 Bivr ** " s PO
expansion except the last term. Under the last 3.1
A~ 3. %% ~—~
N
3 (e)
(a) 3 \ b, O B 4 Be ! e~ 4
N
Y,
~ LA
‘\3; —
(b) A 1 h 4 5 rvov4 0
A
XA Rt e e
R = R O v _RR_Y ek
n
(c) pl l 9 + 5 4+ (g)
~— £y
.‘2 3,_ e P P ’P\" WP
[ ‘\\,-r“ N
(@ \ {Q‘ 3 4 (h)

F1a. 5. Divergent graphs for the two-fermion loop graph.
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where Z,, denotes a summation over all distinct
sets of r scaling parameters. For the graph of Fig.
5(a), for example, we have the following divergent
term in I%:

# f dps X XuX W XD XPXPXP D™, (3.9)
where p, i1s the scaling parameter for loop 2. For
clarity we only specify the integration over p,. To
renormalize, we need to subtract a divergent term,

1
# [ o o Koo X o XHX X UXUD,  (3.3)
[}
where the zero suffix on the functions in the inte-
grand indicates the coefficient of the lowest power
of p, in these functions, Writing D == p,(4,p, + Ao),

where D, = A,, we find the important part of the
renormalized term can be written as

(‘2)t4XuoX44oXP1XP‘XP’XP‘

X f dpy f oy (= Almz e G4

1
= (_2)14 f f dp; dps Pa—lXuoXssz}lla
o Jo
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The part we have ignored can easily be shown to have
lower leading behavior. Renormalization therefore
affects the term in two ways—it adds powers of
pot to the numerator and replaces p, by p.z;. There-
fore, when we ignore the divergence of the term, the
scaling sets giving the leading behavior are found by
the simple counting methods outlined above. For
every such scaling set involving p,, we have an
additional scaling set where we replace p, by z..
Hence for the term (3.2) we have the scaling sets
loop 4, (v1v:8182p2), (¥rv2B:8:7;) and a leading be-
havior of £ In 3.

As an example of a term with two divergences,
let us consider the following term for the graph of
Fig. 5(b).

T5t4j;ldp2£1dp3

X Xl1X22X33X55Xfle‘X:‘X:‘P:P;D_z1 (35)

where p;(ps) is the scaling parameter for loop 2
(loop 3). Renormalized for the divergent subgraph,
loop 2, the term becomes

P.yPiyP
16X 80

(Aupa -+ AIO)

1
d
X -/; T2 [Au(szz)Pa

+ Aio(ps) + Aorps + Ao’ (3.6)

where D = p,p3(A11p203 + Aropz + Aorps + Aoo) = D(p;, ps). We have again dropped some unimportant
terms. Renormalized for both divergent subgraphs, loop 2 and loop 3, the term becomes

1 1 1 1
T, = (=93¢ [ dos [ dos XunoXusoX XXX [ doa [ doy Aso(Aupets + A0)/ Doz, piz)
0 0

1 1
+ (=2 [ doy [ dps XX euX GX XX

To express T, in a form symmetric in z, and z;, we
merely integrate by parts in z, the first part of the
double integral. We then find,

1 1
= (—2)t4{f dpzf dpy X110X o X 16X 10X 50X 5

All All

1
dr,. —t
'/(; s D3(P2 ’ Paxa)

[f a2 D*(p;22, ps)
[A10Ao — A?l(szz)(Pszs)]
D4(p2x2, .033?3)

+-3 [ ar [ an
1 1 A
+(—l)‘/; dxz_/; dz, m:l}

The leading behavior is £ In * arising from, for
example, the four scaling sets loop 5, (y,v:8:8:0:02),

3.8

! A
. d 11 . .
’ »/; 2 D3(p2$2, Ps) (3 D
(71’)’261I329312)y (7172.3132273132)- We cannot scale

(y1v2B.8:%3p;) since this conflicts with delta function
constraints,

We can immediately generalize these arguments
into the following rule. To determine the leading
behavior of a specific term in I}, we first ignore
divergences and look for those scaling sets that give
leading behavior as determined by the simple power
counting methods outlined in the first section. If
such a scaling set contains r divergent subgraphs
with scaling parameters p,, --- , p, for that term
and f denotes the remaining Feynman parameters
of the set, then the 2" sets

(p“ e ’x'_" ...,x.,qy “ee

’ p") f)7
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where 1 < ¢ £ r, and where we replace ¢ of the p,
variables by the g corresponding x, variables are
also scaling sets. Because of delta function con-
straints, we can only scale n -+ m sets, where n is the
number determined by power counting methods
and m is the number of distinet divergent subgraphs
contained in the n scaling sets.

However, we must make the proviso that this
rule is only true if there do not exist two of the r
divergent subgraphs containing {-paths.” By -path
we mean a continuous path in the graph from bound-
ary b,; to boundary b;.. As can be seen from the
first part of the first integral of Eq. (3.7) that, if
both divergent subgraphs contain {-paths, then there
is no part of A4,, and A, proportional to ¢. The
leading behavior of this renormalized term is there-
fore lower than that determined by power counting
methods by a power of ¢. For the terms we are con-
ecerned with in planar meson-meson scattering
graphs, only the last term in the Chisholm expansion
is divergent for subgraphs containing {-paths.

2. The General Case of p Logarthmically Divergent
Overlapping and Non-overlapping Subgraphs

The analysis is identical to that of the previous
section. One first introduces the scaling parameters
pi, <+ , pr for the r divergencies (1 < r < p). One
then renormalizes by introducing the additional
parameters z,, +-- , z,. The only difference is that
now there are delta function constraints on those
scaling parameters p; that are overlapped by other
divergences. However, the same rules with the same
proviso still apply. For instance, the term for the
graph of Fig. 5(c),

1 1
T = #f dpzf dps
o 0

X Xf‘Xf‘Xing‘Xx1X22X33X55P§P§D~2
X 8.+ +ata— 1),

where po(p;) is the scaling parameter for loop 2
(loops 2 and 3), is divergent for both the integrations
p; and p;. On renormalizing, we obtain a term similar
in form to (3.7) and (3.8). The scaling sets for leading
behavior are loop 5, (BiBy11veps), (BiBavi¥ats),
(B:Bxy1v2%:8,3,3;) and leading behavior is £* In “t.

(3.9)

3. Linearly and Quadratically Divergent Subgraphs

Let us first consider the graph of Fig. 5(d). In
this case even the first term of the Chisholm ex-
pansion is undefined. In order to retain the Chisholm
expansion method, we introduce the technique of

J. V. GREENMAN

Ward" as used by Chisholm.* We express, the nu-
cleon self-energy part N(p) in terms of a vertex
part A(p, p) with a zero external meson line. In
fact, we write

N@) = (=) [ i@~ s o),

where p* = Ap + (1 — N)p,, and p, is some 4-
momentum on the mass shell. The renormalized
self-energy part, N*(p), is then simply obtained by
renormalizing the vertex part. Explicitly,

(3.10)

N = () [ & -

X [Au(p)‘: pk) - Au(pm po)]- (3-11)

Similarly, for the meson self-energy divergence
of Fig. 5(f), the Chisholm series is undefined. If
L,.(p, p) denotes the Feynman integral for the
meson~meson graph of Fig. 5(g) where k = 0, we
can express the meson self-energy part M(k) as

M) = fo “dn fo " D — R

X (k — ko)’L, (&, K,  (3.12)

where k* = M + (1 — Nko, and k, is on the mass
shell.

To renormalize M (k) we merely renormalize L,,.
Explicitly,

1 A
MEGR) = fo an [ b — R — R

X (L&, &) — Lk, k)] (3.13)
or
M@ = [ ndin [ dua b — ke = ko
X (L@, B*) — L,,(ko, ko). (3.14)

Thus to circumvent the problem of renormalizing
self-energy parts, we consider equivalent graphs
with self-energy parts replaced by vertex and meson—
meson scattering parts. The Chisholm series is then
well defined, and the divergences are only loga-
rithmic. The Feynman integral for the original graph
differs from the Feynman integral for the derived
graph only in two respects. First, extra parameters
(A, w) are introduced, and second, the product of
the numerators of the two external nucleon (meson)
lines of the self-energy part is changed from
(y-p + m)ly'p + m (1] to (yp + m)(® — Do)
(y'p + m) [(k — ko)u(k — ko),], where plk] is the

1 J, C. Ward, Phys. Rev. 77, 293 (1950).
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external momentum of the self-energy part. We
will denote this integral by I'y. We can write the
integral as an integral of I% over the Feynman
parameters and )\, where I% is obtained from Iy
by the same Chisholm rules that we obtained 12
from I; when we define Q,, as

€uky
1 C
Q.. = —oC" e (3.15)
uk
€y " &k | O i

The analysis of the leading behavior is as before.
It is evident that the additional parameters N, yu,, x.
can never belong to scaling sets giving leading be-
havior. For instance, renormalizing the term

1
7= fo dps X2 XX XD X X2 X2D™  (3.16)

of Fig. 5(e) for the divergent loop 2, we find the
numerator, after the introduction of the integration
over z,, contains a factor A, (see Eq. 3.4), the ¢ part
of which is proportional to )%

By the rule of Sec. (3B1), the leading behavior of
those terms in I, for the graphs of Fig. 5(d) and
5(f) divergent only for the self-energy parts, is
£ In *.

The rule of Sec. (3B1), however, only holds for
those m divergent subgraphs that are cut by at
least one t-partition, since the A factors that appear
in the numerator on renormalization must all have
a part proportional to {. It is possible for a self-
energy part not to be cut by any ¢-partition. For
instance, for those terms in the Chisholm expansion,
for the graph of Fig. 5(h) divergent only for the
nucleon self-energy part, have a leading behavior
at most £* In *¢.

4. The Last Term in the Chisholm Expansion

As explained in Sec. (2E), we consider the leading
behavior of the expression,

¢ [ @t o+ T Xy B1D)

where D = gt + h. This term is not divergent for
those divergent subgraphs containing {-paths. How-
ever, divergences containing no ¢-paths have to be
renormalized by using the above analysis. The only
scaling sets which, together with set z, give leading
behavior are those T-sets that are logarithmically
divergent. If there are n such T-sets consistent with
delta function constraints, and if m is the number of

INTEGRALS
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Fig. 6. A two-fermion loop graph.
distinet divergent subgraphs belonging to these n
sets, then the number of scaling sets giving leading
behavior is » + m + 1. Thus, for example, the last
term in I for the graph of Fig. 5(a) has a leading
behavior of #* In “.

The fact that in this rule we do not include the
divergent subgraphs containing ¢-paths in calculating
m illustrates the proviso we made on the rule stated
in Sec. (3B1). If we renormalize for more than one
divergent subgraph containing i-paths, the leading
behavior of the renormalized term is lowered by at
least one power of . Hence the term with maximum
leading behavior is that term where only one diver-
gence containing ¢-paths is renormalized. Therefore,
the leading behavior of the term of IZ, where G
is the graph of Fig. 6 for which both loops 1 and 3
(and consequently the subgraph consisting of loops
1, 2, 3) are divergent, is only ¢ In ®. This is, in fact,
the leading behavior for the complete Feynman
integral, since no other terms in 72 with £ In *¢(b > 0)
behavior are divergent. This result agrees with the
leading behavior for the graph of Fig. 1.

4. SUMMARY

We can summarize our analysis with the following
procedure for determining the leading behavior of
any Feynman integral Fg., where @ is a planar graph
in the meson—meson scattering process.

(a) If G contains no divergent subgraphs, we
simply determine the maximum number of T-sets
which can be scaled for any one term of the Chis-
holm expansion. We can state this differently. If an
external meson line to a T-set lies in region R,(R.)
of the T-set, we will call this meson line a p,(p,)
meson line. We then look for the maximum number
of T-sets, consistent with scaling delta function
constraints, and consistent with the fact that two
T-sets can possess a p,(p;) meson line in common
only if a vertex of the meson line is common to both
T-sets. For instance, in the example of Fig. 7, delta-

Fra. 7. Conflicting
arrow configurations.
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function constraints allow us to scale the three
T-sets—loops (1 + 4 + 5), loops (2 + 4 + 6), and
loop 4. But there are no terms in the Chisholm
expansion for which we can scale all three sets.
This is simply because for those terms of the Chis-
holm expansion for which the set consisting of
loops (1 4 4 4+ 5) is a ¢* scaling set, meson line (a)
conveys a p, momentum from loop 2 to pair with
a p, momentum in loop 1, whereas for those terms of
the Chisholm expansion for which the set consisting
of loops (1 + 4 -+ 5) is a ¢ scaling set, meson line
(a) conveys a p, momentum from loop 2 to pair
with a p, momentum in loop 1. The two classes of
terms are disjoint. We will call this second constraint
on the number of T-sets the constraint of requiring
compatible arrow configurations. Let the maximum
number of 7T-sets consistent with delta-function
constraints and with compatible arrow configura-
tions be n. The leading behavior is then ¢ In %,
where b = max (1, n).

(b) If G contains divergent subgraphs, then we
must consider the set of terms of the Chisholm
expansion that are divergent for a specific collection
(C) of divergent subgraphs that

(i) are cut by t-partitions,
(ii) do not contain {-paths.

We look for that term of the set for which we can
scale the maximum number of 7T-sets. Let this
maximum number be 7., and the number of the

V. GREENMAN

divergent subgraphs belonging to the n, T-sets be
M.

We then determine the maximum number of
divergent T-sets consistent with delta constraints.
Let this number be n'.

Finally, we determine the number of divergent
subgraphs belonging to @ that

(i) are cut by (-partitions,
(ii) do not contain ¢-paths.

Let the number be m'. The leading behavior is then
* In °t, where b = max (n' + m' + 1, n, + m,).
For any order N, the planar graph with maximum
leading behavior is that graph with the maximum
number of divergences. To be precise, since all
graphs of order N have (3N — 1) loops, the maxi-
mum number of scaling sets is AN — 2). It is
evident that this maximum is only achieved if
max ,n, = n' and the graph consists of n divergent
one-loop meson~meson scattering graphs with m’
divergent vertex and self-energy subgraphs such
that n! + m' = iN — 2. The maximum leading
behavior for order N is therefore £* In ¥4,

ACKNOWLEDGMENTS

I would like to thank Dr. J. C. Polkinghorne for
suggesting the problem and for many stimulating
discussions. I would also like to thank Professor
H. Cheng and Dr. M. Cassandro for many helpful
comments.



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 7, NUMBER 10 OCTOBER 1966

On an Algebraic Method for the Decomposition of Direct Products
of Representations of the Groups 4,(SU(3)) and B,(SO(5))

B. GRusgr*

Istituto Nazionale di Fisica Nucleare, Sezione di Napoli, Italy
(Received 26 October 1965)

A prescription for the decomposition of the direct product of two irreducible representations of
A, and B, is given, which is completely general and direct, i.e., it does not make use of any auxiliary
means like Young tableau or Cartan—Stiefel diagrams although it is based on the latter. The addition
of weights alone under the observation of certain rules gives the desired result. This method can in
principle be generalized to the semisimple groups of arbitrary rank provided an algebraic expression
for the multiplicities of the weights contained in an irreducible representation can be found.

INTRODUCTION

HIS work is based on the analysis given by

Speiser* and by Antoine and Speiser’*® in lecture
notes and two papers, respectively. These publica-
tions give, among other things, a graphical method
for the decomposition of direct products of two
irreducible representations for rank 2 groups. It
consists in constructing the weight diagram of one
of the two irreducible representations involved and
in graphically superimposing this weight diagram
onto that point in the two-dimensional Cartan-
Stiefel diagram which characterizes the other ir-
reducible representation.* But since the dimension
of the diagrams equals to the rank of the group this
method is limited to rank 2 groups. Due to this
situation it might be of interest to write down the
corresponding algebraic treatment for rank 2 groups
such that the method becomes independent of the
explicit construction of the diagrams. This algebraic
method might be then not more limited to rank 2
groups but have the property that it can be general-
ized to groups of arbitrary rank.

In this paper a first step in this direction is done
by giving a complete algebraic method for the de-
composition of direct products for A; and B,. On
the one hand, this method can be generalized in
principle to groups of arbitrary rank the only diffi-
culty being to find an algebraic expression for the
multiplicity structure of the weights contained in
an irreducible representation for the particular group
in question.

On the other hand, this method might be useful

* Present address: Duke University, Durham, North
Carolina.

1 D. Speiser, Group Theoretical Concepts and Methods in
Elementary Particle Physics (Gordon and Breach Science
Publishers, Inc., New York, 1962).

( 9’:_,;1) -P.' Antoine and D. Speiser, J. Math. Phys. 5, 1226
1
(19:_".1]) -P. Antoine and D. Speiser, J. Math. Phys. 5, 1560
4 J. J. de Swart, Rev. Mod. Phys. 35, 916 (1963).

for the decomposition of direct products in A4,, B,,
and D, themselves, in the case when the dimen-
sionality of the two irreducible representations form-
ing the direct product is high and their weight dia-
grams unknown. In addition this method might be
used to find the Clebsch-Gordan series by means of
an electronic computer. In this case the method is
already completely general, i.e., it works for groups
of arbitrary rank since then an algebraic expression
for the multiplicities is not necessary.

Section 1 lists briefly some of the results given by
Antoine and Speiser. For details the reader is re-
ferred to the original papers.'™ Section 2 contains
the conditions which have to be observed in order
that a weight belongs to the Clebsch~Gordan series.
Section 3 gives the construction of the weight dia-
gram of an irreducible representation D(m) with
highest weight m for 4,, and B,. Section 4 is a sum-
mary. In the Appendix the decomposition of the
direct product for 4. in (p, ¢) notation is given as an
example. This part is insofar self-contained as it
gives a working prescription for the decomposition
for the group A4,.

1.

Let m and m’ be highest weights corresponding to
the irreducible representations D(m) and D(m’),
respectively. Let X(m’ 4+ R,) denote the alternating
elementary sum (a.e.s.)®® corresponding to the
weight (m’ + R,) and x(m) the character of the
irrep. D(m). Then from

D(m) @ D(m’)
the relation

X(m)X(m' + Ry) = Z X(m'" + Ry) 2

= 2. D(m") m

& Also called characteristic.

¢ H. Boerner, Representations of Groups (North-Holland
Publishing Com’pa,ny, Amsterdam, 1963),pCh(ap
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can be obtained (see Ref. 1). Equation (2) expresses
the fact that by adding the weight diagram of the
irreducible representation D(m) [i.e., the exponents
of x(m)] to the exponents of the a.e.s. X(m' + Ry)
all a.e. sums X(m” + R,) are obtained which cor-
respond to the highest weights m’’ in the decomposi-
tion of the direct product of the two irreducible
representations D(m) and D(m’). If only the term
corresponding to the dominant weight (d.w.) in
X(m' + R,) is taken into account, then (2) says that
by adding the weight diagram of D(m) to (m’ + R,)
the m' in the resulting weights (m” + R,) are the
highest weights of the irreducible representations in
the decomposition of D(m) @ D(m') if

(I) all m"” are omitted whose a.e.s. is equal to
zero, i.e., the m' which lie on a singular hyperplane®
and

(I1) each pair of weights is omitted whose a.e.
sums differ in sign only, i.e., each pair of weights
which differs by a reflection § & W only,® W being
the Weyl group.

2.

In this section the meaning of the conditions (I)
and (IT) is studied. In order to see this meaning it
has to be known what the application of the Weyl
group W to a weight m means. This is, however, well
known and the application of W to a weight m
consists for the A4, groups in all possible permutations
of its components; and for the B; and C, groups in
all possible permutations of its components together
with all possible changes of sign.

Condition (I): If a weight lies on a singular hy-
perplane, then there exists at least one S & W (the
reflection on that plane) such that Sm = m, ie.,
that m is left unchanged by 8. Knowing how the
Weyl group operates on a weight it is clear that such
a weight has at least two equal components for
A;; and at least two components m;, m; such that
m; = -tm,; or at least one component m, = 0 for
B; and C,.

Condition (II): If a pair of weights is such that
their a.e. sums differ in the sign only, then they go
over into each other by a reflection S & W. There-
fore, for A; such a pair of weights differs by an odd
permutation of its components, and for B; and C,
such a pair of weights differs by an odd permutation
with or without a change of sign of the two permuted
components or this pair differs simply by having
a different sign for one component.

3.
Let m be a highest weight. The weight diagram

B. GRUBER

of the irreducible representation D(m) is constructed
now.

Since it is known how the Weyl group W operates
on a weight, only the dominant weights m® and
their multiplicity d have to be found. The whole
weight diagram is given by applying W onto them.
Equation (2) can therefore be read as [considering
the S = 1 term of X(m’ + R,) only]

{dedsm(‘)}.ei(m"&-lio) 2 {et‘(m"+Rn)}, (3)
S ranges over W,

where after applying conditions (I) and (II) the
equality sign holds. The dominant weights can be
found easily. For a given highest weight m they are
obtained from the relation

m+k1ﬁ1 + cct +kl.31}
k; nonnegative integers, 4)

—By, — Bs ++- , —B: the primitive roots of the
group in question, if only the weights are taken for
which the condition holds to be dominant.®

In order to find the multiplicity for these dominant
weights first the multiplicities of 1/A, A = X(R,), are
calculated by using the expression derived for it
by Antoine and Speiser’ Then from x(m) =
X(m + R,)/A the multiplicities of the dominant
weights will be derived.

Now, 1/A can be written [Ref. 2, (17)] as

ya= 3 5 S ew {5 ks )|,
®)

k1=0 k=0 o kn=0

the k; being nonnegative integers, the g; all the
negative roots. The multiplicity of a particular vec-
tor of 1/A, let's say v, is then given by the number of
ways vy can be written as a sum over all n negative
roots with different nonnegative integers k, as
y=kf+ -+ B+ - + kB — Ry,

I <m. (6)

The multiplicities of the dominant weights can
be obtained from [Ref. 2, (19)]

x=3 = 3>

Ei=0 kum0 SEW
X exp {1["21 kiB; + S(m + Ro) — Ry, ¢]} @)

as the number of times a dominant weight M can
be written as
M=+ - +kbi+ - + kb

+ 8(m +R) — R, (8
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with different nonnegative integers k; for every
S & W.If S € W is not a reflection, this number
is counted positive; if S & W is a reflection, this
number is counted negative. But from (8) it is
easy to see that for every given 8§ & W the number
of times M can be written with different coefficients
k; just equals to the multiplicity of the vector

vy=M — S(m + Ro)
= k(& + .- +kiﬂz _Ra (9)

of 1/A. Therefore only the multiplicity structure of
1/A has to be known, then the multiplicity of a
dominant weight can be calculated automatically.

While up to this point the considerations are
general, the rest of the paper is restricted to A,
and B,(D, as the direct product 4, Q A, is trivial).
This is due to the lack of knowledge of algebraic
expressions for the multiplicity structure of the
dominant weights for the other groups. But doubt-
less, such algebraic expressions can be found for
other groups too.

For A, all dominant weights m‘® corresponding to
an irreducible representation with highest weight
m are obtained from the relation

m + 8, + 6.

d
m® =

10)

(r, t nonnegative integers, —B;, — B; the primitive
roots), if r and ¢ are varied and all weights collected
for which m; > m, > m, holds (i.e., the condition
for a weight to be dominant). The multiplicity for
some given vector v = 78, + 88. — R, of 1/A is
given by the number of ways v can be written as

v = afy + b + (B + B8:) — Ro, 1y
a, b, ¢ nonnegative integers.

Therefore for given r and ¢ the multiplicity of 1/A is

r41,

i1,

if t>r,
if r> 4.

(12

The multiplicity of a dominant weight M is now
calculated by using relation (9). From the proper-
ties of the roots it can be seen easily that out of the
S &€ W only the identity and the two reflections S’
and 8’ on the planes perpendicular to 8, and 8. can
contribute to the multiplicity of a dominant weight
[for any other S & W there would be negative ', ’
in (9)]. From (10) and (9) therefore follows for
S=1
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and for 8’ and S”
{t’ =my—m +t—1, {t’ =,

r=r, V=my—me+r—1,

such that the multiplicity of the dominant weight
(10) becomes’

r+10¢—-nN+(¢+1)BC—t—-1)
—(me—m +8Om, —m, + ¢t — 1)
— (my — my + rO(mMy — my, +r — 1),

where

13

O) = 1, x>0
=0, x<0.

But this is nothing else than the well-known result
that the multiplicity of the counters increases by
1 in each step by going from the highest weight
along 8; + B, while it becomes constant as soon as
the boundary of the fundamental domain is reached
(Fig. 1).

For B, the dominant weights are obtained from

m® = m + r8, + 18,

r, t nonnegative integers, (14)

if again —B, and —@, are the primitive roots and
only the weights are taken for which m; > m, > 0.
The multiplicity structure of the dominant weights
however is much more complicated then as it is in
the other case (Fig. 2). In order to obtain an ex-

SmiR)-Rg Y

. F16. 1. Weight diagram for A,. The highest weight of the
irreducible representation (3, — 1, ~2) is denoted by m. The
arrows show the way the dominant weights are obtained, the
numbers denoting their multiplicity. From 8'(m + Ry) — B,
the dominant weight (0, 0, 0) can be obtained in just one way.

7 Reference 3, Fig.”6, p. 1563.
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Fic. 2. Weight diagram for B,. The arrows indicate how the
dominant weights of the irreducible representation m = 4(7,3)
are obtained, the numbers denoting their multiplicity. The
smallest dominant weight can also be reached from S’(m -+ Ro)
— Ry and 8"(m + R,) — R, (in a unique way).

pression for the multiplicities of the dominant
weights such an expression is found again first for
1/A. The multiplicity of any vector v of 1/A,

v =16+ B — R
is given by the number of ways v can be written as
v = aB, + bB: + (81 + B2)

+ d(B: + 28,) — R,

a, b, ¢, d nonnegative integers,

(18)

(16)

which is equivalent to all possible ways of expressing
r and ¢ as

r=a4c4+d, t=b+c+2d (A7)

From this relation the multiplicity of a vector v
with given # and ¢ can be seen to be:

(1) for even ¢
1+ D +2), i t22r
AT+ DC+2) -G+ D+ 2),
f 2r>t>r; i =7r — i

42041, 1=4%5, if t<r. (18)
(2) for odd ¢
-+ De+2), if 122
i@+ 1D+ 3+ D+ 2) — oZ+ 1),
if 2r>t>r; 1= [r— 3¢ — D],
e+ De+3), if <7 (19)

B. GRUBER

Again, as in the case for A, it can easily be seen from
the properties of the roots that only the two domains
adjacent to the fundamental domain can contribute
to the multiplicity of a dominant weight. Since they
differ by a reflection from the fundamental domain
the multiplicity they contribute is negative. From
(9) and (14) then follows for § = 1

r"=¢r and ¢ =t (20
and for the two reflections S’ and 8",
{r’=m2—m, +r—-1, {r’=r, @)
v=t, P o=t — 2my + 1),

respectively. Thus the multiplicity of a dominant
weight (14) is given by (18) and (19) subtracting
the values obtained by inserting the nonnegative
', t' of (21).

4.

We can summarize therefore: Given two irreduci-
ble representations D(m) and D(m’) find the dom-
inant weights m'® for one of the irreducible rep-
resentations, say D(m’), and their multiplicity
d(Sec. 3). Form all weights which can be obtained
by the application of the Weyl group (Sec. 2). All
these weights form the weight diagram of the ir-
reducible representation D (m’). Add all these weights
individually to (m + R,), R, being one half of the
sum over the positive roots, and select out the
weights which have the properties stated in Sec. 2.
If from the remaining weights R, is subtracted, then
all the highest weights in the decomposition of
D(m) & D(m') have been obtained.
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APPENDIX

As an example, the decomposition is done for
SU(3) in the (p,g) notation, p = (my, — m,), ¢ =
(my — ms3). The (p.g) which correspond to the dom-
inant weights of the irreducible representation
(y, 1) and their multiplicity are found in the fol-
lowing way (as can be seen from Sec. 3):

(a) Subtract 2 from one component, add 1 to
the other. Continue this way as long as for the
resulting (p,¢) holdsp > 0,¢ > 0,¢ > 0. Thed.w.’s
corresponding to this set have multiplicity 1.

(b) Subtract 1 from both components of (I,, 1)
and perform (a). The resulting set has multiplicity
2. Subtract 1 from (I, — 1, I, — 1) and perform
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(a). The resulting set has multiplicity 3. Continue as
longasl, —r > 0,1, — r > 0, r some nonnegative
integer. The multiplicity increases by 1 with each
step.

(¢) From .the last set which can be got by (b)
take the “second” member, i.e., the one which is
obtained from the member (I, — r, [, — r) of this
set by subtracting 2 and adding 1 (there is only one
such member) and perform (b). From the resulting
set take again the “second” member and perform
(b) and so on. The multiplicity does not increase
further. (See Fig. 1.)

All the (p, g¢) which correspond to the weight dia-
gram of (I, l,) are now obtained by applying the
Weyl group onto the obtained (p, ¢). It is easy to
verify, that the application of the Weyl group to a
(11, 13) results in the set (Sec. 2)

7 7’ ’ 4 ’ 7
(lly lz) (l2) l3) (lay ll) , la — —(ll + lz)-
(=&, -0 (=&, -0 (-4, -
These (p, g) have now to be added individually to
(I, + 1, I, + 1). To the resulting set the conditions

(I) and (II) have to be applied, which are easily
seen to be (Sec. 2):

(I) cancel every (p, q) for which

L=0 or =0 or I, =—1;

(I1) if there occurs a p or a ¢ with a negative sign,
the (p, q) will be of the form (—1I,, — I,) or (=1, I, +
L) or (I; + L, — l;). Find the corresponding (I,, 1,)
and cancel both.

The only thing left is to subtract (—1, —1) from
the remaining set in order to obtain the Clebsch—
Gordan series.

For the particular values (5, 2) and (4, 1) this
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looks as follows. The dominant weights and their
multiplicities are
@n-2s509-2503 di=1
l(b)
3,0 @, (L1
(c)l

The sets of equivalent weights with d = 1 added to
(6, 3) are

(10,4 (7, -2) (1, 7)
(8,5) (8, —1) (2,5)
6.6 63 60;

and the sets of equivalent weights with d = 2
added to (6, 3) are

9,3) (6,0) 3,6);

(6, —1) (11, 2) 2, 8);
@1 (10,1 4, 7;

749 7,0 @ 9;
(5,2 8,2 G, 5.

Now, (9, 0) and (6, 0) have to be canceled [condition
(D]. (56, —1) cancels with (4, 1), (7, —2) with one
of the (5, 2) and (8, —1) with one of the (7, 1)
[condition (IT)]. Thus

5,2 ® 4, 1) =(9,3) + (10,1) + (0, 6)
+ L D+TH+0.0+1, 9+ 36
+6,5+ 2,2+ 62+ 6 2+ @25
+ 2,5 + 6,3+ (6,3 + 4,1+ (6,0
+@D+TD+E)+G3)+ @49
+@&H+6.2+ 6,2

(6, 3)
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The scattering cross section is evaluated for a beam of wave packets of almost arbitrary form.
It is found that this cross section is the superposition of the cross sections of various plane waves,
which make up the wave packet without interference. For wave packets of well-defined momentum,
the usual rule that the scattering cross section is the absolute square of the scattering amplitude is

regained.

1. INTRODUCTION

Y a well-known rule, the scattering cross section

for a static potential V(x) (which falls off at
infinity faster than 1/z) may be read off the sta-
tionary scattered wave. This stationary wave is a
solution of the time-independent Schrodinger equa~-
tion

B0+ v = vauie, (D

with asymptotic form (for large z)

Yi®) >~ e + fi(@ — Q)™ /2).  (1.2)

We use z for |x|, k for |k|; Q stands for the angles
specifying the direction of the vector x, Q; for those
specifying the direction of k. The differential cross
section for scattering from direction Q¢ to @ is then

o(Q — Q) = |fu(2 — ). (1.3)

An elementary approach' derives (1.3) by de-
scribing the incident beam by a plane wave, the
static situation in which the beam is on by stationary
scattering waves i (x). When the outgoing flux de-
scribed by the scattered part of (1.2) is compared
to the plane wave part of the same wave function,
Eq. (1.3) follows. A more elaborate treatment (of
Chew and Low®) considers a beam of wave packets,
and shows that Eq. (1.3) is in fact justified, provided
that certain conditions on the wave packets are
satisfied. These conditions require that the wave
packets be well defined in momentum, and be
broader in space than the range of the potential.

In this paper, we evaluate exactly the cross section
for scattering of a beam of wave packets with almost
no assumptions on their form. This is not difficult,

* Present address: Physics Division, Argonne National
Laboratory, Argonne, Illinois. . .

1 A. Messiah, Mecanique Quantique (Dunod Cie., Paris,
1959), Tome I, Chap. X, Sec. 3, pp. 315-316 [English transl.:
John Wiley & Sons, Inc., New York (1961), Vol. 1, pp. 371-2].

2 A, Messiah, Mecanique Quantique (Dunod Cie., Paris,
1959), Tome I, Chap. X, Sec. 4-6, pp. 316-322 [English
transl.: Jobn Wiley & Sons, Inc., New York (1961), Vol. 1,
pp. 372-380).

and the result is surprisingly simple: it is equivalent
to the superposition of the cross sections of the
various plane waves involved in the wave packet
without any inierference. For wave packets sharply
defined in momentum, Eq. (1.3) is regained.

The wave packet is assumed to contain only
motion towards the target and no motion away
from the target. More precisely, if the wave packet
is described in the space of wave vectors by a func-
tion ¢(k) [see Egs. (2.1)-(2.3) below], the following
is satisfied: A “median direction of motion of the
wave packet’” may be chosen with the criterion that
every wave vector k within the support of ¢(k)
deviates from this direction by an angle not larger
than Im. Apart from this (and normalization), ¢(k)
is arbitrary.

2. SCATTERING OF A SINGLE WAVE PACKET
Consider a wave packet

B(x, ) = fg—;k)-;:ﬁ(k) exp i[k-x — (k*/2m)f] (2.1)

with

[ wwp ax = 1. @2

&(x, t) describes the motion of one free particle and
is properly normalized for all ¢

f |o(x, t)|* d’x = 1.

A wave packet, which describes the motion of a
particle influenced by the potential V(x), but be-
comes identical to (2.1) asymptotically for large
negative time is,

d’k " a1
W, ) = [ G55 6®vi®) exp [—iCh/2m).

(2.4)

This is the wave packet which “describes the scat-
tering of the wave packet (2.1) from the potential
V(x).}7

We now evaluate the probability that a particle

2.3)
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deseribed by Eq. (2.4) will be detected by a counter
situated at a distance R from the origin, and blocks
a solid angle T'. This is the same as the probability
for a particle to be found in a cone of solid angle I’
(with vertex at the origin) and at a distance greater
than R from the origin. This probability is

P(T) = lim [ T da fr e o, HF. (2.5

The counter is situated far enough from the center
of the potential to be considered in the asymptotic
region. This is always so in practice, and it is neces-
sary if a theory of seattering depending on angles only
is desired. Equation (2.5) involves ¥(x, t) only at
distances greater than R, so that the asymptotic form
of ¥(x, t) may be used. This means that the asymp-
totic form of ¢1(x), Eq. (1.2), may be substituted
in Eq. (2.4). Before the substitution, it is convenient
to replace the plane wave in Eq. (1.2) by its asymp-
totic form in spherical coordinates:

e o~ (2r/ikr) (8(Q — Q)™ — 8(Q + Qe ).
(2.6)

With these substitutions Eq. (2.4) becomes

W(x, 1) ~ f (—g%-;qs(k) exp [ — i(2k/2m) (]

X [ /2)g"(Q — Q) — (€ /2)g™(2 + )],
(2.7)
where
g7 (@) = (2n/ik) 8(Q) + fx(D), 2.8
g (Q) = (2n/ik) 5(Q). (2.9)

The probability of Eq. (2.5) is evaluated in the limit
of positive infinite time. In that limit, only outgoing
waves can contribute to ¥(x, £); the term containing
g~ may be neglected. Thus the desired probability
finally becomes

P(T)

i

lun[xdxfdﬂ

x|/ E5 o0 ~ 00!

X exp ilkz — (A’

2.10)
= tim ["ao [ an [ 25 [ 2 4aee)

X exp {i[(k — ¥)z — (&' — k”)(At/2m)]}
X g*(Q — Q)g*(Q — Qqu)]*.
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As ¢ becomes greater and greater, the exponential
in Eq. (2.10) oscillates faster and faster as a function
of k and %'. Eventually, it oscillates faster than any
oscillation in the functions ¢*(k’) and ¢(k), which
are independent of x and ¢. At this stage it becomes
permissible to evaluate the & and &’ integrals in
Eq. (2.10) by the “method of the stationary point”.
This method may be summarized by the formula

[ a@) exp lib(@)] dg

~ exp [£3ir](2r/]0""(¢:) algo) exp [ib(g)], (2.11)

where primes denote derivatives with respect to
g, Qo is the stationary point satisfying b'(g,) =
(we assume & unique stationary point), and the
+ sign is the same as the sign b'(g,). Eq. (2.11)
is an approximation which becomes better when the
oscillation of exp [ib(g)] becomes faster compared
to any oscillations in a(q). When this formula is
applied in the limit of infinitely fast oscillation of
the exponential, the results obtained are exact.

When (2.11) is applied to the k and ¥’ integrations
of (2.10), the stationary points are

ko = ki = (1/R)m(z/1), (2.12)
and the probability becomes
~tim [ Zem 1
P() = lim [ do fr 0 f A% f 4o T s
1 z\
X (ﬁ m 1;) (o, Q)d* (o, Q)
X g'(Q@ — 2" (Q — 2)]*;  (2.13)

¢(k) is expressed in polar coordinates as ¢(k, Q).

In place of z, it is convenient to adopt %, of Eq.

{2.12) as a new variable of integration. This turns
= lim +=—

Eq. (2.13) into
o] fan
- (272') [rm(Rll) d ° dgz dgk dﬂk ko

X d(ko, Qu)ep*(ko, Que)g™ (2 — )g*(Q — Qu)**
(2.14)

The above expression depends on B and ¢ only in
the lower limit of the k, integration. In the limit
¢t — o, this lower limit becomes 0 and independent
of B. We may now choose R large enough to justify
the use of the asymptotic form of ¥(x, ). The order
of limits used here is essential. One may place the
counter as far as one pleases, but, once it is placed,
one must wait for the particle to reach and pass it;
a counter, moving at the same time as the particle,
may outrun its quarry.

P(T)
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3. SCATTERING OF A BEAM OF WAVE PACKETS

The flux of a beam is defined as the number of
particles crossing a unit area perpendicular to the
direction of motion per unit time. For a beam of
wave packets there is no unique direction of motion,
all motions corresponding to all wave vectors in the
support of ¢(x) are possible. We therefore arbitrarily
choose some median direction to define the flux.
The only property required of this direction is that
no wave vector within the support of ¢(k) deviate
from it by more than ir. That such a choice is
possible is the only limitation on the form of the
wave packet (see the end of Sec. 1). The scattering
cross section for a solid angle T is defined as the
ratio of the number of particles detected in the solid
angle I' per unit of time to the flux of the beam. One
always assumes that the various particles in the
beam are far apart, and that their mutual interaction
may be neglected. Under these circumstances, the
time cancels out between the definitions of the
scattering cross section and the flux. One may simply
consider an ensemble of scattering experiments
which differ from each other only in that the wave
packets are displaced relative to each other in a
direction perpendicular to the chosen-median direc-
tion of motion. The ensemble is arranged so that
in a plane perpendicular to the chosen-median direc-
tion, the density of wave packets be one per unit
of area. With this normalization, the total number
of counts in the solid angle I' equals the cross section
a(T) for seattering into that solid angle. (The above
considerations concern a uniform beam with un-
limited lateral extension. See Sec. 4 for a remark
on beams with finite width and given cross section.

The displacement of the wave packet of Eq. (2.1)
by a space vector b amounts to replacing ¢(k) by
#(k) exp [ik-b]. With this replacement, all one has
to do to obtain the scattering cross section «(T'), is
to integrate P(T)d’b, the d°b integration ranges
over a plane perpendicular to the chosen-median
direction of motion. We choose our z-axis along the
median direction of motion, so that d°b = db.db,.

At this stage it is convenient to rewrite Eq. (2.14)
in terms of two integrations on three-dimensional
vectors k = (k, Qx) and k' = (K, Q)

PO) = s [ an [ % [ ' o — kowe70)

X g"(2 — Qg™ (2 — Qu)]*, (3.1)

k and k' have taken the place of k; in Eq. (2.14);
they are kept equal by the §-function defined for
variables between 0 and . When, in the last ex-

AMNON KATZ

pression, we replace ¢(k) by ¢(k) exp tk+b and in-
tegrate db,db,, we find

1 3 317 7 * (o
o(T) = @gﬁdﬂfdkfdk 5k — k") (k)¢* (&)
X g+(Q - Qk)[g+(9 — Q)]*

X f db, db, exp ik — k')-b
(3.2)

~ [ az [ #x [ e omwea)

X " (Q — 2)[g7(2 — Qu)]*

X 8ok — k') ok, — kI) 8(k, — k).
Now,
ok — k') ok, — ki) 8(k, — ki)
= ol(k: + Ky + KDP — (6 4 K + B
X 8(k, — ki) ok, — ki)
(k2 + Ky + K2 /K] 8(k, — kL) 8(k. — ki) 8(k, — ki)
= §*(k — k’)/cos 6. (3.3)

Strictly speaking, there ought to be an extra term
in the last expression as a result from a possible
coincidence of k and & when k, = k., k, = k!, and
k, = —k!. We neglect this term, because, by our
assumptions, the support of ¢(k) lies entirely in the
halfspace of positive k.. The angle ¢ in Eq. (3.3)
is the angle between the vector k and the z-axis
which has been assigned parallel to the chosen-
median direction of motion.

Once Eq. (3.3) is substituted in Eq. (3.2), the
kK’ integration may be performed explicitly so that

o0 = [ a0 [ @ lp@P

+ 1
X lg7(2 — QW -

os 0 (3.4)

g (@ — Q) is given by Eq. (2.8). If the solid angle
T includes directions corresponding to wave vectors
within the support of ¢(k), o(I') becomes infinite.
This is because an infinite number of unscattered
particles, flow into the solid angle T'. These cannot
be separated from the particles scattered into this
solid angle. This effect is well known for forward
scattering. With a wave packet, every direction
within the support of ¢(k), plays the role of the
forward direction. For directions outside the support
of ¢(k), however, the é—function in Eq. (2.8) may
be neglected, ¢g*(@ — Q) may be replaced
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by fe(@ — Q). Therefore, for these directions

o(T) = fr a0 f &k o) [

1 .
cos 4

X |fa(@ — Q)|? (3.5)

It is customary to express the cross section o(I')
as an integral over the differential cross section ¢(%),

o(T) = fr 2 o(9). 6)

From Egs. (3.5) and (3.6), the differential cross
section ¢(8) is identified as

l .
cos 6

o(@) = [ ¢ p®F [fi(2 - 20F

4. CONCLUSION

3.7

For a wave packet sharply defined in momentum
[so that ff(@ — Q) is practically constant as a
function of k over the support of ¢(k)], one of the
mean value theorems may be used to take
[fa(@ — Q4)]® outside the integral in Eq. (3.7). This
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reduces expression (3.7) to Eq. (1.3), the well-known
result for wave packets with well-defined momentum.

For wave packets spread in momentum space,
(3.7) is nothing but a superposition of the differential
cross sections of the different planewaves in the
spectrum of the wave packet without any interference.
The factor 1/cos 8 may be understood as a renor-
malization of the flux of the different planewaves.
This renormalization is due to the fact that we have
defined flux relative to some arbitrarily chosen aver-
age direction of motion, while the flux or a planewave
is taken relative to the direction of its wave vector
k. The angle between the two directions is 6. But,
whatever the interpretation of the formula (3.7),
it is, as the derivation shows, exact. The only as-
sumption on the form of the wavepacket was that
the various directions of motion involved deviate
from the median direction by no more than .

The same approach could be extended to beams
not uniformly extended in space. If these beams
have lateral boundaries, or if their flux varies in
the plane perpendicular to the median direction of
motion, an appropriate weight function must be
added to the integration d’b in Eq. (3.2).
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The equations of motion for the general many-time causal Green'’s functions for a fermion system
are iterated and are shown not to lead to unlinked graphs, which is a general proof of the linked
cluster theorem. An explicit expression is obtained for the perturbation expansion of an arbitrary
Green’s functions which is applied to the one- and two-particle Green’s functions. By connecting
lines systematically in a set of diagrams obtained from the equations of motion, the usual topologically

different linked graphs and rules are generated.

I INTRODUCTION

ECENTLY, some of the dead wood in quantum-
electrodynamies has been cleared away by
Dirac,' using the Heisenberg picture in which the
divergent vacuum-to-vacuum graphs do not appear
in the theory. The rules for obtaining mathematical
contributions from the graphs are the same as the
rules obtained in the Schrédinger picture. In the
Schrodinger picture the time-development of states
is responsible for the vacuum-to-vacuum graphs. In
this paper, it will be shown that a similar situation
occurs in the many-body problem. The usual method
of developing perturbation theory for the Green’s
functions based on the interaction picture® gives
vacuum-to-vacuum, or unlinked, graphs. However,
by using directly the equations of motion for the
Green’s functions in the Heisenberg picture, the
unlinked terms do not appear. This fact was first
shown by Klein and Prange® through second order in
the one-particle Green’s function, but will be proved
here to be true in all orders for the general Green’s
function.
The usual many-body perturbation theory is de-
veloped for the Green’s functions or propagators by
first using the adiabatic theorem* to put them in the

* Sponsored in part by the King Gustaf VI Adolf’s 70-
Years Fund for Swedish Culture, Knut and Alice Wallen-
berg’s Foundation, and in part by the Aerospace Research
Laboratories, OAR, through the European Office of Aerospace
Research (oar) United States Air Force under Contract
AT 61(052)—874.

t Present address: Fysiske Laboratorium I, H. C. @rsted
Instituttet, Universitetsparken 5, Copenhagen (), Denmark.

1P. A. M. Dirac, Phys. Rev. 130, B684 (1965).

2 See, e.g., P. Nozidres, Theory of Interacting Fermi Systems
(W. A. Benjamin, Inc.,, New York, 1964), Chap. 5. T. D.
Schultz, Quantum Field Theory and the Many-Body Problem
(Gordon and Breach Science Publishers, Inc., New York,
1964). A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski,
Methods of Quantum Field Theory in Statistical Physics
(}Lrenti2ce—Hall, Inc., Englewood Clffs, New Jersey, 1963),

ap. 2.

3 A, Klein and R. Prange, Phys. Rev. 112, 994 (1958).

¢ M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951),

Appendix.

interaction picture in which they are divided by the
ground-state expectation value of the S-matrix. The
Green’s functions can then be expanded by using
Wick’s theorem® which says that the time-ordered
product is equal to the normal-ordered product with
all possible pairings. However, some of these pairings
lead to unlinked terms. The linked cluster theorem®
is then proved, which says that the unlinked terms
cancel with the expectation value of the S-matrix
in the denominator.” Then it can finally be stated
that the Green’s function can be obtained by draw-
ing all topologically different linked graphs, and
associating certain factors with each graph. This
procedure is given in the upper part of Fig. 1. It
has the disadvantage that the unphysical unlinked
graphs are introduced as a consequence of Wick’s
theorem® and must be shown to cancel out.

The method which will be developed here is an
extension of the work by Klein and Prange® on the
Green’s function equations of motion.” The equations
of motion for the Green’s function can be obtained
essentially by differentiating and integrating, making
use of the equation of motion for an operator in

§ . C. Wick, Phys. Rev. 80, 268 (1950).

¢ The linked cluster theorem for the ground-state energy
was proved up to fourth order by K. A. Brueckner, Phys.
Rev. 100, 36 (1955). It was later proved in general by J.
Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); J.
Hubbard, Proec. Roy. Soc. (Llondon) A240, 539 (1957); N, M.
Hugenholtz, Physica 23, 481 (1957); and C. Bloch, Nucl.
Phys. 7, 451 (1958).

7 The linked cluster theorem stated here is a generalization
of the usual one for the ground-state energy, which follows
from it as a corollary as shown in Ref. 3. The general form
can be found in Nozéres (Ref. 2, p. 164), Schultz (Ref. 2, p.
55), and Abrikosov et al. (Ref. 2, p. 71).

8 Since Wick’s theorem (Ref. 5) involves all possible
pairings, some of them give rise to the unlinked graphs.

? The set of coupled equations of motion for the Green’s
functions were first obtained by T. Matsubara, Progr.
Theoret. Phys. (Kyoto) 14, 351 (1955), for thermal Green’s
functions. The equation of motion method was also used by
V. M. Galtiskii and A. B. Migdal, Zh. Eskperim. i Teor. Fiz.
34, 139 (1958) [English transl.: Soviet Phys.—JETP 7, 96
(1958)], and P. C. Martin and J. Schwinger, Phys. Rev. 115,
1342 (1959).
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F1a. 1. Alternative methods for developing perturbation
theory for the Green’s functions. The upper path is the
traditional method. The lower path will be discussed in this

paper.

the Heisenberg picture, and taking the Fourier trans-
form.' The Green’s function equations of motion
can be solved by iteration which can be shown to
lead to perturbation theory in terms of linked graphs
only. The unphysical unlinked graphs do not even
enter the theory., This procedure is shown in the
lower part of Fig. 1.

In the next section, the Green’s function equations
of motion will be discussed. In Sec. III, the linked
cluster theorem will be proved in all generality, and
the formal perturbation expansion obtained. In
order to illustrate the theory, the one-particle
Green’s function will be calculated explicitly to
third order in Sec. IV. In See. V, the two-particle
Green’s function will be calculated to second order
to show that the method is also applicable to higher-
particle Green’s functions. For the sake of com-
pleteness, the derivation of the Green’s function
equations of motion is given in the Appendix.

II. GREEN’S FUNCTION EQUATIONS

The equations of motion satisfied by the Green’s
functions or propagators for a many-fermion system
have been obtained in a number of papers,’ but some
of the details will be examined here to emphasize
the importance of boundary conditions and anti-
symmetrization. The structure of the equations is
essential in proving the linked cluster theorem and
in obtaining the rules for constructing the propa-
gators. A complete derivation is given in the Ap-
pendix.

The Hamiltonian for a many-fermion system can
be written in second quantization as

H= X eala, +1 2 M12| V [34)atatasa,, (2.1

1 1234
where the numerals § = 1, 2, 3, 4 stand for the
momentum k; and the spin o; (up/down). The
10 See, e.g., the procedure used in D, H. Kobe and W. B.

Cheston, Ann. Phys. (N. Y.) 20, 279 (1962), to obtain the
equations of motion for Bogoliubov quasi-particle propagators.
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kinetic energy of a particle with momentum k, is e,
and the matrix elements of the potential energy V
satisfy the following symmetry properties

(12| V [34) = —(12] V [|43)

= —(21| V |34) = (21| V [43). 2.2)
The parameter \ is a strength parameter that can
vary between zero and one. The creation operators

a; and the annihilation operators @, satisfy the usual
fermion anticommutation relations

[al) a;]+ = 0Oyg,
la,, a.]. = 0,
lal, a3)s = 0.

Instead of solving the Schridinger equations by
using ordinary perturbation theory, we will develop
a field-theoretic-type perturbation theory® based on
the equations of motion® satisfied by the Green’s
functions or propagators of the system.

The general n particle, many-time, causal Green’s
function for a system with N particles is defined as*'

Qn(l, 2> IR 2”’)

= UN| T{a,a; - - - @ulnyy **- G} |N), 249
where the expectation value is taken with respect
to the exact ground state of the N particle system
|N). The annihilation operators and creation opera-

tors are all in the Heisenberg picture, which is de~
fined for an arbitrary operator A as
A) = e Ae™ " 2.5)

with a different time associated with each subscript
in Eq. (24). The time-ordering operator 7' orders
the product of operators with the largest time on
the left and the smallest time on the right, in de-
creasing order, with a plus (minus) sign for an even
(odd) permutation of the original order.

An alternative way of writing Eq. (2.4) which is
helpful in obtaining the equation of motion is'®

9»(172; M 72”’)
=1 Z('—I)PP(NI A1 et A2n IN)

2.3)

X 01 —2) - 0(@n—1 — 20, (26)

where the sum is over all permutations P of 2n
integers, (—1)” is the sign of the permutation, and

4 =|m H EZn
Ia,:’ if k> n.

1 See, e.g., A. Klein, in Lectures on the Many-Body Problem,
E. R. Caianiello, Ed. (Academic Press Inc., New York,
1962), p. 279.

12V, P. Gachok, Zh. Eksperim. i Teor. Fiz. 40, 879 (1961)
[English transl.: Soviet Phys.—JETP 13, 616 (1961)].

2.7
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The function 8(1 — 2) = 6(¢, — t,) is the step fune-
tion, which is one for positive argument and zero
for negative argument. The spectral representation
of the many-time causal Green’s function’ can be
obtained by taking the Fourier transform of G,
but this will not be done here.

The equation satisfied by ¢, is usually obtained
by differentiating Eq. (2.6) with respect to the time
t,."! However, this method singles out a specific time
and the equations are not explicitly antisymmetric
during the derivation. It also results in an ambi-
guity concerning the single-particle propagator. A
method that eliminates these difficulties is to dif-
ferentiate and integrate successively.'® Thus, it can
be shown that the operator

2, = i [ an i - e)oc — )

bt — e (28)
ol

is the unit operator if the boundary condition
1~ el 61, 2, -+ 2m)) e
+ cl[ei“h’gn(ll7 2) e 2”)]h’=°° =0

is satisfied. Now, in general, the terms evaluated at
plus and minus infinity will be zero in the sense of
weak convergence,'* so that any ¢, would be pos-
sible. However, in the case of noninteracting par-
ticles, and n = 1, we get

6 =n, = Jl if
o i

where kg is the Fermi momentum.

If the unit operator Z; of Eq. (2.8) is applied to
Eq. 2.6) for G,, the antisymmetrizer applied, and
the differentiation is performed using the equation
of motion for an operator in the Heisenberg picture,
the equation of motion can be obtained in terms of
time. Then, if the general Fourier transform operator

o 2n
F,, = j fdt,L <o dign exp{'i Zw—iti}:

" @11)

2.9

ky < ke,
ky > ky,

(2.10)

where
e it g,
wo; =
l—w, if j>n
is applied, the equation satisfied by the Fourier
transform of G, is (see the Appendix)

(2.12)

12D, H. Kobe, Ann. Phys. (N. Y.) 19, 448 (1962).
(191(;38)%, e.g., G. Temple, Proc. Roy. Soc. (London) A276, 149
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G.(1,2, -, 2m)
= @, 2 (—1)"G°(1, 1)h(172/3'4")
X G342 .- n;2n + 1, - 2n)
— =)'y .G (L, m + 1)
X G2, - ,n;n+ 2, -+ 2n).
The vertex function is given by’
h(1234) = (2m)~*3(12| V [34)
X 8w + w; ~ wy — w) exp (—twze + t2e).
(2.149)

The unperturbed single-particle Green's function
G°(1, 2) is defined as

G1,2) = —2r 6,11 — ¢)/(w, — €, + 10)
+ cl/(‘ﬂ — & - 7'0)}; (2'15)

and, in case of no interaction, ¢, = n, given by
Eq. (2.10). The usual form of perturbation theory
based on the adiabatic theorem® uses ¢, = n, even
in the case of interaction.

If the interaction is spherically symmetric, then
this choice of the single~-particle propagator is satis-
factory.'® However, if the interaction is not spheri-
cally symmetric, the adiabatic theorem is not satis-
fied'” and it is necessary to use an unperturbed
ground state with the same Fermi surface as the
interacting system. A self-consistent potential can
be added and subtracted from the Hamiltonian,
which changes the single-particle energies so that
the unperturbed system has the same Fermi sur-
face.®> The free-particle propagator'® appropriate to
this unperturbed system can easily be obtained by
s modification of the single-particle energy in Eq.
(2.8) and the appropriate choice of ¢, in Eq. (2.15),
Thus, the formulation here provides a way of trans-
cending the usual difficulties of perturbation theory
associated with the adiabatic theorem.

The antisymmetrizer in Eq. (2.13) is defined in
the usual way as

i
aln = ;,;i ; (—1)PP7

(2.13)

(2.16)

where P is a permutation of the numbers 1,2, --- | n,
and (—1)” is the sign of the permutation. The anti-

% The exponential factors in Eq. (2.14) are needed to
remove the ambiguity in loop diagrams. They arise naturally
in the derivation of the equations of motion given in the
Appendix. The limit ¢ — 0 4 is understood in Eq. (2.14).

9‘6:0% . M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417
1 .
( 17 W, Kohn and J. M. Luttinger, Phys. Rev. 118, 41 (1960),

18 A, Klein, Phys. Rev. Letters 4, 601 (1960).

19 A. Klein, Phys. Rev. 121, 950 (1961).
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F1a. 2. Graphical representation of the equation of motion
for the Green’s function G,.
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symmetrizer @,.,,;. operates on the n variables
n+1,n-+2 --+,2n. The need for the antisym-
metrizer in the equations of motion was emphasized
in an earlier paper'® in order to preserve the anti-
symmetry properties of the original Green’s function
with respect to interchange of the annihilation oper-
ators (or creation operators). It is essential in estab-
lishing the connection between the equations of
motion method and the usual form of perturbation
theory based on Wick’s theorem.”

Fig. 2 shows the graphical representation of Eq.
(2.13) and, for the sake of clarity, is not antisym-
metrized. The correspondence between the mathe-
matical quantities and the graphs in Fig. 2 is shown
in Fig. 3. In the next section, Eq. (2.13) will be
iterated and shown not to lead to unlinked terms.

III. ITERATION OF THE GREEN’S
FUNCTION EQUATIONS

The equation of motion for the Fourier transform
of the many-time, causal Green’s function for an
N-particle system obtained in Eq. (2.13) can be
written symbolically as

Gn = FﬂGn+1 + JnG —1) (3.1)

where the operators F, and J, are defined by Eq.
(2.13). From Fig. 2 it can be seen that the operator
F, actson a function having n + 1 lines and connects
the top outgoing line with the second incoming line,
after crossing the first incoming line. The remaining
n incoming lines are then antisymmetrized. The
operator J, adds another line to a function having
n — 1 lines, multiplies by 7n, and antisymmetrizes
both the incoming and outgoing lines.

It will now be shown by induction that G, satisfies
an equation of the type

Gn = fnGn+l + Ln’ (3’2)
where f, is a linear operator given by
fa = K,F.. (3.3)
== n = G{L2.. 2n)
Fiea. 3. Correspondence
between the graphical quan-
2>< 3 h(1234) tities of Fig. 2 and the mathe-
; 4 N matical quantities of Eg.
(2.13).
1 2 Gi12)
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Fia. 4. The linked terms L,. The ’
number of incoming lines and out- pu ) 2 L
going lines is n. 2 D "
(O

The linear operator K, is not yet specified, but a
recursion relation will be found for it. The term L,
is a sum of terms each linked to the outside by =n
lines, and are either connected or disconnected as
shown in Fig. 4. There are no unlinked graphs or
ground-state components of the type shown in Fig. 5
that contribute to it.*° It is assumed to have the
form

L, = KuJoLooy, (3.4)

where L, , has a similar definition, J, is given by
Eq. (3.1) and (2.13), and K, is the as yet unknown
operator. However, from Eq. (3.4), it is seen that K,
must not generate unlinked graphs for the assump-
tion to be consistent. Now, we will prove by induc-
tion that Eqgs. (3.2), (3.3), and (3.4) are indeed valid.
In the process we will also discover a recursion rela-
tion for K,.
Forn = 1 Eq. (3.2) becomes

G1 = fle + Ll. (3.5)
However, for n = 1, Eq. (3.1) can be written
Gl = Fle + Jl":y (3-6)

which is the same form as Eq. (3.5), since J,7 is a
term linked to the outside with no unlinked part.
From Eq. (3.3), we have

fl = KlFl, (3 .7)
and, from Eq. (3.4), we have
Ll = KlJlLO' (3 .8)

Therefore, by comparing Eqs. (3.5) and (3.6), we
have

K, =1
3O &8
@ (0 © (a

Fig. 5. Examples of unlinked graphs. Graph d is disconnected
while the others are connected.

20 The definitions of linked and unlinked, and connected
and disconnected diagrams given here are the same as Noziéres
(Ref. 2). Linked diagrams are “linked” to the “outside” by
external lines, while unlinked diagrams have no external
lines. Connected diagrams are those that cannot be divided
into two or more parts without cutting a line. Diagrams that
can be so divided are called disconnected.

(3.9
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and
Ly = 1. (3.10)

The assumption of the form of equations given in
Egs. (3.2), (3.3), and (3.4) is thus consistent for
n = 1, if the values of K, and L, in Eqgs. (3.9) and
(3.10) are used.

The next step in the induction proof is to show
that Egs. (3.2), (3.3), and (3.4) are valid for n + 1.
Forn 4+ 1, Eq. (3.1) gives

G,‘+1 = n+tl1n+2 + Jn+lGn- (3.11)

If Eq. (3.2), which is assumed to be true, is sub-
stituted into Eq. (3.11), the result is

Gor1 = FarsGasz + Jorrlin + Jus1fGass- (3.12)
Equation (3.12) can be iterated once to give
Gosr = [1 + Jursfal[FasiGasz + JasaL]
+ (Jasifa)’Guey- (3.13)

If the equation is iterated an infinite number of
times, then the result has the form

Grs1 = fas1Griz + Lasr, (3.19)
where
far1 = Kpr1Fasy (3.15)
and
Loy = KppyJ il (3.16)

In order to write Egs. (3.15) and (3.16) in this form,
the function K, ., must be
3.17)

K... = hz_:o (Jn+1fn)k =[1- J»“f»]_l’

where the inverse operator is defined by the geo-
metrical series. Since f, is given by Eq. (3.3), we
obtain

»+1 U - Jn+1K Fn B (318)
as a recursion relation that K, must satisfy in order
for Egs. (3.2), (3.3), and (3.4) to be valid for all
integers n. Since the J’s and F’s are known for all n
and Eq. (3.9) shows that K, = 1, we can obtain all
the K’s by using Eq. (3.18). If K,, acting on J,L;,_,,
does not generate any ground-state components or
unlinked graphs in Eq. (3.4), then K,,, will not
generate any unlinked graphs when acting on J,.:Ln
because of Eq. (3.18) which relates K,,, and K..

Fig. 6. A graph that would give un-
D(;j linked terms, but does not contribute

to Gh.
pr—— | —>
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Therefore Eq. (3.2) has been established for all
integers n by mathematical induction.

Equation (3.2) can itself be iterated by substitut-
ing Eq. (3.14) into it for G,,,, and continuing the
iteration by using higher-order equations, which
gives

m~1

G = H fn+an+m + E H fn+kLn+n

=0 k=0

(3.19)

where the products are to be expanded to the right.
The product in the last term is to be taken as unity
when j = 0. If the limit is now taken as m — =, the
first term will contain an infinite number of f’s and
hence V’s, so it will not contribute if it is assumed
that the perturbation series converges. Hence, the
@, representation

G = Z anHanH

i=0 k=0

(3.20)

is obtained. Equation (3.20) still contains L’s and
f’s, but it can be rewritten with the help of Eqgs. (3.3)
and (3.4) to give

w  §-1
G" = Z H [Kn+an+k]

i=0 k=0
n4i=-1

X ,Ho (Kuricidwejilic (3.21)
Equation (3.21) is the explicit solution for the prop-
agator G, since the F’s and J’s are all known, and
the K’s can be obtained from Eq. (3.18). Thus, @, can
be evaluated to any finite order in perturbation the-
ory. The unlinked terms of ground-state components,
if there are any, must be contained in the G,., in
Eq. (3.19), because the f’s, acting on an L, do not
produce unlinked terms, since neither the F nor
the K produces unlinked terms. Thus, the unlinked
terms can only occur in infinite order if the limit
m — o is taken, and will be zero if the series con-
verges. Therefore, the n-particle Green’s function
G, is just a sum of linked terms, which is a statement
of the linked eluster theorem. It has now been proved
to all orders for an arbitrary Green’s function from
the equations of motion.

The reason that the unlinked graphs do not occur
in the equations of motion method is that there are
no graphs of the type shown in Fig. 6 occurring in
Fig. 2. Thus, the allowable ways of connecting the
outgoing lines with the incoming lines is restricted
in such a way that it is not possible for a ground-
state component or unlinked term to be split off.
However, in Wick’s theorem, all possible pairings
are allowed, and some of these cause the unphysical
unlinked graphs to appear.
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The ground-state energy can be calculated by the
equations given by Galitskii and Migdal® or by
Klein and Prange.’ The graphical illustration of the
ground-state energy is given in Fig. 7. If the expan-
sion for the two-particle Green’s function were to
be substituted into it, a sum of unlinked connected
graphs would be obtained. This statement is some-
times called the linked cluster theorem.® However,
it follows as a corollary of the more general theorem
proved above.”!

1V. SINGLE-PARTICLE PROPAGATOR

In order to illustrate the previous formalism, the
single-particle propagator will be calculated to third
order. Because of the Dyson equation, the self-
energy can also be obtained to the same order by
considering just the irreducible self-energy diagrams
(contributions to the single-particle propagator that
cannot be divided into two parts by cutting just
one line).

The traditional approach based on Wick’s theorem
involves drawing all topologically different graphs,
and associating certain factors with each graph. In
theory, this approach has reduced the problem as
far as possible, but, in practice, it is difficult to draw
all topologically different graphs and associate the
proper factors with each, especially in a high order.
The approach here, while giving the same result,
presents a way of generating all the topologically
different graphs with the correct factors.

To calculate G, we can use Eq. (3.21)

©  j-1 i
G, = E H [Kk+1Fk+l] zII) [K1+;-—1J1+i—t]'i- (4-1)

i=0 k=0

This expression can be expanded, and the first
several terms are

G, = tJ, + iF.K,J,J,
+ P K P KT KT oy
+ P\ K F K P K J KT Ko J o J
+ 1P\ Ko Py K F K F KT K J K J Koo 4+
(4.2)

where use has already been made of Eq. (3.9) for
K. In Eq. (4.2), the functions K,, K,, K., - - - occur,
and are given by Eq. (3.18) as

3t There have been many treatments of the linked cluster
theorem from other points of view and in other contexts. A
good review of the linked cluster theorem has been given by
B. H. Brandow (unpublished). For other references to the
subject see C. Bloch and C. De Dominicis, Nucl. Phys. 7,
459 (1958); F. Coester, ibid. 7, 421 (1958); C. Bloch and J.
Horowitz, 1bid. 8, 91 (1958); T. Morita, Progr. Theoret. Phys.
(Kyoto) 29, 351 (1963); and H. Kiimmel, in Lectures on the
Many-Body Problem, E. R. Caianiello, Ed. (Academic Press
Inc., New York, 1962), p. 265.
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F1a. 7. The shift in the ground-state
energy.

K, = 1 + J.F, + JLFJAF,
+ LR+ B o
K, = 1+ JJKF,
LGP EGE, + -, ()
Ko=1+ JEF + . @

Substituting Eq. (4.3) into Eq. (4.2), grouping terms
according to order, and considering terms through
fourth order, we obtain

G, =@ (0)
+ iFJ,J, M
+ ${F FyJ o, (2a)

+ FJ.F\J,J,) (2b)
+ i{FFFoJ J o, (32)
+ F\F,JFyJ T, ], (3b)
+ FJF\FyJ JJ, (3¢)
+ FJ.F TP T, J, (3d)
+ P FoJ o J P\ T J ) (3e)
+ ${F\FFoF J s Jsd o J (4a)
A FF.FoJ JJoFo T, (4b)
+ FFoFoJ JoFod 3 JoJ, (4c)
+ FF,Fyd Fid JsJ,J, (4d)
+ F\F,J FoFsJ JyJ T, (4e)
+ FJF\FoFJ J T, (4f)
+ P FoJ Fod 3 JoF T, (4g)
+ P JF\Fod . F 0, (4h)
+ FLJF\FoJ FodsdoJ, (4i)
+ P FoJ o J FiFod o J T, (4j)
+ F\FJ 0 FJ P J,J, (4k)
+ PP, FoJ Fod o Jod, (41)
+ FJF J FFodsd o, (4m)
+ FJ.F J.F\J,F,J,J, ) (4n)

+ e (4.4)
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Equation (4.4) can be written in a more concise way
Gl = GO

+ 4F, Y [distinet permutations of nF's
n=0

and nJ’s)J,J,. (4.5)
After the distinet permutations have been made, it
is necessary to add subscripts indicating the number
of outgoing lines after the application of the operator
F or J. The number of outgoing lines or incoming
lines in intermediate steps must always be one or
more, otherwise the term is zero. For example, in
third order, a term of the type

FFJFJJJ = F\FyJ Fodsd T,
is a contribution, but not a term of the type
FJJFFJJ = F\J,J \FF,J,J, = 0,

(4.6)

4.7

Kn = Z (Jn ; {Jn—l Z [Jn—2 ; (Jn—aKn—4Fn—4) BFn—a}an—z}ﬂFn—l)m)

where the Greek letters are integers going from zero
to infinity. Because of Eq. (4.8), there can be inser-
tions between the operators of the basic structure
of the type

{(JIJJ - Fy - (J - PYF] -

X [J - FIFY{J -+ F) -~ {J - F}, (4.9)

where the number of J’s and F’s is the same within
parentheses. The dots in Eq. (4.9) represent possible
insertions of the same kind. The only restriction on
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because F, must be zero. Thus, all the terms in Eq.
(4.5) with nonpositive subseripts, e.g., Fy, Jo, F-,,
J .1, +++ must be zero.

After the subseripts have been added in Eq. (4.5),
the terms remaining are those that come from the
expansion of Eq. (4.2). An arbitrary term from Eq.
(4.5) can be classified according to the order p and
the highest value of the subscript on F, say k. This
term would then come from the term with the basic
structure Fy -+ Fy Jpeq --- Jy in Eq. (4.2) since,
if an F, exists, there must be k¥ + 1 lines on which
it can act. Since the term is a contribution to @,
the number of lines must be decreased until there
is only one. In Eq. (4.2), there are the appropriate
K’s inserted between all of the operators. Because
of the recursion relation in Eq. (3.18), we can iterate
it and obtain

(4.8)

the insertions is that the subscripts must be positive
and the total number of F’s in the term must be p.
Any arbitrary term from Eq. (4.5) in pth-order has
p F’s and (p + 1) J’s. In the basic structure, there
are k F’s and (k + 1) J’s, so there are (p — k) F's
and the same number of J’s which can be distributed
between the operators in the basic structure. In
order for k to be the maximum subscript on F,
these (p — k) F’s and J’s must be distributed in the
way shown in Eq. (4.9). Conversely, an arbitrary
term in the expanded form of Eq. (4.2) corresponds

Fic. 8. Diagrams for
the single-particle propa-
gator obtained from the
Green’s function equa-
tions of motion.
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F16. 9. Equivalence of the lines leaving a vertex.

to a definite contribution to Eq. (4.5). Thus Eq.
(4.5) has been justified.

The terms in Eq. (4.4) can be represented by
graphs as shown in Fig. 8 through third order. In
order to write down the diagram for the corre-
sponding terms in Eq. (4.4), it is only necessary to
use the fact that J, means to add a single line to
the » — 1 lines present, antisymmetrize the in-
coming and outgoing lines, and multiply by n. The
process of antisymmetrization means to connect the
lines up in all possible ways with a minus (plus)
sign for an odd (even) permutation, and then divide
by nl. The operation F, is applied to » -+ 1 lines and
means to connect the top outgoing line with the
second incoming line, after crossing the first in-
coming line. Then the n incoming lines are anti-
symmetrized. Since, from Eq. (4.5), the terms of
arbitrary order can be obtained in terms of the
F’s and J’s, the above rules for constructing the
diagrams can be used in a systematic manner. In
Fig. 8 the graphs for the corresponding terms in
Eq. (4.4) are shown to third order.

Fig. 8 can be simplified considerably by noting
that the lines coming out from a vertex are equiva-
lent. If they are exchanged, a minus sign is needed,
because the matrix element at the vertex is anti-
symmetric. The same is true for the two incoming
lines. The situation is illustrated in Fig. 9.

The diagrams in Fig. 8 can be simplified further

0

1813

by eliminating the repeated antisymmetrizations. If
a group of n — 1 lines is antisymmetrized, and
another line is added and all #n are antisymmetrized,
the first antisymmetrization is not needed. This
situation is shown graphically in Fig. 10 for four
lines.

Therefore, using the rules illustrated in Figs. 9
and 10, Fig. 8 can be simplified as shown in Fig. 11.
The problem now is to connect the lines in all pos-
sible ways with a minus (plus) sign for an odd (even)
permutation. The connection can be made graphi-
cally for the first- and second-order graphs, but
becomes more cumbersome in the case of third
order. The problem of connection can be simplified
by using the permutation group and the fact that
two lines coming out from a vertex are equivalent.

For the first-order diagram, the only group of
permutations which must be considered is the sym-
metric group S, = {e, (12)}. However, (12) gives
the same graph as ¢ if one of the lines going out
from the vertex is crossed over the other one. This
process gives a factor (—1) which combines with
the (—1) due to (12) being an odd permutation.
Therefore, it is only necessary to consider e and
multiply the graph by a factor 2 as is done in
Fig. 12 for first order.

The second-order term can be treated similarly.
It is the symmetric group

Fia. 10. Example of the
redundancy of repeated anti- ¥
symmetrizations.

Fig. 11. Reduced diagrams
for the single-particle prop-
agator obtained from the
Green’s functions equations
of motion.
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Fia. 12. Topologically different graphs for the single-particle
propagator obtained from the diagrams of Fig. 11.

which must be considered. However, it is only the
left cosets of the subgroup S.; which give different
diagrams. The left cosets of S, are 2a = {e, (12)},
2b = {(23), (132)}, and —2¢ = {(13), (123)} which
correspond to the graphs in Fig. 12 (2), respec-
tively. Since each of the elements in a coset gives
the same graph, it is multiplied by two. After making
a permutation, the graph is multiplied by the sign
of the permutation and then put in the form shown
in Fig. 12 by crossing the lines coming out or going
in to each vertex, if necessary. There is a factor of
(—1) for each crossover, because the matrix element
is antisymmetric. Therefore, the graph ¢ in Fig.
12 (2) is multiplied by (—1), since the permutation
(13) is odd and two crossovers are necessary.

The graph in Fig. 11 (2a) corresponds to the full
symmetric group S; and therefore contributes
2a + 2b — 2¢. The graph in Fig. 11 (2b) corresponds
to the product

{e7 (23)} ) {ey (12)}
= {e, (12), (23), (132)} = 2a + 2b.

Thus, the total second-order contribution is 2°a 4+
2°b — 2¢ as shown in Fig. 12 (2).

The third-order term in Fig. 11 is more com-
plicated, because the graphs in Fig. 11 [3(a, b, €)]
must also be connected with respect to the primed
numbers (2, 3/, 4’) as well as the unprimed numbers
(1, 2, 3, 4). However, the connection can be facili-
tated by considering the left cosets of the subgroup
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{e, (12)} and the subgroup {¢/, (2’3")}. Then each
coset corresponds to a graph, and the number of
permutations that must be considered is reduced
from 144 by a factor of four to 36. When the con-
nections are made in this manner, taking into ac-
count the proper sign, the graphs shown in Fig.
12 (3) are obtained.

One of the main advantages of this method over
the Wick’s theorem method is that there is no
danger of leaving out a topologically different graph.
In fact, all the topologically different linked graphs
are obtained from the diagrams of the type shown
in Fig. 11(a), since the other diagrams just represent
restrictions on the ways of connecting the lines.
The other diagrams are of course essential for deter-
mining the factors associated with topologically dif-
ferent graphs, but will not generate any new ones.

The graphs shown in Fig. 12 are Hugenholtz
graphs®, since the interaction is represented by a
vertex instead of a dotted line. In order to obtain
Goldstone-type® graphs, it is only necessary to sub-
stitute Fig. 13 into Fig. 12 for the vertices. The first
figure on the right side of Fig. 13 is the direct term
and the second term is the exchange term. The
advantage of Hugenholtz vertices over Goldstone
vertices is apparent when one considers that in first
order there is just one Hugenholtz graph versus two
Goldstone graphs, in second order it is 3 »s 10, and
in third order it is 12 vs 74. Klein and Prange,’
who used Goldstone vertices, give the ten different
linked second-order graphs.®” In Fig. 12 there are
no unlinked graphs, which illustrates the linked
cluster theorem proved in the last section.

The self-energy function is extremely important
when calculating the energy shift in the single-
particle (hole) energies.” It can also be used in con-
nection with the single-particle propagator to cal-
culate the ground-state energy.’ The terms in Fig.
12 (1), (2a, ¢), (3a,—g) are irreducible graphs, and
therefore contribute to the self-energy funection.

The rules for the mathematical contribution from
the graphs in Fig. 12 can be obtained from Egs.
(2.13), (2.14), and (2.15), where the operators F,
and J, of Eq. (3.1) are defined. In Eq. (4.2), for every
F, there is a J,,,. Since both have a factor (—1)¥,
this factor does not contribute. The vertex is given
by the h factor in Eq. (2.14), and the lines are given
by @ in Eq. (2.15). In addition, there is a factor
—1 for each J appearing in the term. The factor

% Schultz (Ref. 2, p. 53) gives ten different Goldstone
linked %raphs with unlinked parts in second order. Abrikosov
et al. give ten different Goldstone second-order graphs

(Ref. 2, p. 73) and three different Hugenholtz second-order
graphs (Ref 2, p. 76).
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obtained from connecting the diagrams of Fig. 11
together is 2°°"(—1)**/, where p is the order, m is
the number of pairs of equivalent lines, and f is
the number of closed loops. This factor can be seen
to be valid through third order by looking at Fig. 12.
It will be justified to all orders later.

The graph in Fig. 12 (1) is considered to be a
closed loop, so it is clear that the graphs in Fig.
12 [2(a, b)] have two closed loops and the graphs in
Fig. 12 [3(a, b, h, i, I)] have three closed loops. The
graph of Fig. 12 (2¢) is considered also to have just
one closed loop, since there is only one distinct
path leaving one vertex and returning to it. The
closed loop can be seen even more clearly, if the
direct part of the Goldstone interaction in Fig. 13
is substituted for the Hugenholtz vertices. If there
is any doubt about the number of closed loops in
a Hugenholtz graph, the direct part of the Goldstone
interaction can always be substituted for the vertex
and the actual number of closed loops can be easily
counted. This method shows that the number of
closed loops in Figs. 12 [3(c, ¢, {, j, k)] is two, and the
number of closed loops in Figs. 12 [3(d, g)] is one.

A pair of equivalent lines are two lines that can
be interchanged without changing the appearance
of the graph. Thus, in Fig. 12 (2¢), the two bottom
lines form a pair of equivalent lines. Likewise, the
graphs in Figs. 12 [3(c, {, j, k)] have a pair of equiv-
alent lines, and the graph of Fig. 12 (3g) has two
pairs. All the others have no equivalent lines.

The rules for obtaining the one-particle Green’s
function can thus be stated in the following way:

(1) Draw all topologically different linked graphs
Li.ving one line in and one line out with arrows.

(2) For each line 1 2 associate a factor

-——-———)_—
Sr2lon — €, + '1:01]_1’
where
0 = {+o, it k> ke,
L =
-0, if ky < ks.
2. 3
(3) Foreach vertex associate
' n
a factor
(12| V |34)

X 8w, + wa — wg — w,) exp (—twse - 1w,2e).
(4) Integrate (sum) over the internal frequencies
(momenta, spin).
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Fia. 13. The connection between the Hugenholtz interaction
vertex and the Goldstone interaction.

(5) Multiply by an overall factor
[( - 211')2p+ l] [(27{')’3»2—1:] [29—"'( . 1)p+f] [( _ i)p+ 1]1
= (—2m)(i/2x)"(—1)’27",

where f is the number of closed loops and m is the
number of pairs of equivalent lines.

The overall factor in rule (5) is composed of various
parts. The first square bracket with (—2x)**! is due
to the (2p + 1) G”s since there are p F’s and
(p + 1) J’s. The next square bracket comes from the
vertex function in Eq. (2.14), which gives the factor
[(27)~*27"]p times. The third square bracket comes
from the ways of connecting the diagrams of Fig.
11 and will be justified below. The (—2)**' comes
from the (p + 1) J’s and the 7 is from the L.

These rules are essentially the same as the ones
stated by Noziéres and by Abrikosov, et al.?® It is
not necessary to add another rule to take graphs
with closed loops of the type shown in Fig. 12 (1)
into account, since the exponential factors in rule
(3) are equivalent to saying that the integration
must be in the upper half plane. This exponential
factor is due to the ordering of the operators in the
Heisenberg equation of motion (see the Appendix).

From the equation of motion method, all these
rules have been deduced to all orders except for
the factor 2°°"(—1)**/ in rule (5). This factor has
been shown to be valid through third order, and will
now be shown to be valid to arbitrary order.

The sign factor (—1)**/ will now be established
by induction. By examining the (p -+ 1)st-order
diagrams of the type shown in Fig. 11(a), it can
be seen that the graphs with a closed loop of the
type shown in Fig. 12 (1) will have the same sign
as the corresponding pth-order graph without the
loop. If 1 — 1, we get a closed loop without a sign
change. If k -k — 1fork=2,3,---,p+ 1and
E— K, E" — kK’ --- then a closed loop will be
formed if one of the lines going out from the vertex
is crossed over the other, as shown in Fig. 14(a).
This crossover gives a factor (—1) which combines
with the (—1) obtained from the transposition
k — k — 1 to give unity. Other ways of obtaining
the closed loops of Fig. 12 (1) are equivalent to
this way. Thus, in (p + 1)st-order, the sign factor is

2 The rules are given by Noziéres in Ref. 2, p. 185, and by
Abrikosov et al. (Ref. 2, p. 76). See also Ref. 3.
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Fre. 14. Diagrams used for establishing the rule for the
(—1)#* sign factor.

(=" = (—=1)®™*Y*Y which is correct because
there is one more closed loop.

Before the closed loop of the type shown in Fig.
12 (2¢) is considered, the types of scattering that
can be obtained will be first considered. The diagram
shown in Fig. 14(b) can be regarded as a subdia-
gram of a larger diagram, and it can be rearranged
as a scattering between particle and hole as shown
on the right side. There is a minus sign because one
crossover is necessary and the original permutation
isk—k k> ¥, --- . The diagram of Fig. 14(c)
can also oceur as part of a larger diagram and can
be rearranged to give scattering between two parti-
cles with a minus sign, because one crossover is neces-
sary and the original permutation is k — (¢ — 2),
¥ — K, --- . Thus, when these scatterings are
added to a pth-order graph, no new closed loops
are considered to be formed and the sign of the new
graph is (—1)(—1)*" = (—=1)®"P*/, The graph of
Fig. 12 (3d) is interpreted as having only one closed
loop, as can be seen by drawing the corresponding
Goldstone graph.

The closed loop of the type shown in Fig. 12 (2¢)
can be obtained by combining a scattering of the
type shown in Fig. 14(c) with the closed loop of
Fig. 12 (1) as shown in Fig. 14(d). The sign of the
new graph will be (—1)(—1)"*' = (—1)""V*/ since
one closed loop will be destroyed and another one
created. Thus, the number of closed loops will be
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the same and the correct sign will be obtained.
Therefore, the sign (—1)”*” has been established by
induetion.

The factor 2°°™ used in obtaining rule (5) can
also be established by induction. It is true for zeroth,
first, second, and third orders, and will be assumed
true for the pth-order. If we have the pth-order
terms in Eq. (4.5), then the (p 4 1)st-order terms
can be obtained by making the replacement

Jpoooo Jl—%Fkaan s dy
+ JiF Sy o e
+ T S By, e Jy
IR IV SUPIIN 4 4 S (4.10)

in the last uninterrupted series of J's in each term.
This procedure can be seen to be valid for zeroth,
first, second, and third order from Eq. (4.4). If an
arbitrary (p + 1)st-order term is considered, and
the first FJ term encountered in going from the
right to the left is removed, the result would be one
of the pth-order terms. Thus, all the (p 4+ 1)st-
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F16. 13. Insertion made to obtain the next
higher-order diagrams.
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order terms are generated in this way. Equation
(4.10) is shown diagrammatically in Fig. 15. If the
lines are connected as indicated, the result shown
in the last line is obtained. It says that, in the dia-
grams of Fig. 11, the lines after the last interaction
on the right are replaced with loops of the type of
Fig. 12 (1) in all possible ways with a factor 2, and
are also allowed to scatter with each other in all
possible ways. The way in which these insertions
are made in the pth-order diagrams of the type of
Fig. 11 guarantees that the graphs in (p + 1)st-
order will have the correct factors. If a loop of the
type in Fig. 12 (1) is inserted into a pth-order graph
with a factor 2™ the resulting graph will have a
factor 2°*V"™ as shown in Fig. 16(a). If the two
lines coming out from a vertex in a pth-order graph
are allowed to scatter, the resulting graph will have
the factor 2°°™ = 2®*V-™*D " hecause one more
pair of equivalent lines has been formed as shown
in Fig. 16(b). If a pair of equivalent lines is de-
stroyed by the insertion of a loop in each of the
lines as shown in Fig. 16(c), the resulting factor will
be 2.2.2°™" = 2%*V=D heeayse the resulting
graph will have one less pair of equivalent lines. It
is also possible for a pair of equivalent lines to be
destroyed in the way shown in Fig. 16(d). The
same (p + 1)st-order graph can be obtained by
allowing the top line to scatter with the middle
line or the bottom line in the first graph on the left
side. It can also be obtained by allowing the two
closed loops in the second graph on the left side to
scatter with each other. When these contributions
are combined, the result is the (p + 1)st-order
graph with the proper factor 29",

In order to complete the induction proof, it is
necessary to show that the restrictions in the ways
of connecting the lines of the diagrams in Fig. 11
will guarantee that no (p + 1)st-order graph will
be produced twice, by different insertions in dif-
ferent pth-order graphs. This hypothesis has been
verified up to third order, but the general proof has
not, been carried out. The previous discussion has,
however, given some insight into the problem and
made the factor 2°7™ in rule (5) reasonable. Since
this factor is obtained by the Wick’s theorem
method,” the hypothesis must be true.

The equation of motion method is an alternative
way of obtaining the single particle Green’s function.
Nozitres® states that the principal difficulties in
the Wick’s theorem approach are not to leave
out graphs and to calculate the factor properly.
Abrikosov et al. state that, for higher-order terms,
it is best not to rely on the rules for drawing the
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Fia. 16. Diagrams used in establishing the rule
for the 2~ factor.

graphs but to return to the expression for the Green’s
function in the interaction picture, and use Wick’s
theorem directly with the graphs only as guides.”
The method based on the equations of motion has
the advantage over the Wick’s theorem method in
that explicit diagrams of the type shown in Fig. 11
can be drawn to generate all topologically different
linked graphs with the proper factors. The unlinked
graphs are avoided, which is an advantage since
they are not physical. In the next section, it will
be shown that the method is also applicable to the
two-particle Green’s function.

V. THE TWO-PARTICLE GREEN’S FUNCTION

The two-particle Green’s function is very im-
portant in determining collective excitations,” so it
is of interest to see if it can be calculated from the
method presented here. Eq. (3.21) for G, gives the
expansion

G, = K,J,Ji
+ K. Fo K J K, 000
+ K,F. K, F K J, K J K, J,J 18
+ K, F. K F K F K K J Ky KoJ 1%
+ K, F.K;F,K.F K JF.K¢J,
X Ko K J K J Koo i + -+ -
% See Abrikosov ef al. (Ref. 2, p. 76, footnote 12).

(6.1)
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Fia. 17. The diagrams for the two-particle Green’s function
obtained from the equations of motion.

When the expansions for K,, Ks;, K,, -+ in Eq.
(4.3) are substituted into Eq. (5.1), and when the
terms are collected according to order, the result is

G, = JyJii + {JoF, + FoJy}JoJ 0
+ {JF\JoF, + JF\FyJ, 4 FodsFoJ,
4 FodoJoF, + FoF J J3}JoJ 1k
+ e 5.2

Eq. (5.2) can be written in a more complete and
concise form as

G» = D [distinct permutations of nF's
n=0
and nJ 8]0t (5.3)

if the terms in the expansion are subscripted ac-
cording to the number of lines remaining after the
application of the operator, and if the operators
with nonpositive subseripts are set equal to zero.
The number of lines coming in and going out must
be two, of course.

The expansion in Eq. (5.3) can be proved by
considering an arbitrary pth-order term and looking
at the maximum value of the subscript on ¥, say k.
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This term therefore must have the basic structure
F.Fy <+« FoJyad, ++ - Jii without considering the
K’s in Eq. (5.1). Because of the K’s in Eq. (5.1), an
insertion of the type shown in Eq. (4.9) is allowed
between any or all of the operators as long as the
total number of F’s is p and as long as all subseripts
are positive. Thus, an arbitrary term in Eq. (5.3)
corresponds to a definite term in the expanded form
of Eq. (5.1). Likewise, an arbitrary term in the
expanded form of Eq. (5.1) corresponds to a definite
term in Eq. (5.3).

The terms in Eq. (5.2) are shown in Fig. 17. The
diagrams can easily be drawn by remembering the
definitions of the operators F and J in Eq. (3.1).
The diagrams to an arbitrary order can be con-
structed with the help of Eq. (5.3).

When the diagrams of Fig. 17 are connected in
all possible ways, the resulting graphs obtained are
shown in Fig. 18. In connecting the diagrams in
Fig. 17, it is convenient to group the allowable
permutations into cosets of the subgroup {e, (12},
(34), (12)(34)}, because the lines going out are
equivalent if they are antisymmetrized.

The rules for obtaining the mathematical con-
tribution of the topologically different graphs in
Fig. 18 are the same as for G,, except that rule (1)

Order
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Fia. 18. The topologically different grapbs for the two-
particle Green’s function through second order.
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must be changed to drawing all topologically dif-
ferent graphs with two lines in and two lines out
as shown in Fig. 18. There is an additional factor
of (—2n)(—7) in rule (5) because there is one more
J in the expression. The rules are thus essentially
the same as stated by Nozires.”

VI. CONCLUSION

In this paper an alternative to the usual many-
particle perturbation theory for the Green’s function®
based on Wick’s theorem is developed. The treat-
ment here goes beyond that of Klein and Prange®
in that the linked cluster theorem is shown to be
valid for any Green’s function. In other words,
unlinked graphs do not contribute to any Green’s
function. The formalism was illustrated by cal-
culating the one-particle Green’s function to third
order, and the two-particle Green’s function to
second order. The advantage of the diagrams used
here is that all the topologically different graphs
can be generated with the correct factors. Thus,
there is no danger of leaving out a topologically
different graph or getting the wrong factor associated
with a graph. In higher-order terms, the program
becomes somewhat tedious, but it is straightforward.
Group theory can be used to simplify the connections
somewhat by classifying the graphs according to
equivalent cosets of the permutation groups. The
presentation here avoids the unphysical unlinked
terms and is somewhat simpler than the usual per-
turbation treatment with which this presentation is
in agreement.
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APPENDIX. DERIVATION OF THE
EQUATION OF MOTION

Because the equation of motion for the Green’s
functions are so important, they will be derived here
in more detail. The operator Z, in Eq. (2.8) involved
a differentiation with respect to time, so we can
differentiate Eq. (2.4) with respect to ¢,.

3% See Noziéres (Ref. 2, p. 185).
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= (N| T{’Lg‘?‘laz RN R AR (12:} [N)
1

- (NI%tT; {ay * Gulaey -+ aan} [N). (A1)

The last term represents symbolically the differ-
entiation of the time-ordering operator. The equa-
tion of motion for the annihilation operator in the
Heisenherg picture, obtained from Kqs. (2.5) and
(2.1), is

t day/dt, = [a,, H]
= €10 + % Z, (12’! V I3'4’)a;:a3'a4'. (A2)

If Eq. (A2) is substituted into Eq. (A1), the result
can be written as

= >/ f f dt} dt} dt] 3(12’| V |34’y (—~1)**!

X 8t — t, — 20 5t — t, — € 8(t; — t)
X G842 ---n;2,n+1, --- 2n)
— (N| oT/ot, |N). (A3)

The differentiation of the time-ordering operator has
not been explicitly given in the literature, so it will
be given here. It can be obtained by differentiating
the step functions in Eq. (2.6)

#(aT/at,)
=q ; (—1D'P{A A, -+ Ap)

X 6(1 —2)62 —-3)--- 8((Cn — 1) — 2n)

+ ¢ Z (—DFPA A, 45 -+ Ay

X 82— 161 — 3) --- 8((2n — 1) — 2n)

— i 2 (=D"PAA: 414 -+ Aan)

X 62—-1)6(1—3)6(8—4)---6((2n— 1) —2n)
-1 2 (—I)P'P’<A2A3A1 e A2n>

X 62 — 3) 83 — )8 — 4) - --

+ ¢ Z; (‘I)P,P’<A2A3A1A4 e AZn)

X 02 — 3)63 — 1) 6(1 — 4)64 — 5) ---

+ - A9
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or

(T /oty = 1 ; (—D7P 81 — 2){(A,4, + A:ADA; - A,)0(2 — 3)6(3 — 4) -

-3 ; (=DT'P’ (1 — 3N Ax(A1 45 + AgADA, - A)02 — 3) ---

+...’

where P’ is a permutation of the numbers
2,3, +++, 2n. If the anticommutation relations of
Eq. (2.3) are used the result is

W8T /8t,)

= 1 Z (—=D7'P’ 815 02 — n)4, -+ A,,)

X [62 — 363 —4) ---
+ 83 —2)62 — 4) ---
+ 68 - 464 —2) .-

+ o (A6)

(A5)

By considering all possible values of t,, the step
functions in the square bracket in Eq. (A6) can be
written as just

8(3 — 4)8(4 — 5) -+ 6(2n — 1) — 2n).

Eqg. (A6) can then be written in the more convenient

form
2n

W3T/ot) = 2 (—1* 8y

k=n+1

Xgn—l(2,"'k_lrk+1y"'7277')- (A7)

If Eq. (A7) is substituted into Eq. (A3) and the
result is substituted into Z,G,, we obtain

61,2, -, om) = —ie " [ AR 10— e)ott — ) — a0t — Bl

X (X 312'| V34— 1™ 8 — 6 — 29 3t — 6 — 9
X 6(& - t{)gn+l(3,4,2 M (M 2,""‘ + 1: T 27’L)

2n

+ Z ial’k(—l)kgn-l(2y e ?k - ]-y k + 1; e ,271,)}' (Ag)

k=n+1

If the Fourier transform operator of Eq. (2.11) is
now applied to Eq. (A8) and use is made of the
representation of the delta function

1 ® [¥3%
5@) = o f_ dye (A9)

and the step function

G, = 3 (=D)"RV2'34NG°(1, 1)G,n(34'2 -+~ m, 2, m + 1, -+ 2m)

2n

o) = o f_ ey 07, (AL0)
the result is
— 1 2 (=D, )G, -k — L E+ 1, - 2n).  (All)

k=n+1

In Eq. (A11) the quantity h is defined by Eq. (2.14),
and the single-particle propagator is defined by Eq.

in terms of the antisymmetrization operator, Eq.

(2.13) is obtained for the Green’s function equation

(2.15). By antisymmetrizing and writing the sum of motion.
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The connection between certain symmetry properties of a reducible algebra generated by the field
operator and the decomposition into irreducible algebras is exhibited.

1. INTRODUCTION

E investigate a reducible, scalar, charged
quantum field in a separable Hilbert space
together with a one-parameter compact symmetry
group. The situation is similar to that considered in
a previous paper,’ but the restrictions imposed on
the field are relaxed as compared to Sec. 3 of Ref. 1.
The statement proven below establishes the con-
nection between the properties of the field and the
symmetry group on one hand, and the reduction of
the algebra with respect to the commutant on the
other hand. Roughly speaking, the one-parameter
compact symmetry group gives the connection be-
tween the reduced spaces and algebras generated by
the field, provided that the original algebra, together
with the symmetry group, is irreducible.

This is a step forward compared with the result
of Sec. 3 of Ref. 1. In Ref. 1 we proved only the
reverse statement which reads as follows: Suppose
the symmetry group is such that it maps the reducing
spaces isometrically and the reduced algebras in an
inequivalent way into each other, then the reducible
algebra together with the symmetry group form an
irreducible algebra. This statement, as presented in
Ref. 1, was proved by using the usually stated
axioms for the field. Notice that in this paper we do
not need to appeal to all axioms of field theory. This
makes it possible to apply the result of Secs. 2 and 3
to nonrelativistic, and nonlocal, theories.

2. ASSUMPTIONS AND THEOREM

We assume the following: Let & denote a cyclic
reducible uniformly closed symmetric algebra of
bounded operators in a separable Hilbert space 3¢
corresponding to a reducible quantum field theory.

* On leave of absence from the Max Planck Institut fir
Physik und Astrophysik, Munich.

t Work supported by the National Science Foundation.
1 J. Lopuszanski and H. Reeh, J. Math. Phys. 7, 148 (1966).

¢o & 3C denotes a cyclic vector. The commutant
R of § is assumed to be Abelian. {G(8)} = ©®
denotes the unitary representation of a one-param-
eter compact group, G(8 + 27) = G(B), G(0) = I,
G(8) weakly continuous in B.?

The cyclic vector ¢, is assumed to be an eigenstate
of G(B) for all 8. Finally, f and @ are assumed to
fulfill

GBRG*(B) C &,
ie., ® maps & into &, and if {®, &} denotes the
algebra generated by the union of £ and ©,
{8, ) = Al,
i.e., irreducibility of the union.
Statement: Under the above-mentioned assump-

tions there exists a decomposition of 3¢ into a direct
integral

2133
I = 3¢ (da)?,
0
2#9
= @ou
0
2‘r®
® = {f f(a)-Ia},
such that
[::] [+
G(8) f 1.6°®) = [ Teews )

2 The representation of the one-parameter compact group
is unitary. According to Stone’s theorem [see, for example,
F. Riesz and B. Sz. -Nagy, Functional Analysis (Frederick
Ungar Publishing Company, New York, 1955)], G(8) = exp
708, where @ is a self-adjoint operator. Because of the periodi-
city condition G(8) = G(B -+ 2x), the spectrum of @ is
discrete and consists of integers. This spectrum cannot be
bounded either from below or from above, unless G(8) com-
mutes element-wise with the Abelian commutant &’; this
follows in an anlogous way as a theorem proved by Araki for
the translational group. See H. Araki, Progr. Theoret. Phys.
(Kyoto) 32, 844 (1964); see also M. Guenin, J. Math. Phys.
7, 271 (1966).
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[I. denotes the identity operator on 3C., f(e) is a
Lebesgue-measureable essentially bounded function,
A any subinterval of the interval (0, 2x), the depend-
ence of a is always modulo 27; n = 1, £2, ... ]

3. PROOF OF THE THEOREM

(A). ©@ does not commute with any element in
& except multiples of the unity, since otherwise
{®, G}, containing all elements in & commuting
with &, would not be a multiple of unity.

(B). We have

GER'G*(B) C &';
namely, if B € § and A &€ &, then
G(B)BG"(B)A — AGB)BG™(B) = C,

G*(B)CG(B) = BG*(B)AG(B)
~ G*(BYAG(®)B = BA — AB = 0,

since A € &; therefore ¢ = 0.
(C). We can decompose 3¢ with respect to the
Abelian &' in the following way®

w = [ sy, w= [ o
R I T PR T

Here « is running over a finite segment of the real
axis containing the spectrum of an operator A gen-
erating &', p(@) = (¢o | Eo) is given by the spee-
tral resolution of that operator (we may assume
[ dp (@) = 1), f(a) denotes an essentially bounded
p(a) measurable function, and I, stands for the
identity operator in the Hilbert space 3¢,. The
reduced algebras &, of the reduced operators in 3¢,
are irreducible for almost all a.

(D). By the equivalence of £ and the set of
functions {f(a)}, G(8) defines a linear one-to-one
map of the set {f(c)} into itself. We see from (A) that
the only f(a) invariant under @ are f(a) = const
(almost everywhere).

Furthermore, we see that the mappings f(a) —
f*(e) defined by G(8) have the property

f@)fale) — ff(a)fg(a)

and are measure-preserving. The first property is
an immediate consequence of the fact that the
product of two essentially bounded measurable func-
tions is again essential bounded and measurable
together with the definition of the mapping. To
demonstrate the second assertion, we denote by

8 M. A. Naimark, Normed Rings (Stechert-Hafner Service
Agency, Inc., New York, 1964), Chap. VIIL

LOPUSZANSKI AND H. REEH

fala) the characteristic function of a Borel set A on
the support of p. Then by G(B)

fa(@) — fi(@).

If {A;} is a set of pairwise nonintersecting Borel sets
covering the whole support of p, i.e., 3 ; fa,(a) = 1,
then clearly

> A =1
On the other hand, we have for A; M A, = 0,
fAi(a)fAl:(a) =0 = fii(a)ﬁk(a)!

i.e., supp f4,(e) M supp f4,(a) = 0 (up to points of
p-measure zero). We therefore arrive at

ﬁ@=$
1,

which is to say that f£(a) = fa,(e) again is a charac-
teristic function of a set A If we now look at the
vector

fe ﬁ("‘)d’o“

then the unitarity of G(8) and the invarance of ¢,
together with [[¢o.|| = 1 result in

LW@=L®@

In other words: G(B) induces a mapping «¢ — a, of
the points « which is one to one (up to points of
p-Ineasure zero), p measure preserving, and there is
no invariant proper subset of points with non-
vanishing p measure. By f° (o) = f(as) we have an
extension of the mapping induced by G(8) to all
functions € L'(p()),* and for f, g, and f-g € L'(p())
we have again

f@)gl@) — fi@)fa(). 3

We denote in the following by G(8) the unitary repre-
sentation induced by G(8) in L*(p(e)) C L'(p(a)).

(E). The results of the foregoing paragraph say
that the mapping is ergodic; such mappings are
well investigated.” In particular, we have the fol-
lowing properties: The only invariant functions in
L’(p(a)) clearly are f(a) = const. Let us look at the
eigenfunctions of G(8) in L’(p(a)). Since G(B) is
compact, they form a complete basis and there
exists at least one eigenfunction ¢,,.(c)

CB)om. (@) = @, olog) = €™ pn.u(0)

+ E. Hopf, Ergodentheorie (Springer-Verlag, Berlin, 1937,
ang Chelsea Publishing Company, New York, 1948), pp. 4
and 8.

8 J. von Neumann, Ann. Math. 33, 587 (1932), and Collected
Works 11, A. H. Taub, Ed. (Pergamon Press, Inc., New York,
1961), p. 307, and Ref. 4.
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(|l@m.o]| = 1; for m 5 0, e accounts for a possible de-
generacy of the eigenvalue). From this we see that
the complex conjugate function ¢* ,(a) belongs to
¢~ "™ hence it follows by Eq. (3) that ¢% ,(a)¢n..(a)
is invariant and therefore equal to a constant, say A.
In particular,

om.(Dok (@) = 1,
thus @mela) = Aon.(a), 1le., every eigenvalue is
simple,
Denote by n the smallest m > 0. By (3) we have

[ea(@)]* = x(a)

for the eigenfunction for ¢** k = 0, £1, £2, - .
The x; form a complete system in L?(p); this can be
seen as follows: Assume that there exists an eigen-
value m > n which is no multiple of n. Then m, n
have a greatest common factor (m, n) smaller than n.
But then there exist integer numbers g, » such that
wm + v = (m, n). Hence (¢,)", (¢.)” would be
eigenfunctions with the eigenvalue (m, n) < n con-
tradicting that n is the smallest such number.

Now, by an isometric mapping, L*(po()) can be
mapped onto L%, ,,,(e) by requiring that x.(a)
corresponds to e*®, and in L% ,,,(¢) we have
as = a + nf (mnod 27); from G(B + 2x) = G(B), we
haven = =41, =2, - - - . This accomplishes the proof.

4. APPLICATION TO A LOCAL,
RELATIVISTIC FIELD

The statement presented in Sec. 2 and proved in
Sec. 3 can be specified to a case considered in Ref. 1.

This can be accomplished by assuming Lorentz
invariance, spectral condition and locality for the
field as well as cyclicity of a vacuum state Q. In
addition, we specify the transformation of the field
under the symmetry group G(8) to be linear, i.e.,

GB)A@DG(B) = ¢ Ax),
GB)A* ()G (B) = ¢ ™A (2).
Then we can omit the assumption in Sec. 2 that f’
is Abelian as superfluous; it follows from a theorem

proved by Borchers.®
Due to (1) and (3) we have for

(] ]
30 =f 1.5 =f 30, (de)?,
A A

(] (C:]
QA = f I,,Q = f Qa,
aA A

and, if A, denotes an operator in 3¢,,”

¢ H. J. Borchers, Nuovo Cimento 24, 214 (1962); see also
Appendix 1 in Ref. 1.

7 The decomposition can also be done for the unbounded
field operators as follows from E, A. Nussbaum, Duke Math.
J. 31, 33 (1964).
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4@ = [ e
the formulas
G(B)3Ca
GPB)Q2 = Qasas
GO A@C ) = ™A1,

respectively.® These formulas are analogous to those
given in Ref. 1, Egs. (2.1) and (2.2).

Notice that almost all spaces 3¢, are Hilbert spaces
of infinite dimension if we exclude the uninteresting
case that 3C consists of vacuum states only. This can
be shown as follows.®

The unitary representation U(4A, a) of the Lorentz
group is contained in R as was shown by Borchers,®
therefore it is also reduced by the decomposition of
the Hilbert space. Since, on the other hand, @ is
invariant under G(B), it follows that G(8) commutes
with U(A, a). Since 3C has states not invariant under
the Lorentz group, there exists a finite interval A
such that every 3C, with « € A contains states non-
invariant under U(4A, a) and therefore having infinite
dimension. But then the same holds for every other
subinterval. Assume that the latter is not true; then
there is an interval A’ of length smaller than A such
that [3, 3¢, (da)! contains only vacua. There exists a
¢ € [3 3¢, (da)? which is not invariant under U(A, a)
and mapped by a certain G(8) into ¢’ € [4. 3, (de)*.
Applying U(A, a), we get

U(A, 0GB = U(A, a)¢’ = ¢’
= GBU(A, a)$

such that U(A, a)¢ would be mapped by G(8) onto
¢’ too. But this contradicts the unitarity of G(8)
(one-to-one mapping).

= 5cA+ﬂﬂY
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An irreducible unitary representation of any group belongs to one of the three Wigner classes,
potentially real, pseudo-real, or complex. The irreducible unitary representations of all the compact
simple Lie groups except those of the type E are hereby classified. The similar clagsification for the
simple groups F,, E, and E; is completed in the next paper.

1. INTRODUCTION

IVEN a (finite-dimensional matrix) representa-
tion D of a group G, the complex conjugate D*

of D is also a representation of G. If D is irreducible
and unitary, so is D*. The irreducible unitary rep-
resentations (IUR’s) D and D* may or may not be
equivalent. If they are not equivalent, we say, fol-
lowing Wigner,' that D is complex. If, on the other
hand, D and D* are equivalent, i.e., if there exists
a C, the same for all group elements, such that

D = CD*C™,

then it can be proved that the unitary matrix C is
either symmetric or antisymmetric and there are
two cases to be distinguished.

(1) C is symmetric: In this case a transformation
matrix U can be found such that the representation
p = UDU ' isreal: p = p*

(2) C is antisymmetric: In this case no U with
the above property exists. However, one can find a
U such that the representation p = UDU™" satisfies
the condition Zp = p*Z, where Z is the real anti-
symmetric unitary matrix having nonzero elements
only in the super- and subdiagonals:

:
Z =3 =0+ 0 0+ (L.1)
We call Z the pseudo-unit matrix.

The above two properties are intrinsic to the
representation and are not affected by further sim-
ilarity transformations.

When D and D* are equivalent, D = CD*C™', D
is said to be real. Furthermore, it is of the positive

* Pregent address: Palmer Physical Laboratory, Princeton
University, Princeton, New Jersey. o

1 E. P. Wigner, Group Theory and Iis Applications to the
Quantum Mechanics of Atomic Spectra (Academic Press
Inc., New York, 1959), pp. 285-288. Professor Wigner has

kindly pointed out that this classification is due originally to
G?Fzs‘ro enius and I. Schur, Proc. Berlin Acad. 186 (1906).

sign or “potentially real” if C is symmetric, C* = C,
and is of the negative sign or “pseudo-real” if C is
antisymmetric, C* = —C.

We examine in this article all the irreducible
unitary representations of simple Lie groups except
the three isolated ones E;, E,, and E5 and determine
its Wigner class whether it is complex or real and if
real of what sign. The same question about the K,
E,;, and E; will be answered in the next article.

2. ROOTS, WEIGHTS, AND CHARACTERIZATION
OF THE REPRESENTATIONS

A unitary representation of a Lie group can be
inferred from that of its algebra by exponentiation.
For the algebra of order r and rank [ we choose a
Cartan-Wey! bagis, so that the commutation rela-
tions assume the standard form’: .

[Hi’Hi]=07 ’i,j=1,2,"',l;
[HiyEta] = iri(a)E:a:
= e LM .
@ 11 2) ) 2(T l)y (21)
l
[anE—cs] = ZT,—(&)H,'; [EcxyEﬂ] = NaﬁEa-kﬂy

i=1

N,z # 0 only if r(a) + r(8) is also a root. The Killing
scalar products are

(HU Hz) = 1: (Eﬂ; E—a) = 17

all other scalar products are zero.” The roots r(e)
satisfy the condition

27';'(01)7":‘(04) = 8,;; = h’ it~ o
* 10, otherwise,
and the structure constants are real.®

7’.’(“) = 7"’5(“); Naﬁ = §a~

2 B, Cartan, thesis (1894), reprinted in QOeuvres Complétes
(Gauthier-Villars, Paris, 1952), Part 1, Vol. 1.
+H. Weyl, Math. Z. 23, 271 (1925); ibid. 24, 328 (1926).

(2.2)
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IRREDUCIBLE REPRESENTATIONS OF LIE GROUPS. I

A positive root is one whose first nonzero com-
ponent is positive. A simple root is a positive root
which cannot be written as a sum of two positive
roots. There are I simple roots s;, 7 = 1, --- , [, and
any other root r can be written as

]
r = Zaisi

i=1

(2.3)

with integers a,, all of the same sign.*"*

The matrices representing E, and E_, will be
Hermitian conjugates of each other and those rep-
resenting H; will be Hermitian and can be taken to
be diagonal and hence real. Thus the coefficient of
E, must be the complex conjugate of that of E_,
and the coefficient of H; must be real in the linear
form to be exponentiated.

D(a, b) = exp {i 2 a;H; + 1 2 b.E.},
’ “ (2.4)
a; = a%, be = b%,.

An irreducible representation can be characterized
by its highest weight.® This highest-weight M can
be written in terms of the ! fundamental dominant
weights IT; as

1
M = Z)\iﬂi

i=1

(2.5)

with nonnegative integers ;. Thus an irreducible
representation can be characterized by the [ non-
negative integers A; once the fundamental dominant
weights IX; are known.

To get the fundamental dominant weights one
may use the condition that for any weight M and
any root r, 2M-r/r-r is an integer. For each root
r we get a linear condition on the components of
M. These conditions are linearly independent only
for the simple roots, and when inverted to have the
form of Eq. (2.5) give the fundamental dominant
weights. In other words, the fundamental dominant-

¢ E. B. Dynkin, Usp. Math. Nauk 59 (1947); Transl. Am.
Math. Soe. No. 17 (1950).

5 E. Cartan, Bull. Soc. Math. France 41, 53 (1913),
reprinted in Qeuvres Complétes, Part 1, Vol. 1. In this article
we noticed two serious errors in the enumeration of the
multiplicities of various weights of the groups C, and E..
For the fundamental representations of the group C., the
multiplicity of the weights of g, which are obtained from
reflections of the highest weight of g, ., is

(n —r+ Dn —r 4 2a)! n!
Wl —rfafpt andnot e =~

a3 given by Cartan. Similarly, for the group £, the multi-
plicity of the weight II, in the representation g¢ is 71 and
not 56. Cartan missed the 15 states [xi:y;v:;). Thanks are
gue 51();. P. K. Srivastava, who strongly doubted the num-
er 56.

1

1825

weight II; is defined by the equations
(2.6)

for any simple root s;, We reproduce in the Ap-
pendix a possible choice of the roots and the funda-
mental dominant weights.

For any weight M and any root r, one gets another
weight by reflecting M in the plane perpendicular
tor

2“;'5;/5,“5; = 0;;

SM =M — 2(M:r/r-1)r.

The reflections S, together with their logical prod-
ucts form a (finite) group S, known as the Weyl
group. If 2M-r/rr > 2, then M — jr with 1 <
j £ 2M-r/r-r, are also weights. Starting with the
highest weight, one can construct all the weights
of the IUR in this way.

Another important quantity relating to a rep-
resentation is its character x. It is defined®’® by

x(\, @) = E(\, 9)/£0, ¢),
EN, @) = ZS: 85 exp [¢(SK)-¢],

where the sum is over the Weyl group S of reflections
defined above and 64 is +1 for an even number of
reflections and —1 for an odd number. Let R be the
semi-sum over the positive roots

R=3 EI(a),
then K is the sum of R and the highest weight M of
the representation

K=R+M(}‘1r)2’ )x')

2.7
1]
=R + > NI,

F=1
Two (finite-dimensional) representations are equiva-
lent if and only if their characters are equal. Thus
an IUR is real or complex according as its character
is real or complex. This means that an IUR is real
if and only if” one can find an element 8, of the Weyl
group S which changes the sign of K:

S,K = —K.

However, we have not been able to read out the
sign of a real IUR from its character alone.

In dealing with the reduction of the direct product
of two IUR’s the formula for the dimension number
is helpful. In terms of the highest-weight M, the

¢ R. E. Behrends, J. Dreitlein, C. Fronsdal, and B. W. Lee,
Rev. Mod. Phys. 34, 1 (1962).

7 H. Chandra, Ann, Math. 50, 68, 900 (1949); Proc. Am.
Math. Soe. 1, 205 (1950).
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dimension number of an IUR is given by®

SO | Q-

a,+

N()\lj XQ, e

where R is the semi-sum of the positive roots and
the product is taken over all the positive roots.

Using the character formula of Weyl one can de-
duce that ®

; dsy(m + R — SR)

= amM = {1’
0,

where y(w) is the multiplicity of the weight w, M
is the highest weight of the ITUR, m any other weight,
and the summation is taken over all the reflections.
In particular y(w) = 0, if w is not a weight. Equa-
tion (2.9) together with

v(Sm) = (m) (2.10)

is sufficient to determine the multiplicity of a weight
m, if the multiplicities of all the higher weights are
known. The multiplicity of the highest weight being
one, we can determine the multiplicities of all the
weights step by step. (See note added in proof.)

Now the reduction process is quite straightfor-
ward.

3. THE FUNDAMENTAL DOMINANT WEIGHTS

if m=M, 2.9

otherwise,

Since we need to know only the ratios of the
various scalar products for the roots and weights,

M. L. MEHTA

it is sometimes convenient to use the Dynkin dia-
gram. This diagram consists in representing the
simple roots by points, assigning to each point a
number equal to the square of that root and joining
two points by a single, double, or triple line accord-
ing as the angle between the represented roots is
120°, 135°, or 150°. If the angle is 90°, the points
are not joined at all. As the simple roots are linearly
independent,® they can be chosen to form a basis
in the root space or in the weight space. Thus a
root r is represented by the coefficients a; in Eq.
(2.3). Similarly, any weight can be expressed as a
linear form of the simple roots and represented by
the corresponding coefficients. As the simple roots
do not form an orthogonal basis, one has to be care-
ful in the manipulations.

If one can choose a set of I mutually orthogonal
roots, where [ is the rank of the group, then the Weyl
reflections with respect to these roots will change
the sign of any vector and in particular that of
K = R + M. This will then be a sufficient condition
for all the IUR’s to be real.’® For all the IUR’s to be
real, this condition is also necessary as we have been
able, in every individual case, to locate such a set of
orthogonal roots.

Following is a list of Dynkin diagrams and funda-
mental dominant weights for the simple groups
4. B, C,., D, G, and F,. The roots can be easily
constructed by Dynkin’s method* and we do not
find it useful to list them.

A, . or SU,
8 Sg Ss o ____ Sn—2 Sn-1 p = 1 .
3 3 P P b’ n’
1 i n—1 . .
H;=—{Zk(n—:0sk+ Zj(n_k)sb}; i=14,2, . ,n—1
N k=1 Emi+1
Bu or 02n+1
Sn-y Sp-2 $3 Ja 1

if i1 P !

1 n
m, =gnsat ; g (k — s,

W= G- Ds b 6= D+ G- 3 s,

$ H. Weyl, Ref. 3, p. 389.
G

.'P P -1

j=2)3,"' y .

=i+l

. Racah, “Group Theoretical Concepts and Methods in Elementary Particle Physics,” in Istanbul Summer School
Lectures, 1962, F. Gurnsey, Ed. (Gordon and Breach Science Publishers, Inc., New York, London, 1962).
10§ am thankful to Dr. P. K. Srivastava for pointing out that this was the case in all such constructions.
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C, or Sp(n)
Sn-1 Sn-2 ‘Sn -3 S S‘l 1
M v _— ; N ]
2n + 2
2p P £ f S £
0, =3js,+ ks +j 2 s, =12 ,n
k=1 kwi+l
D, or 0,,
S,
P .
Sn Sn-t Sn-2 S4 S 1
oy - omme ey - e o p = .
- ! 2n — 1)’
s /° £ 7 P s
()
I, = ins; + ¥n — 2)s, + 3 3 (k — 2)s,,
k=3
1 n
I, = ¥n — 2)s, + ins; + 3 > (& — 2)s,,
k=3
0=4-+s)+ L k—Ds+G—2 2 s =340
=3 ~i+
G,
f 3’ ? 12 ?
I, = 2s, + s,, I, = 3s;, + 2s,.
F,
S, 33/_\54 “?-2 .
) V y P = IR
18
P r 2f 2p
I, = 2s, + 3s; + s; + 2s,, II; = 2s, + 4s; + 2s; + 3s,,
H3 = 381 + 653 + 253 + 454, Hq, = 4:51 + 853 + 352 + 654.
4. CLASSIFICATION OF THE IRREDUCIBLE ; e :
UNITARY REPRESENTATIONS irreducible real representations D, and D,
The problem of classification is greatly reduced D, = A,D¥A7', D, = A,D34;7, (4.1)

by the following few lemmas. In what follows, we
are concerned with the finite-dimensional unitary
irreducible representations.

Lemma 1: If on reducing the direct product of
two real representations D, and D, one gets a real
representation D; then the product of the signs of
these three real representations D,, D,, and D, is
positive.

Proof: Let the irreducible real representation D,
occur in the reduction of the direct product of two

B(D, X Dz)B—l = D, + L, D, = AsD’;A;l:

where L in the direct sum above may be irreducible,
further reducible, or even nonexistent. Then from
the matrix equation

(PXQERXS) =PR XQS
we have

D, X D, = (Ax X A2)(D=lk X D’;)(Al X Az)_l»
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or using Eq. (4.1)
D, + L = B(4, X A,)B*™!

X (D¥ + L¥)B*(A, X A,)"'B™'.
Therefore, cne may write

B(4, X A)B*" = [AS . J ,
8 A

where

L= A,L*A7'.

Thus the symmetry of A; and A4, is the same as that
of A, X A, Also

(4 X 4" = A7 X AJ,
and we have proved the lemma.

Lemma 2: If on reducing the direct product of a
representation with (a representation equivalent to)
its complex conjugate, a real representation appears,
then its sign is positive.

Proof: Let a real IUR D, occur in the reduction
of the direet product of D, and A,D*¥A;! (equivalent
t'o D:‘;)v

B(D, X A,DXA7"B™ = D, 4+ L,
D, = A,D%4A;",
so that
(1 X A)D, X D¥(1 X 4,
=B'D, + L)B, (4.2

where 1 is the umit matrix. Taking the complex
conjugate and using the fact that R X Sand S X R
are related by a similarity transformation, we have

(1 X A)*P(D, X DHP(1 X A)*™
= B*(Df + LY)B*,
where
P(D, X D¥P™' = D¥ X D,.
Using KEq. (4.2) once more one deduces that

D, + L =NDf +LYN,

4.3)

where
N = B(1 X 4)P7(1 X 4,)"B"
_ [AZ a
6 AJ '
The matrix N is symmetric if P is so. Now for any
R and 8, the relation

(4.4)

M. L. MEHTA

PR X 8) = (S X R)P
is satisfied by the choice
Pii.kl = 8y Oj.

This P is nonsingular and symmetric if the dimen-
sions of the square matrices B and S are equal. As
the dimensions of D, and D* are the same, the P
occurring in Egs. (4.3) and (4.4) is symmetric and
unitary. Hence A, is symmetric and D, is positive.

Lemma 3: The unitary matrix C transforming a
real representation D of the group into its complex
conjugate D*:

CDC™ = D*

will transform the representation L of the corre-
sponding algebra into — L7

CLC™' = —L" or CL = —-L"C

and conversely any C transforming L to —L" will
transform D to D*,

Moreover, the only nonzero elements of C will be
those connecting the states of equal and opposite
weights.

Proof: From the relation

D(¢) = exp (iL-¢)

the first part of the lemma is obvious. For the last
part one may consider the equation

CH,' + H,C = 0,

where H; diagonal and real; and the diagonal ele-
ments of H,; are the jth component of the weights
of the various states.

Lemma 4: If the dimension number of a real
IUR is odd, then its sign is positive.

This is obvious from the fact that an antisym-
metric unitary (transformation) matrix ¢ of odd-
dimension number does not exist.

Lemma 5: The regular representation is positive
real.

This result is the same as Eq. (2.2) above.
In the light of the above lemmas let us examine the
TUR's of simple Lie groups one by one.

4.1. The Group 4,_, or SU,

The set of reflections corresponding to the roots
Snlis;forj = 1,2, -, [in] + 1, where [3n] is the

Ieh

largest integer less than or equal to in, when ap-
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plied in any order to the vector D _»'a;s; changes it
to — Y vla,_;s; for arbitrary coefficients a;. Thus
the above set of reflections changes K, = R + H;
to —K,., = —(M,.;, + Ryfor¢ = 1,2, ---,n— 1,
where R is the semi-sum over the positive roots:

n—1
R =5 X itn = s + s

Therefore the character x, of the fundamental rep-
resentation g; corresponding to the dominant weight
I, is the complex conjugate of that of ¢, corre-
sponding to IL._,. Thus an IUR (A, Ay, -+ -, Xu-y)
isrealif anonlyif \, = \,.;fort = 1,2, -+ ,n — 1.
If n is odd, none of the fundamental representations
is real and all real representations arise on reduction
of direct products of mutually complex conjugate
representations. Hence all of them have positive
gign. If n is even, n = 2m, one of the fundamental
representations, i.e., the g, corresponding to H,, is
real and we show below by an explicit construction
of the transformation matrix C that this representa-
tion has the sign (—1)™.

The representation g,, of SU,,, having the highest-
weight IN,, is (*"C,,)-dimensional and indicates how
the *"C, representation g, of the SU,, itself trans-
forms the antisymmetric quantities [z, 2., - - - Za,);
a <o < - < ap o, a0 ,0, =12 -+, 2m;
into themselves. As the trace of any H, is zero, we
see from Lemma 3 that the only nonzero elements
of C are those connecting the states (o) ay - - - a,)
and (8.8; -+ Bn), where oy < a; < -+ < @, B <
Bo< -+ < B anda; - - a,B; - - B, are the indices
1,2, ---, 2m in some order. Next, a consideration
of the equation

CE vy = ——Ef}HC

tells us that the nonzero elements of C all havethe
same magnitude and may differ only in the sign.
This sign depends on the order of the indices and
is easily determined. Thus € may be taken to be

C(ax“'a m} (Brvee Bm) T ('—l)tr

wherea; < -+ < @, 8 < -+ < B, eis the parity
of the permutation

[12-~-m, m-+1---2m
lala2”'am Bl"'ﬁm

and all other elements of C are zero.
This C clearly satisfies the equation

CT = (-1"C

and therefore the sign of the real representation

H
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“C,, or g, of SU,, having the highest weight II,,
is (—1)™.

The final result for the group A,., can therefore
be stated as follows.

Theorem 1: The representation (A, Ay, -+, Aay)
of 4., is complex, unless A\; = A\,_;, 1= 1,2, ---,
n — 1, in which case it is real. The sign is plus if
nis odd, and (—~1)"* if n is even, n = 2m, m an
integer.

4.2, The Group B, or 0,,,,

The nroots s, 8, + Dt S, k= 2,3, -+, n
form an orthogonal system. The corresponding re-
flections will change the sign of any vector and in
particular that of K = R -+ M. Thus all the IUR’s
of B, are real. To determine the sign, it is sufficient,
in view of the Lemma 1, to determine the signs of
the fundamental representations only.

The representation g, having the highest weight
II; is the well-known set of 2n + 1) X (2n + 1)
orthogonal matrices leaving the symmetric bilinear
form % + > "5, (2 + 2%,) invariant. The infinitesi-
mal matrix

Z aiHi + Z (baEu + b:E-a)

is antisymmetric as well as Hermitian and hence is
pure imaginary. The matrix ¢ in CL = —L7C is
therefore the unit matrix. The representation g,
is real positive.

One can derive the above result also as follows.
The matrices D of the representation g, satisfy
D™D = 1. They are also unitary D*D = 1. There-
fore they are already real: D = D*

The representations g, g, --- , g, having the
highest weights II,, T, --- , NI, arise on reducing
the direct powers of g,. All these representations are
therefore real positive according to Lemma 1.

The representation g, having the highest-weight
I, remains to be examined. This representation
is given by’

H: =% 3 €ZeeaDerreens (4.5)
E.;, = Z € " €1y et lesanren
X Derercejmsmteianrrens
E.;, = :+i)y (4.5%)
Eopn = Z €41 " €y
K Ty aresntleian s ermsblebsn nrent
X ph"'Ci—-l—lﬁi+1"'Fi—-a'"ltk-h"‘lu) (46)
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E(+i—k) = Z €iey """

X Leyvereimqttespronreb—s—lertsssren’

€r—1

4.7)

X Dereocejmr—teirrorrer—atlersisovens

B ijn = Eank); Ecim = Eai—kn
1<j<k<n, 4.8)
in terms of the basis states z......, where the indices
¢ are 41 or —1 independently of each other.
Putting ¢ = —¢; we see from the equation CL =
—L"C, with L equal to H; or E,,;, that the nonzero

elements of the matrix C (between the states
T ..o, 30d T, o..... ) satisfy the relation

C(h""l—xtl'tﬁ‘!“‘!n).(h'"'Gi—l'¢l¢l+|"“€n')
= (—l)iC(n"'en).(ex"'-en’)'
Hence one concludes that
CT = (_1)1+2+--’+n0 — (_l)in(n-n)c
and the sign of g, is (— )™V,

For the group B, we therefore have the following
result

Theorem 2: All the IUR’s of B, are real. The sign
of the representation (A, :--, \,) is (—1)¥"+y,.

4.3. The Group C, or Sp(n)

Thenrootss,, s, + 2D 12is;, i =12+ ,n—1
form an orthogonal system. Hence (by the remark of
Sec. 3) all the IUR’s of C, are real.

The representation g, is the well-known set of
2n X 2n symplectic matrices leaving the antisym-
metric bilinear form > 7., (z;y_; — x_;y;) invariant.

M. L. MEHTA

The matrices D of g, satisfy the relation D"ZD = Z,
where Z is pseudo-unit matrix of Eq. (1.1). The
matrices D are also unitary: D'D = 1. So that after
a little manipulation D = Z7'D*Z and Z is anti-
symmetric. Thus g, is real negative.

The representations g,, gs, - , g. are obtained
by the reduction of the successive direct powers of
g\, hence they alternate in sign.

Theorem 3: The IUR (A,, ---
and has the sign (— 1) et

4.4. The Group D, or 0,

, A.) of C, is real

By an argument similar to that used for B,, the
fundamental representations gs, gs, -+ , g of D,
are positive real. There remains to examine only
the representations g, and g,.

Let n be odd, » = 2m + 1. Then the reflections
corresponding to the roots sy;.1, 81 + 8; + 85741 +
2 Z?-2i+z s;, forj=1,2 --.-, mchangeK, = R +
o, to —K, = —(R 4+ IL) and K, to —K,. The
representations g, and g, are therefore (equivalent
to) the complex conjugates of each other if # is odd.
Next let n be even, n = 2m. Then the n = 2m roots
S1, Sz, S2i41, S1 + 82 + Sy + 2 Z:-zﬁ»z, S, § =
1,2, .-+, m — 1, form an orthogonal system and all
the TUR’s are therefore real (Sec. 3).

One must still examine the signs of g, and g, in
case n is even. These representations are given by
Eqgs. (4.5)—-(4.8) with the restriction that the product
of all the ¢ is +1 for g, and —1 for g¢,. It is now a
trivial matter to verify that either for g, or for g,
the transformation matrix C satisfies the relation

C(ix"'hi—n!il—;'hi’ui+n"'!-).(51’"'En!—s'h]—;e.iu,‘-ﬂ’--'e-') = —C(e;"'(n).(e;"-'en’)~

Therefore, C* = (—1)¥C, n even. The conclusion
is as follows.

Theorem 4: The TUR (\;, Ay, -+ , N,) of D, is
complex only when 7 is odd and A, X, In all
other cases it is real. The sign is (—1)»*** if n =
4m + 2, m an integer. In all other real cases the
sign is positive.

4.5. The Group G;

Roots s, and 2s, + s, are orthogonal. Therefore
all IUR’s are real.

The representation ¢, is seven-dimensional; its
sign is therefore positive (Lemma 4).

The 14-dimensional representation g, is the regular
representation, and is therefore real positive (Lemma
5).

Theorem 5: All IUR’s of @, are real positive.

4.6. The Group F,

The four roots s;, S; + Sy S: + S; + Sy, and
2s, + s, + 3s; + 2s, form an orthogonal system.
Reflections corresponding to them change the sign
of K. All IUR’s of F, are therefore real.

The direct product g; X g, when reduced contains’
the direct sum g, + g, + gs;. And the direct product
g. X g, on reduction gives,® apart from other things,
a gs. Thus all the representations have a positive
sign. The signs of g, (regular) and g; (odd-dimen-
sional) could have been inferred directly as well.

Theorem 6: All IUR’s of F, are real positive.
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APPENDIX

The roots and fundamental dominant weights of
simple Lie algebras with a possible choice of an
orthonormal basis.

A,_, or SU,
Elements of the algebra:
H; = (2nj(j + 1))_*(‘311 + o e — i),

Eiin = (2'"')_}3;':‘, E_ iy = (277')—}@;-': t < j,
with
d
en=xipi5xi(_i';; "').7:1:2) y N

Roots:
i—1 3 k [}

1<j<k<Ln,

da(l) = i(z—;); {— (

k-2 v; }
2cET Uk
where »; is a unit vector in the direction of the jth
axis.

Simple roots:

a(ln)) _a(]77+1); ji=n-— L,n—-2,.-.,3, 2

Fundamental dominant weights:
Im; = (2n)“*{ >k + DI,
k=1

n—1
- 2 @ — DkE+ 1)]'%}-
k=n—j+1

The summations in the above are to be dropped
whenever the corresponding indices do not exist.
The fundamental representations gi, gz, *** , ga-1
having II,, II,, --- , IL,., as their highest weights
are usually denoted by the physicists as"C,,"C,, - - -,
*Cp-2 = "C% and "C,_, = "C%, respectively. These
numbers denote the dimensions.

Order of the Weyl group: nl.

B, or 05,4

Elements of the algebra:
= _i ’ s s
Hi - [2(2n — 1)] €2i-1.24)

' .
B, = 2@n — 1)] {34;—1.21.4-1 =+ wéi.2n+l})
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Eiiu = z {e}; — ek
+ixk [8(2'"; — 1)] 25i—-1,2k-1 27,2k
=+ t(62j-1,2 + e;i.zb—l)}’
E iz = [8(277.1‘— 1)] {95,'—1,21:—1 + e

F i(esi-1.26 — €hj.m-1)},
el = € — &; = T,Pr — TuP;.
Roots:
a(£j) = £[2@n — DI,
a(j = k) = £[2@2n ~ D10, + ),
a(j F k) = £[202n — D]}, — vy).
Simple roots:
a(n), a(j — 1, —9), i=2,8 - ,n.
Fundamental dominant weights:
m, = [2@2n — DI7H30, + -+ + 2,
I, = [22n — D70 + - + 0,20,
i=23, - ,n.
Dimensions of the fundamental representations:

n (2n + 1)! = 2n+lC
it @2n —j+ D! o

j=1,2 ---
Order of the Weyl group: 2"n!.

yn— 1.

C, or Sp(n)
Elements of the algebra:

H, = —2—(7_6_‘1|'_1—)¥ (€2i-1.2i-1 — €21,21),
E.; = @n + 2) Y104,
E_; = @n + 2) Y05,
Erin = 300 4+ D7 Hezicrn + €2001.2),
E_isi = 2 + 1) ¥y on-1 + €ar.2i-0),

E, .

I

% n + 1)_§(€zi-1.zk—1 — €1,2;),

E_ ;o = %(n + 1)-*(82,-,21; — €2i-1,2i-1)-
Roots:
a(x]) = 3@ + D7*-20;,
a(xj £ k) = £3n + D7 + ),
a(xj F k) = 230 + D)o, — v).



1832

Stmple roots:
a(] -1, _j)’
Fundamental dominant weights:

=3+ 170+ -+,

i=2,3,:---,n, and an).

Dimensions of the fundamental representations:

@r+DI'Cn+4+2— 29
it@n + 2 — j)! ’

Order of the Weyl group: 2"n!

j=1,2y"-,n.

D, or 0,,

Flements of the algebra:

7 _
H; = ) (n—1) %651‘—1.27';

E, i = ’i(n - 1)—5{65;'—1,21‘—1 — €2
£ i(efj-1.00 + €hi2n1)},
Bure = 30— D7Mehiy s + thi
+ 7:(651'-1.% - eéi.Zk—l)}'
Roots:
alj £ k) = £30 — D7}, +w),
a(£] F k) = +3n — D)7, — v).
Stmple roots:
aln — 1,n), aj — 1, —j),
j=mn,2 3, ,n— 1.

Fundamental dominant weights:
v= 30— D70+ e e o),
3o — D730+ - F v — o),
i — D7+ - F 0,

' 1=34

1L,

II;

Dimensions of the fundamental representations:

a1 on- 2m)! n
R T
j=1,2, -
Order of the Weyl group: 2" 'n!.
G,
Elements of the algebra:
H, H,E.,, a=1,2,---,6.

Roots:

yno— 2.

| -

8 =

(—1' Uy — 1’2) S; = v,
V3 ’ ,

i=1,2,--- n.

M. L. MEHTA

S; + 83, 28, + 55, 35, + 8, 35, + 28,

The first two roots are simple.
Fundamental dominant weights:

= (1/2V§)vl, IL, = XV30v, 4+ v).

Dimensions of the fundamental representations:
7, 14.

Order of the Weyl group: 12.
F,

There are 4 H and 48 E, a total of 52 elements.
Roots:

:]:“‘“’1, i i/
3\/21) 3\/_(:1:1) + v;)

6\/_ (£, £ v, £ v, :i:u,),

i, ] = 1, 2, 3, 4; any sign combination.
Simple roots:

8§ = 1 (W — 2 — v3 — 0y) S; = 1 (v: — vs)
6v2 ’ 3v2 ’
53 = 1 Uy S4 = 1 (1)3 ot 1)4).
3v2 3v2

Fundamental dominant weights:

1 1
1T, =§—\_/—QU“ I, =é—\/_é(vx+”2),
o, = 6—\/_2 By + v2 + 03 + ),
1
I, = g‘\/‘é (21)1 + v, + v3).
Dimensions of the fundamental representations:
26, 52, 273, 1274.

Order of the Weyl group: 1152.

Note added in proof: The method given in Sec. 2
for finding the multiplicities of various weights in-
volves a summation over the Weyl group of reflec-
tions and therefore it is very long. Dr. P. K.
Srivastava noticed and pointed out to the author a
formula due to Freudenthal which involves a sum-
mation only over a few linear chains of weights.
[See N. Jacobson, Lie Algebras (Interscience Pub-
lishers, Inc., New York, 1962), p. 247, Eq. 22.] It
is much quicker to get the multiplicities by using
this formula which reads as follows:

{M + R)” — (m + R)’}y(m)

=2§{(m+ka)-

a}y(m + ke).



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 7, NUMBER 10 OCTOBER 1966

Classification of Irreducible Unitary Representations of
Compact Simple Lie Groups. II

M. L. Meara* anp P. K. Srivasravat

Department of Physics and Astrophysics, University of Delhi, Delhi 7, India
(Received 11 March 1966)

In continuation to a previous article, the classification of the irreducible unitary representations
of the groups Es, E, and Es into complex, potentially real, and pseudoreal catagories is completed.

1. INTRODUCTION

HIS is a continuation to an article by one of the

authors'; a few lemmas from the first article will
often be referred to. In Ref. 1 the irreducible unitary
representations (IUR’s) of the simple groups 4,, B,,
C., D,, G,, and F, were examined as to whether they
were complex potentially real (real positive) or
pseudo-real (real negative). Here the same thing is
done for the remaining simple Lie groups E,, E-,
and Es.

2. THE GROUP E;
The algebra is of rank 6 and order 78. The Dynkin
diagram is

i 84 Se 85 83
! ! | ! Pt

-8,

In labeling the roots, we have adopted, as always,
the notation of Cartan. The fundamental dominant
weights, determined by the equations

211;-8; = (s;°8;) 8,;

are
H1 - %(4 5 g 4 2)

= 1(4s, + 58, + 6s4 + 4s; + 28; + 3s,),
ng - (1 2 3 2 1)’
1_[3:%(24654), H4=;§5101%84)’
H5 - %(4 8 12 10 0)’ - (2 4 6 4 2) (21)
The corresponding 1UR’s are denoted by g,
g2 ", gs. The sum of the fundamental dominant

weights is R, the semi-sum over the positive roots is

ZH

i=1

81521158
).

R=1 Z;r(a) (2.2)

* Present address: Palmer Physical Laboratory, Princeton
University, Princeton, New Jersey

t Present address: 'C. E. N. de Saclay, France.

M. L. Mehta, J. Math. Phys. 7, 1824 (1966). All the
relevant references are given in that article.

The four roots

11111, 01110, 001600 12321
C o), 0 0 ) )

), and (
form an orthogonal set. Reflections corresponding
to them change K, = I, + Rand K, = I, + R to
-K; = —(IL; + R) and ~K; = —(I; + R),
respectively. The same set of reflections changes the
signs of K, = II, + R and K, = (I; + R). Hence
the IUR’s ¢, and g, are (equivalent to) the complex
conjugates of g; and g;, respectively, and the IUR’s
g. and g, are real.

The IUR g, is the regular representation having
78 dimensions and the IUR ¢, has the dimension-
number 2925, an odd number. Thus the real IUR’s
g and g, are both positive.

From the above discussion follows the theorem

Theorem 7: The IUR of the group E; having the
highest-weight > NI, is real positive if A, = Aq
and A, = A;. In all other cases it is complex.

3. THE GROUP E,

The algebra is of rank 7 and order 133. The
Dynkin diagram is

$1 Ss 87 Ss 84 S,
i i | | 1 [

-|s;

The fundamental dominant weights are

m=C3%%%2Y m=1Ct5%9
mo=3ttB0Y mo=(Et8oty
m=C03843 mo=3C 2 Er s
I, = (4 8 12 96 3). 3.1)
The following seven roots are mutually orthogonal:
1-1:(23'5321), n=0C132%Yy
L=C'3109 L=0C13°09
_(oooooo)’ r6=000100)’
r=0"°%6°"". 3.2

Hence all IUR’s of E, are real.

1833
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The IUR’s ¢,, g4, and gs have odd dimension
numbers (cf. Appendix) and hence they are positive.
The IUR’s g5 and g, are contained in g, X g» X ¢»
and hence have the same sign' as g,. The g, is con-
tained in ¢; X ¢; X ¢: and hence is positive.

Now we show by an explicit construction that g,
is negative.

The 56-dimensional IUR ¢, of the algebra E; is
given by

H: = —zpi + ¥:qs + 20 ToPio — 2 Ysolio
- % E TruPrp + % 2 Y,
E(.‘) = - E g — E T,

Eun = —2pi + 4:ts + 20 Cilin — 22 Yiolin
Euiny = =2y — TuDs — TaiD;
+ ¥ + Yiths + Glsi — 20 YuPons
E_. = Eiy, E_un = EG,
E_tivy = Elin, (3.3)
Tie = —Tis Yie = —Yuiy
p; = 8/dx,, g. = 8/9y., 34)
P = 8/dx;, @i = 9/0y.i, 1<i<j<T.

with the understanding that the various indices
denoted by distinct indices are distinct, and in the
expression of E vy, ¢jkAurp forms an even permu-
tation of the indices 1234567. Let us define C by

7
C = 21 (xiq: — yip3)
+ Z (T:iQii — YiiPsi)-

154787

3.5)

This matrix C transforms ¢, into g%
CLC™* = —-L7, 3.6

where L is any of the matrices (3.3). The C in Eq.
(3.5) above is clearly antisymmetric, showing that
g» is real negative. We have thus proved the follow-
ing theorem.

Theorem 8: All IUR’s of E; are real. The sign of
the IUR having the highest-weight Y \.II; is given
by (_1))\,4-)\.-%)\..

4. THE GROUP E;

The algebra is of rank 8 and order 248. The Dynkin
diagram is

82 Se 8s Sy 85 S3 81,
| 1 { | | |

-84

IRREDUCIBLE REPRESENTATIONS OF LIE GROUPS. 11

The fundamental dominant weights are

)
= 28, + 4S¢ 1 653 + 58; + 455 + 38, + 25, + 3s,,
H2= 47128642)’

812 10 8 & 3
H3=(4 6 ):

g 12 18 15 12 8 4
H5=( 9 )) I, = )

8 16 2¢ 20 15 10 10 20 30 24 18 12
m=C % ), M=% ).

(2435432

1 =

510 15 12 9 6 3
H4=( 8 )7

7 14 20 16 12 8 4.
10

The following eight roots form an orthogonal
system

!'1=(24g5432), 1_2:23%3210)’
ra=(01%2210)’ r4__=01%1000),
l_5=(0180000)’ re=00[1)0000),
l'7=(0081000), l’s=(0080010).

The IUR g, is the regular representation. The IUR’s
g: and g; are contained in ¢, X ¢, the g, and g, in
g1 X g1 X ¢y, the g7 in g3 X gs, the g In g; X g,
and the g5 in g, X ¢;. Thus

Theorem 9: All IUR’s of E; are real positive.
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APPENDIX

The roots and fundamental dominant weights of
the simple Lie algebras E,, E;, and E; with a possible
choice of an orthonormal basis.

E,
Roots:
+2v,, 1=1,2,3,4;
40, £ v, = V25,

+v; £ v, \/Qv,;

=+, £ v, vy vy,

1
40, v, -\7—5(1)5 ~ V31,

40, kv, £ %(vs — V3u,);
1
:!:01 =+ v, =+ E(lk + \/gvg),

1
d:v,ivazi:‘/g(v;,+\/§vs).
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where »; is a unit vector in the direction of the #th
coordinate axis.
Simple roots:

20,
v, — U3 (1/\/2)(”5 + \/gvs)y

Fundamental dominant weights:

o, = v, + v + D,
m, =, + v, — B,
I, = 2, + v, + 03 — (1/2905 + (1/6%)0s,
I, = 20, + v, + 03 + (1/2D0s — (1/6%)0s,
I, = 3v, + v, +v; + v,

vl—vz—va_’v4,

V3 —m:l:\@vs.

ng = 27)1,

Dimensions of the fundamental representations:

27, 78, 27, 351, 351, 2925.

Order of the Weyl group: 72.6! = 51840.
E,

Roots:
%0, £ vy vy vy, +u, 4= vy £ v A= v,
+v, £ v; = v; £ vy, +v, &+ v, £ Vg = vy,
+v, = vz £ v 3= vy, v, + v, £ 05 = vy
v, £ vy 2= Vs = v, +2;,
Simple roots:

Uy — 03 — V3 — Uy, Vg — VU3 — Vg — Uy,

U3 — Vy — V5 — vg, 21)4, 21)5, 21)6) 207.
Fundamental dominant weights:
o, = 2y, I, = v, + v, + v,,

o, = 20, + v, + v3 + Vs, II, = 20, + 2v,,
I, = 3v; + v, + v, + v,

i=1,2 . ,1.
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O, = 3v, + 2v, + v3 + v,
m, = 4v, + 2v, + 2v,.
Dimensions of the fundamental representations:
133, 56, 912, 1539, 8645, 27664, 365750.
Order of the Weyl group: 8.9! = 2903040.
Eq
Roots:
Svy 4= v = V7 = v, +v; 4 vy £ vy = v,
v, = vy = v £ v, +v, £ v; = V5 = v,
v, £ vy £ v5 £ vg, +0v; £ v3 = ve = v,
+v, £ vy £ vy 2 g, =+ 2vg,

in addition to those already listed under E,.
Simple roots:
Vy = Vg — U3 — ¥, Vg — Vg — Us — Uy,
V3 — ¥y — Uy — Vs, Vg — Vg — U7 — Vg,
2v,, 2vs.

Fundamental dominant weights:

2v,, 20,
I, = 2v,, I, = 2v, + 2v,,
O, = 3, +v: + 03 04,
I, = 3v, + 20, + vy + v5 + v,
0, = 40, + 20, + 2,
I, = 4, + 30, + v; + 05 + v,
I, = 50, 4 3v, + 205 4 vs + v,
O = 6v, -+ 4v, + 205 - 2v0,.
Dimensions of the fundamental representations:
248, 3875, 30380, 147250, 2450240, 6696000,
146325270, 6899079264.
Order of the Weyl group: 192.10! = 696729600.
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The four-dimensional normal hyperbolic Riemannian space is represented as a direct product of a
three-dimensional space and a timelike line. The null gravitational field is defined in a manner
analogous to that of electromagnetic field. It is shown that in this way three types of gravitational
null fields can be characterized. We call them gravitational null fields of types A, B, and C. We find,
as necessary and sufficient conditions, that the gravitational field be null field of types A and B,
respectively. It is also shown that these null fields admit null vectors in accordance with the properties

of gravitational radiation fields.

1. INTRODUCTION

N general relativity, owing to the nonlinear char-
acter of the field equations, it is exceedingly
difficult to obtain exact information of a general
nature. Therefore, one has to depend largely on
either approximations or analogies from electro-
magnetic field, where the concept of radiation is
well understood. However, the study of gravitational
radiation from the point of weak-field approximation
has not lead to any definite conclusion about gravita-
tional radiation.''**'* The reason for this is that
the approximation procedure is not generally covari-
ant; instead, the results are made to depend on a
set of nontensor conditions known as the ““ coordinate
conditions,” the physical significance of which is
obscure. It seems that these conditions impose re-
strictions on the geometry of space-time (under
consideration), these restrictions are seldom desirable
for the exact information of a general nature.
Trautman® has used the model of null electro-
magnetic field to formulate the boundary conditions
for the asymptotic behavior of gravitational radia-
tion fields. However, this treatment is approximate in
nature. Also, Pirani® has been able to characterize
gravitational radiation fields in an invariant manner
basing on the fact that, in case of null electromag-
netic fields, the timelike eigenvector of the stress-
energy tensor collapses to the null cone.”

1 A. E. Scheidegger, Rev. Mod. Phys. 25, 451 (1953).

2 J. N. Goldberg, Phys. Rev. 99, 1873 (1955).

3 A. E. Scheidegger, Phys. Rev. 99, 1883 (1955).

4+ H. Bondi and co-workers, however, have been able to
develop an approximation procedure known as the “multipole
expansion method” which is free from the objections raised
here. See H. Bondi, Nature 186, 535 (1960). H. Bondi,
M. G. J. Van der Berg, and A. W. K. Metzner, Proc. Roy.
Soc. (London) A269, 21 (1962). o .

5 A Trautman, ‘Lectures on General Relativity”’ (mimeo-
graphed notes), The University of London, Kings College
1958).
¢ s F) A. E. Pirani, Phys. Rev. 105, 1089 (1957).

7 J. L. Synge, Relativity, the Special Theory (North—Holland
Publishing Company, Amsterdam, 1958), Chap. IX.

In this paper, we propose to obtain another
criterion to characterize the gravitational radiation
fields. This may be outlined as follows. OQur sensory
organs do not permit us to observe a 4-dimensional
manifold in our immediate neighborhood; instead,
we visualize this space-time region by performing
observations in our rest-space in a sequence of dif-
ferent times. Because of this, we feel that, in dis-
cussing the problems of general relativity, we should
pass from 4-dimensional formulation of the theory
to a 3—dimensional one. Such a procedure is not novel
and it has been used by several authors.

The worldline of an observer may be represented
by a timelike congruence of curves. Let the unit
vector, tangent to the worldline of an observer, be
represented by u”. Then we have®

(1.1)

The kinematical properties of the ‘“observers” can
be studied with the help of this vector. For example,
if we assume that u” is a constant vector, then its
existence is a necessary and sufficient condition for
a space to be the direct product of a timelike line
and a 3-space.” Of course, when u* is a constant
vector field the space-time is no longer Riemannian
but Minkowskian. In this case, if a tensor is de-
composed into two parts, orthogonal and tangential
to u”, then the orthogonal part will be just the
Euclidean components of this tensor. This procedure
is exactly analogous to the electromagnetic case
where the field tensor F,, is partitioned into two

wu, = —1.

8 Qur operational space is the normal hyperbolic Rieman-
nian manifold with signature +-+-+—. The range of small
Latin indices is from 1 to 4 and those of Greek indices is from
1 to 3. Latin indices are used as tensor indices, whereas
Greek indices shall be used as labels. If an index is given
a particular value, it will be understood to be a label and not
a tensor index. Labels as well as tensor indices will follow
sumimation convention.

? J. Ehlers and W. Kundt, Gravitation—An Introduction
to Current Research, L. Witten, Ed. (John Wiley & Sons,
Ine.,, New York, 1962), Chap. 2.
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3-vectors E and H in the three space with ¢ = const.
The eclectromagnetic radiation field is then defined
by the following conditions

E* = H’, (1.2a)
E-H = 0. (1.2b)

The significance of these conditions is that, for a
null electromagnetic field, the two vectors are equal
in magnitude and are inclined to each other at a
particular angle.'’

We propose to apply a similar formalism for the
discussion of gravitational null fields. We consider
the tensor R,.. as the basic field quantities, the
analog of the electromagnetic field tensor F,,.
With the help of the curvature tensor and «” (which
we shall assume to be a general vectorfield), we
construct three symmetric and traceless tensors,
the analogs of E and H. Different assumptions
regarding the eigenvalues and eigenvectors of these
tensors will provide us with the criterion for char-
acterizing different types of gravitational fields.

In Sec. 2, we obtain different algebraic relations
among these tensors. We confine ourselves to the
case of vacuum gravitational fields. Later on, we
also extend this concept to nonempty gravatita-
tional fields. In Sec. 3, the criterion for gravitational
null fields is given. It is found that three types of
gravitational null fields can be defined. Secs. 4 and
5 are devoted to the study of these gravitational
fields. In Sec. 6, the weak gravitational field has been
discussed, and it has been shown that such linearized
fields satisfy our criterion of null fields.

2. ALGEBRAIC PRELIMINARIES

The empty space—time of general relativity is
characterized by the condition

R, =0, (2.1)

where R, is the contracted curvature tensor. The
curvature tensor satisfies the following conditions'':

Riun = Rupm = Bijuy = 0. (2.2)

Let the dual of a second-rank skew-symmetric tensor
T:; be defined as

XTn’ = %G-’ile“;
so that, with the help of R,;;;, we can form the fol-
lowing duals:
10 In covariant form, Egs. (1.2a) and (1.2b) are expressed
as
FoFii = §eiitiF  Fyy = 0,
where e*7%! i the alternating symbol.

1 The round brackets have been used for symmetrization
and square brackets for skew-symmetrization.
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XRiikl = %eiimnR;cnlny (2 '33')
:‘(ikt = %éklmnR?jn- (2-3b)

We call *R and R* (indices suppressed) respectively
the left dual and the right dual of R. It may easily
be seen that the two duals are equal when (and
only when)

R, — %g.,R = 0. (2.4)
Further, let us define
XXRHH = f€iim€ein . (2.5)
If (2.1) holds, then we have'*
R = R, (2.6)
Now, we form the following tensors
G = R, 2.7)
H,, = "R .u'v, (2.8)
K., = “Riu'v'. (2.9)
All these tensors satisfy
Gi=H,=K; =0, (2.10)
Gy =Hy;y =Ky = 0. (2.11)

It must be emphasized here that Eq. (2.10) is not
valid in general but holds only for a vacuum field,
i.e., under the condition (2.1). Equation (2.11) states
that the tensors G, H, and K are symmetric; this
is a consequence of the symmetry properties (2.2)
of the curvature tensor. In general, they have rank
three and lie in the space orthogonal to ”. In view
of (2.6), we also have

G,’,‘ + K,',' = O. (2.12)

The curvature tensor has twenty algebraically dif-
ferent components. These are all contained in the
tensors (2.7)-(2.9). Thus, the components of Rie-
mann tensor are divided into three groups. This
procedure is analogous to that of clectromagnetic
field where the tensor F;, in the 3-space ¢ = const,
is partitioned into two 3-vectors E(=F,) and
H(=*F.,). If " is a constant vector field, then this
decomposition is of local significance, because here,
the space-time may be taken to be Minkowskian.

The Riemann tensor can be expressed in terms
of (2.7), (2.8), and (2.9) as

(R + 7R)in
(g + i€)iimlg + 141U W (G 4 TH)™

—(g + 1Qiimnlg + 1O, u™ W (K — tH)”. (2.13)

2 P, Jordan, J. Ehlers, and W. Kundt, Akad. Wiss.
Abrandl. Math. Nat. Kl. 2, 23 (1960).
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We observe from these equations that R,;., is de-
scribed with the help of G;; and H,;. However, B; ;.
cannot be expressed, in general, in terms of Gy;, H,;,
and K;;, and (2.13) is valid only when (2.1) is
satisfied. Thus, different assumptions regarding the
relationship between G,; and H,; will give rise to
different gravitational situations. In particular, we
shall define in the next section gravitational radia-
tion fields by assuming the equality of G;; and H,,.

3. GRAVITATIONAL NULL FIELDS

As mentioned earlier, our aim is to find out the
conditions for the gravitational field to be a null
field. To fix our ideas, the model employed is that
of the electromagnetic field, which entails the
equality of the two 3—vectors and their relative
orientation. Since the gravitational field is much
more general than the electromagnetic field, we
obtain three symmetrie traceless tensors (2.7)-(2.9).
Now, the condition of the equality of the 3-vectors
has to be replaced by an appropriate condition
regarding the nature of these tensors. Therefore, we
make the following assumptions:

(A). In order that the gravitational field be a radia-
tion field, the tensor G.; must be equal (o H,;. By
equality of the tensors we mean the equality of the
absolute eigenvalues. This is the simplest assumption
we can make regarding the nature of G,; and H,;.
The question of relative orientation of the eigen-
directions has also to be taken into eonsideration.
We consider G;;, ete. as 3 X 3 matrices so that they
have three eigendirections. In the case of null elec-
tromagnetic field, we know that E and H are sym-
metrically situated in the direction of propagation.
This gives us (B) below.

(B). If the gravitational field is a radiation field,
then one of the eigenvectors corresponding lo each of
G,; and H,; is directed in the same direction, and the
other two are symmetrically inclined to each other, i.e.,
at 45° to each other.

In view of assumptions (A) and (B), we have to
deal with the following cases.
(i) All the three eigenvalues of G;; or H,; are
nonvanishing, then from (A) we obtain

G;,'G” = H,-,'H”,
GGG = H HHY. 3.2

Obviously, in this case, the rank of G,; is three.
(ii) One of the eigenvalues of G;; or H,; is zero.

This gives Eq. (3.1) and

(3.1

R. M. MISRA AND R. A. SINGH

G.'),G:fG” == H;;,H?Hﬁ = ().

The rank of G;; will be 2.

(ili) All the eigenvalues of G;; are zero. It is
easy to see that Eqgs. (3.1) and (3.3) will again hold.
Thus we see that, in general, three types of gravita-
tional null fields are possible. We term these gravi-
tational null fields of types A, B, and C, respectively.
We shall consider these one at a time.

(3.3

4. GRAVITATIONAL NULL FIELDS OF TYPE A

In this section, we investigate the properties of
the gravitational null fields of type A. Since (3.1)
and (3.2) are assumed and (2.13) is valid, the geo-
metric information of the curvature tensor is con-
tained in G;; and H ;. This means that the geometry
of E;;,; can be obtained from the properties of G,;
and H,;. Now, in this case, a coordinate system can

be defined,
Gy = (~2A :)) 4 3)

ma= (35 3

It is easy to see that (4.1) and (4.2) satisfy (2.10),
(3.1), (3.2), and the assumptions (A) and (B).

For further discussion, it is convenient to use the
nonholonomic coordinate frame defined with the
help of unit elgenvectors e; of G;; and u,. The vectors
e satisfy

4.1)

4.2)

e = o8, (4.32)
eiu‘- = O; (4.3b)

and
Gi; = €i€; — UM;. (4.4)

The nonholonomic components of a tensor T,; are
then defined as

Tap = e‘e;’.T.-,'. (4:.5)

Now we state and prove the following theorems.

Theorem (4.1): In the 4-space with signature
+-+-+4 —, the necessary and sufficient condition
that a vacuum gravitational field be a null gravita-
tional field of type A is

[Rcbzv + 2A(P - Q)abm.wne‘ce'upu’] (46)
11
x {Rzyii —

X [Rcdc'i -

A(P — Q)xmnn,i:’kl eA,.eAgumuk]
AP — Q)cde!.iiahefebu'uu] =0
B B
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where P and @ are defined as

Pabw,zyr: = (gabwgzvn  €appebaure)

Qabﬂa.:url = (gabvquun + gzvr:eabm)’

and A and B ete., range over 2 and 3.

Proof: It has been remarked earlier that the
matrices (4.1) and (4.2) satisfy the postulates (A)
and (B). Hence (4.1) and (4.2) represent s situation
in which the gravitational field is a null field. We
therefore verify that (4.6) is satisfied in view of
(4.1) and (4.2), and then state conversely that the
vanishing of the left-hand side of (4.6) is the neces-
sary and sufficient condition for the field to be a
null field of type A. In order to do this, we contract
the left-hand side of (4.6) by »"«°, and obtain an

equation which, upon further contraction by e’¢,
11

gives

H, = “21‘1, Hm =0, (4-73')

if, in view of (4.1), the following equations are
assumed,

G“_ = _‘2A, GIA = 0.
Similarly, on contraction by e’¢’ and é’e’, respec-
22 33

tively, and taking (4.1) into consideration, one
abtains

Hy = %(Gzz -+ Gaa) = Haa; (47b)
H;y = 3(Goe — Gaz) = Hy,, 4.7¢)

which agree with (4.2). Thus conversely, the theorem
is proved. G,; and H,; are therefore expressible in
the forms (4.1) and (4.2); this shows that the eigen-
vectors have the required relative orientation, and
that the eigenvalues have the required magnitudes.

Now, we shall show that the gravitational field,
satisfying (4.6), admits a null vector (geodesic ray).
This is true if the gravitational field is a radiation
field."

Theorem (4.2): If the gravitational field is a null-
field of type A, then it defines a pencil of null
vectors given by

. = U, £ €, 4.8)
1

which satisfy the Sach’s equation®
Ripukak'k* = 0. 4.9)
Proof: It has been shown by Debever'* that at any
13 R. K. Sachs, Proc. Roy. Soc. (London) A264, 309 (1961).

¥ R. Debever, Bull. Soc. Math. Belgique 10, Fasc. 2, 112
(1959).
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point of space-time, where the Riemann tenser does
not vanish, there are null directions whose multi-
plicity adds exactly up to four. This is known as
Debever’s theorem. This can be most easily proved
in the spinor formalism, as was first shown by
Penrose.'® Let us define the null directions as

k, = Ae, + Be, + Ce, + Du,,
1 2 8

where A, B, C, and D are scalars whose values are
to be determined.

Substituting this values of k, in (4.9) and taking
2.13), (3.1), (3.2), (4.1), and (4.2) into considera-
tion, we obtain a system of equations in A, B, etc.
Solving these we find that

B =0(C=0, A = +£D.
Thus, we obtain

k. = D{u, = e,).
1

Now, since a null vector defines a direction and not a
magnitude, we can take, without loss of generality,
D = 1. This proves the theorem. In the next section
we consider the gravitational null field of type B.

5. GRAVITATIONAL NULL FIELDS OF TYPE B

In this case, Eqs. (3.1) and (3.3) are satisfied,
since one of the eigenvalues is zero. We shall now
establish the following theorem.

Theorem (5.1): If we define a tensor Q. as
Qiikl = Rn‘imnR;cnlu; (5-1)

then the necessary and sufficient condition that an
empty gravitational field is a null field of type B
i8 that

Qipn = 0. (5.2)

Proof: In order to establish this theorem, we
proceed as previously. Contracting the right-hand
side of (5.1) by «'u* we obtain

G..G7 = H;,H7, (5.3)

so that from (5.3) we obtain (3.1). Similarly, if (5.1)
is contracted by ', we obtain

G.'iHr'; + HiiGIi = (0.

Thus, from (5.3) and (5.4), we obtain (3.3).
Now, since one of the eigenvalues is zero, we can
always choose a coordinate system in which

Gla = O.

5.4

(5.5)

18 R, Penrose, Ann. Phys. (N. Y.) 10, 171 (1960).
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We may further assume, without loss of generality,
that
Gy = 0. (5.6)
Now, contracting (5.3) by e’¢' and making use of
(5.5) and (5.6), we obtain H;:H"{ = 0 to get
H. = 0. (5.7
Again, contracting (5.4) by e'¢* and e'¢®, respectively,
we obtain 22 o
H,, = Hy; = 0. (5.8)
Hence, from (5.3) we obtain
2 = Hza. (5.9)

The above considerations allow us to express @
and H; in the following form

G = (§ 2 _84,), (5.108)
Hi=(3 ¢ fg) (5.10b)

The two 3-tensors thus satisfy postulations (A)
and (B), and hence the statement of the theorem.

Theorem (5.2): If the gravitational field is a null
field of type B, then it defines a null vector %, given
by

k, = u, — e,. (5.11)
1
The vector k, satisfies the equation
R,*i)clkl = 0. (5.12)

Proof: This theorem may be easily established
if we proceed as in Theorem (4.2). The present
theorem also states that all four Debever vectors
in this case are coincident. In the next section, we
will illustrate the linearized gravitational field as
a field of gravitational radiation satisfying our def-
inition of null fields.

6. EXAMPLES: WEAK GRAVITATIONAL FIELDS

In case of weak gravitational fields, the metric
tensor can be expressed as the sum of Minkowskian
metric 5;; and the deviation metric h,;,

6.1)

where »;; = diag. (1, 1, 1, —1) and h,; are small

gii = MNij + h.-;,

R. M. MISRA AND R.

A. SINGH

quantities of first order. The tensors G,; and H.;
may be expressed in terms of #;; as follows:

k
Gi; = 3hin.iv + Pikomi — hijome = Pam. iU U™,

(6.2)
B D,

(6.3)
In order to investigate the contents of (6.2) and

(6.3), let us mtroduce three spacelike constant unit
vectors v, orthogonal to each other and to u,. We

Hii = %eikpq(hpm'? + hg‘pm - hl;'qm -

further define the quantities v;; as

(6.4)

and assume that the plane gravitational waves are
functions of only »' and %’ directions. Then we

I3
Yii = hii = 3007 huay

1
: 6
obtain, as shown by Bergmann,’

0 0 0
Gag =\ 0 3vis —3vis (6.5)
0 —3vis 3y
with'’
Yae + a3 = 0. (6~6)
Here a veetor index has been replaced by a label as
A, = v'A,. (6.7)
In a similar manner, we also obtain
0 0 0
Hopp =10  3vii  3vis (6.8)
0 —3vii —¥vis

Equations (6.5) and (6.8) show that the eigenvalues
are equal and the two tensors can be transformed
into each other by a rotation of the 23 plane by an
angle of $II. Thus the linearized gravitational waves
are gravitational null fields of type B.

Gravitational null fields of type C will be treated
in another paper together with nonempty gravita-
tional fields.

ACKNOWLEDGMENT

The authors are grateful to Professor D. Sharma
for his encouragement and kind interest in this work.
18 P, G. Bergmann, Introduction to the Theory of Relativity

(Asia Publishing House, Bombay, 1960), p. 187.
17 Primes denote differentiation with respect to (v¥ — u?).
1



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 7, NUMBER 10

Bipolar Expansion of Screened Coulomb Potentials,
Helmbholtz’ Solid Harmonics, and their Addition Theorems

Reixicar Nozawa*
Quantum Chemistry Group for Research in Atomic, Molecular and Solid-State Theory,
Uppsala University, Uppsala, Sweden
(Received 3 January 1966)

Helmbholtz’ solid harmonies (spherical Bessel funetions X spherical surface harmonics) are generated
from fundamental spherical waves through a ladder procedure using raising and lowering operators.
The addition theorem for them and the bipolar expansion formula of a screened Coulomb potential
are derived. A method for evaluating two-center integrals with a general potential is given in the last
section, This is new and useful in practical calculations. A key function

m 1 ! ipx m m
Jh(x) = 5[_1 du e P (WP,

which appears in all the essential results, is studied in detail.

OCTOBER 1966

1. INTRODUCTION

N an essay' to explain the cohesive energy of He*
at absolute-zero temperature, the author faced

the need to expand a screened Coulomb potential
exp(—aPP’)/PP’ around two centers O and O’
and utilized an expansion formula (1.1). As « tends
to zero, it degenerates into the bipolar expansion
of Coulomb potential obtained by Carlson and
Rushbrooke.” One may find the formula (1.1) to
have wider applications, e.g., in the calculation of
the intermolecular binding energy. Buehler and
Hirschfelder® supplemented Carlson and Rush-
brooke’s formula in the case of overlapping charge
distributions, but their results are too complicated
for practical use.

In quantum mechanics, on the other hand, es-
peciaily in the problems of scattering and the struc-
ture of molecules, one often has to deal with partial
spherical waves of the type

(spherical Bessel functions)

X (spherical surface harmonics),

which may appropriately be named Helmholtz' solid
harmonics, because they are normal solutions of
Helmholtz" wave equation

(A + &Of@) = 0.

* On leave of absence from Tokyo Institute of Technology,
Tollzyo, and from Japan Atomic Energy Research Institute,
Tokyo.

1R. Nozawa and B. Sha, International Conference on
Theoretical Physics, Abstracts for Symposium on Liquid
Helium (Tokyo, 1953), p. 5.

¢ B. C. Carlson and G. 8. Rushbrooke, Proc. Cambridge
Phil. Soc. 46, 626 (1950).

3R. J. Buehler and J. O. Hirschfelder, Phys. Rev. 83,
628 (1951); 85, 149 (1952).

Partial wave amplitudes of a general scattering
process can be continued analytically into the com-
plex | (angular momenta) plane, and their poles,
“Regge poles,” determine the high-energy behavior
of related processes and provide a connection of
this behavior with the bound states and resonances
of the original process. Concerning recent studies
in this field, the reader may be referred to Squires.*

The present paper gives the differential operators
generating Helmholtz’ solid harmonics from the
fundamental (stationary and outgoing) spherical
waves (in Sec. 3), the addition theorems for them
(in Sec. 4), the bipolar expansion of an outgoing
spherical wave (in Sec. 5), which is mathematically
equivalent to the bipolar expansion of a screened
Coulomb or Yukawa potential (1.1). The formulas
are checked by using a method of divergent inte-
grals and generalized functions in Sec. 7, and, in
Sec. 8 a new method for evaluating two-center inte-
grals with a general potential is given in a useful
manner in practical calculations. The essential parts
of the paper, except for Secs. 7 and 8, have been
published in Japanese® and a part of them has been
generalized by Tanabe.’

Let us take a common polar axis connecting the
given centers O and O with distance d apart and
assume that a point P has the polar coordinates
(r, cos™ u, ¢) with respect to the origin O and
another point P’ has (r/, cos™ ', ¢’) relative to the
origin O’. See Fig. 1.

Then, the screened Coulomb potential is expanded

4 1 -
Physics (W, A Bengamine Tor Nar omenit gnd Particle

* R. Nozawa, Japan. J. Chem. & Solid State Phys. 35,

75 (1954).
¢Y. Tanabe, J. Phys. Soc. Japan 11, 980 (1956).
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around the two centers O and O’ in the following form:

exp (—aPP)) = &, (Ll
P 2

m=0

X (=)

where [l, n] denotes the lesser of I and 7, e, is Neu-
mann’s factor, viz., ¢ = 1, e, = 2 for m # 0, 1,
and k; are modified spherical Bessel functions de-
fined by

Q@) = (g;)*I,M(x),

8@ = () K@

[1,n]

> PP Yen cos mlp — &)

m=0

-3

i=0 =n=0

(1 + n)!

@l + D@n + DPUP W )en cos mlp — ¢)

Jz,(ar)z,.(ar VK 7u(ed), r < ﬁ’?, r <d,
Lk med), r<OP, r>d, (1.1
h,(ar)zn(ar NIh(ed), r> 0P,

[1,n}

I—=—m!n—m!@Ch — D!
e U=me =G+ m! (- m)!

Kn() { _
I3
X _17‘ {kl+n—h(x)v
T i@

The formula (1.1) is derived in Sec. 5 and (1.2) is
proved in Sec. 6. When we make o vanish, formula

(1.1) reduces to the bipolar expansion of Coulomb
potential derived by Carlson and Rushbrooke’:

1.2)

l
re'"

(—) (l + m)! (n + m)!dl+n+1 ’ r < OP; r < d,
__\l+n (n - m)‘ Tldn_l D’ ’
X J( ) (l + m)!(n _ l)y 7""+l 2 r < OP y r > d! (1'3)
(I — m)! rdi " —;
o =t 0 1> O,
which is rewritten in the form
ton e
(i En)mm, <O, r<q
@ © ft,nl . e ntm ldn—l ——
L5355 wwrrw eotine oo (L) e, <O, v > 009
I=0 n=0 mw-[(1,n]
- l — ,ndl—n —
(—) (l_::l’>rrl+l y T>OP,

Fic. 1. The system of
reference; O’ is the second
center.

where 1/n! should be understood to vanish for
negative integers n.

In order to derive (1.3) from (1.1), it is useful to
replace the modified spherical Bessel functions 7,(r)
and k;(r) by their leading terms, cf. (2.12), and to
pay attention to an identity

‘:V_":' _w_@l+2n — 20 — DI (2h — DI
& T =D G+ m G~ m!
e (4 m!E— DI En — DN
=TTl m - m A+ miw+ m,

m>0. (L5



EXPANSION

The validity of the identity (1.5) is verified by in-
duction and is also known by comparing (6.5) with
the first equality of (6.23).

2. DEFINITIONS AND BASIC FORMULAS

One occasionally encounters difficulties because
several different definitions are used for Ferrers’
functions. For P7(z), the Ferrers’ function of order
m associated with the Legendre polynomial of degree
I, we adopt the definition

_ 2\im l+m
P = S5 () T - v

-l1<m<l 2.1)

Throughout the paper, I stands for a positive integer
or zero, unless otherwise stated.

As usual, the mth derivative of Legendre poly-
nomials is denoted by P{™ (x). An extension of this
notation to negative m not less than —I is often
found useful. It is defined by

d l+m R
P™@) = 5 (E) @@=
~ 2hg1-m 2h — D! Lo
= X (z Zomienn®
—-1<m<Il (22

Sometimes, it is convenient to understand P7(z)
and P{™ (z) to vanish for m > [ by extending the
definitions (2.1) and (2.2) and to vanish also for
m < —I. The latter extension is consistent with

(2.3) under the convention that n! = 0 for n < 0.
Owing to the property that
- —_— (™ (l m)! m
Pl (x) _( ) (l-I—m)’ l(x)y
-1<m<l, 2.3

orthogonality relations and the addition theorem
for spherical surface harmonics are written in the
forms

[ PP = (" gy b @4
PiaVvb) = il (=)"Pi(a V ¢
X Pi™(b V )™ 2.5)

where a V b means the cosine of the angle between
the vectors a and b, and ¢,, ¢, are the azimuthal
angles of a, b about ¢ as the polar axis.

An intimate connection is conceived between
Legendre polynomials and spherical Bessel functions
by a glance at their recurrence relations:

OF SCREENED COULOMB POTENTIALS
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{ @+ DuPiw) = ( + DPia() + Pio(w),

@1+ D(@/d0)j(®) = lras@) — (@ + Djrarl®),

{ @+ DP.(w) = @/dw)Pra(u) — @/d)Pi-(u),
(@ + D/2}iu@) = jua(@) + Grna(@).

In fact, Legendre polynomials are connected with
spherical Bessel functions by Fourier transforms:

| due™P) = 2i'(@), 2.6
[ dz i@ = {’”"P L)
- 0, Wl > 1,

Here, the spherical Bessel, Neumann, and Hankel
functions, j.(x), n»,(x), and h,(z) are defined as
follows:

31(2) J1.4(2)
o )
hz(x)[ 1 Hi)\(z) 2.9)

Further, we define modified spherical Bessel func-
tions, 7,(z) and k,(z), by

u(@) = (71'/217)*]1«%(73) = (=9} @),
k@) = (=)' @/m0)*Kiy(®) = —(—9)'h(iz).
The spherical Hankel functions of the second kind,

h{®(z), are given on the real axis as the complex
conjugate of A, (z),

P(2) = [u(@)]*

and are defined for complex z as their analytic con-
tinuation:

@) = 5@ +in@E), RPE = i@ —ink). (2.11)

The leading terms for small argument are

Ji@) —

(2.10)

for real z,

_ 7
@+ N’
)(21 !

ws

A

n(2) — (—
oz
@+ i’

ke — (- EE A,

LX) —

;

(2.12)

2] — N

4 hi(z) — LFT)_‘ '
— 1N

RhiP(z) — @l—ml ,
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and the leading terms in the asymptotic expansions
are

3@ — cos [z — 3(I + Drl/x,

ny{z) —sin [z — 3 + Url/z,

j;(x) — € /2,

kz) — (=)'¢ "z,

hi(z) — exp (il — 3(0 + Lrl)/z,
hi? (@) — exp (=ile — 3 + Lr])/x.

(2.13)

Addition theorems for spherical waves read as
follows: For the standing wave,

wlr — 1)) = é 214+ Dj.0700P,x V). (2.14)

For the outgoing wave,

ho(it — 1))
«© - Wi "
= Y@t 1){?"(’””*‘(’ )}P,@ vy, TS
=0 hi@). ) r>r,
where r V 1’ means the cosine of the angle spanned
by r and r'.

We define Helmholtz’ solid harmonics by

J’}‘(al‘}} _ z“{j‘(w>}P”,‘(y)e‘”"’, —<m<l

(ar) hylor)
(2.15)

where (r, cos 'y, ¢) is the spherical coordinate of the
point specified by the position vector r. Evidently
Helmholtz’ solid harmonics J7%5(r) and H%(r) have
the same parity as the spherical surface harmonies
Yi(cos™ u, @):

Ji(=1) = (=)V),
HY(~1) = (=)'H).

Addition theorems, (2.14), for spherical waves arce
now written in the forms

(2.16)

e =D = X (=)@ +

X 2 ()T,

(2.17)
ho(je — ') = Z (=)@l 1)

X 3 (= {J":(r}H:"’(r’),
H@)J;m(@'),

r <y,

m=—1

r >,

REIKICHI NOZAWA

and the expausion formula for the plane wave in
terms of spherical waves is written as
= 3 @I+ i:z (=) T P (e %,
) " (2.18)
(k, cos ', ¢.) being the polar expression for k.
3. RAISING AND LOWERING OPERATORS

It is well known” that spherical solid harmonics
of degree I are generated from 1/+ by differential
operators:

r VP eos 6)e™?

=)' = -t (é@% + é%)m(gé)l_m% '

m > 0.

3.1

In view of the fact that a fundamental solution
e'*"/r of the Helmholtz equation (A + o*)f(r) = 0
goes to 1/r as o tends to zero, can we expeet that
Helmholtz’ solid harmonies are derived from hy(ar) =
¢ *"/iar by some differential operators?

An affirmative answer is furnished by the follow-
ing formulas:

H"{(r)} _ (_")m(a% +ii)mP§M)(«i§;>Jh°(r)’ 32

) %y lis,
H@| . (—mlfa .o\
J:’"(r)} =Y aF 7mn)! (63: - ay)
X Pim’(-?: g;)f @) (g9

Li®),

where 0 < m < [ and P{™(z) is the polynomial of
degree I — m defined by (2.2). It is verified that
the formula (3.2) written for H”(ar) multiplied by
~(—ia)"*'/(2l — 1)!! degenerates into (3.1) as
« tends to zero on account of the asymptotic relation
(2.12).

In order to obtain the formulas (3.2) and (3.3), we
develop a ladder procedure to utilize raising and
lowering operators® for spherical Bessel functions
and those for Ferrers’ functions.

Let us define a differential operator ®, by

®, = (8/3r) — (/).
Then, ®, is a raising, and ®_,.; is a lowering,

"E. W. Hobson, The Theory of Spherical and Ellipsoidal
Harmonics (Cambridge University Press, New York, 1931).

8 B. Schrodinger, Proc. Roy. Irish Acad. 46, 6 (1940);
L. Infeld, Phys. Rev. 59, 737 (1941); T. Inui, Progr. Theoret.
Phys. (Kyoto) 3, 168, 244 (1948); L. Infeld and T. E. Hull,
Rev. Mod. Phys. 23, 21 (1951).
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operator for degree [ of the spherical Bessel func-

tions:

ml{h,(r) _ {hl“(r) . {hl(r) _ {hl_‘(r) 3.0
() Jrn(r), () Jima(r),

For Ferrers’ functions P7(cos 8), it is useful to define

a differential operator &, by

= (9/96) + (I 4+ 1) cot 6.

Then, the degree [ is raised or lowered by unity by
sin @9, or sin #8_,_,, respectively, and the order m
is raised or lowered by unity by &#_.-, or &, 4,
respectively:

we have
2l + 1)( + 2 —)H’"()

. 0 cos § 9
@l + 1)(sm 05{«"’ 35

]

r sin O)H @)

[ Yoo - e vend) 2

1 . 1
= —-[l — m(R;-Sln 83, % pn + T—F_—T;L—-F_l

= i[HT() —

where use has been made of identities such as

H74@),

9., P(cos ) =

[¢. + (I — m) cot 0]9_..-,
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sin 8-8,P7%(cos 8) = (I — m + 1)P7.,(cos 6),
sin 0-¢_,.,P7(cos ) = —(I + m)P7_,(cos 6).
$_maP7(cos 8) = —P7*(cos 6), (3.5)

FniP(cos ) = (I + m)(I — m + DP7? (cos 6).

Once these formulas are known for nonnegative
m, they are readily verified for negative m also,
provided that P7(cos 6) are understood to vanish
when |m| > L

Now, since

d .i_,-,,<. 9 ,cos8d ii)

oz T lay = ¢ 0t = 56 T i 6 90
- oy ) i
+ coseao 0 0 H"(n)e

(R—l‘l 'Si.n 0’0-1—1 '0_,,._1:|H"{(1')e"¢

(3.6)

"(cos 6)

= (I — m)[cot 6(8/36) — m cosec® 8§ — 1 — 1]P7(cos 6).

Although the above derivation has been done under the implicit assumption that m 5 [, the result is found

to be valid still for m = [.
Similarly, we get

@1+ 1)(% - ia%;)H",'(r)

. 0 cos 6 9 m ‘e
=(2l+1)<sm05;+ " %+rsm0> H'i(1)-¢”
I+ >< 3 ) <a l)( 9 . e i
|:<6r + . cos 0 38 e cos 0 + =n 0 — (I 4 1) sin 6} |H%(r)e
= [-—- l_—:—"l;T-'——‘]_m_l—l'Sin 00._1_1"0,,,—1 - l + G{l Sm 00! ]H"'(r)e“'v’

]

4+ mil+m—1

the result of which is verified for m =

0 . 8
6x+16y

5@ = (= m 4+ D~ m+ DHTLE)],
— [ also. While the differential operator

(3.7)

9 _ .0
dr dy
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raises or lowers the order m of Helmholtz’ solid
harmonics, the operator 8/dz raises and lowers the
degree I of them.

(20 + 1) 3 H)

sin 6 9
r

— @+ 1)(cos 99 _ )H"‘(r)

[®,-sin 83, — R, sin 83—, ]H (1)
= [l — m + DH?.() + ( + m)HT_,(1)].

The recurrence formulas (3.6) to (3.8) are valid

even for negative m.
The formula (3.6) with both m and I replaced by

m — 1 reads:

3.8

Ho.@) = —i2m — 1)((% + 1 :—y>HZIi(r), m20

(—=9)"2m — l)!'( + 1 ) ho(r), (3.9

and the formula (3.7) with m replaced by —m + 1
and ] replaced by m — 1 becomes

. 3 _ 3\
7@ =5 (2~ iL)anie, m2o o0

i 4 d\"
= (‘2—"0—!—! (a_x‘ - 'L@) hg(T).

The formulas (3.2) and (3.3) result from (3.9) and
(3.10) combined with the following relations:

H%1) = m 5"')(—7' %)H:(f), m 2 0,
(3.11)
1) = em = e (= L)),

m>0 (312

which may be proved by induction due to the re-

currence formula (3.8).
The recurrence formulas (3.4) guarantee that the
formulas (3.6) to (3.12) are valid also for J7(r) in

place of H'(r).

4. ADDITION THEOREMS FOR HELMHOLTZ’
SOLID HARMONICS
Here, we are concerned with the transformation of
Helmholtz’ solid harmonics under translation of the
system of reference. Let a displacement of the origin

be d = OO’ and choose it as the direction of the
common polar axis, viz. 2z axis. Write r' =

REIKICHI NOZAWA

Z
0' (\fos—”u '
\o P  Fie. 2. The translation 00’ of the system
d of reference.
0"
(', cos™ u/, ¢') for the polar coordinates of P re-

ferred to the new origin O’. See Fig. 2.

Since the Helmholtz equation remains invariant
under any translation of the Cartesian system of
reference, Helmholtz’ solid harmonics around O
should be written in terms of those around O, and
vice versa. Transformation formulas of such kind are
called addition theorems.,

The addition theorems for Helmholtz’ solid har-
monics are as follows:

.m(r)l
ol A+ m! &
O = T mt, %, @D
H'(x)
Ju(d) @)
Xy JiM@HRY), d<r, (4.1)
w(@J), d>7,
Jh’)
my_y H (l + m)
1(1') _( ) (l m)'n_z":”( )(2n+1)
H(@)
[ Tor(@J )
XV @HN), d<r, . (42
IH (@I d>r,
where m can be a negative integer and
@ =5 [ due PP
= 2 @k + Vi@, g
Hi@) = MZ ik + D).
Here, the coefficient cf;, is given by
G =g [ WPGPIWP, @4
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and hence it vanishes in either cases where &t >
Il+nl>n+kn>k+1 |m >1 or|m > n

The formulas (4.1) and (4.2), when written for
Jh(ar) and J3(ar’) both multiplied by (21 + 1)
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(te)”* and for H"(ar) and H"(ar’) both multiplied
by —(—%a)'**/(2l — 1)!!, degenerate into addition
theorems for spherical solid harmonics’ as a tends
to zero:

rr = 3 (0 e,
n a7 on, ,
4 1 Z( ) ( _l),’_lnd-an(l‘); d<7‘, (4.5)
T+1 P"tl(ll) =4
r wnfn -1 r’"
-Z|:| (=)» "'( )WﬁP'Z(u’), d>r,
m - l -n_n m
o) = 3 (L Maer,
-] d"— .
3 Z (n _— l) A+l Pn(”)y d < T, (4.6)
unP (M’)
. l "
("“)l n-IEmI <n_-|_'_ m) n1;1+l Po(u), d>r,
where the factors ¢*™* and ¢*™¢" are omitted on both P, (2)P{™ ()
sides for brevity.
In the process of derivation of (4.5) and (4.6) from Z @n+1) EZ T zi : P (2), 4.7)

(4.1) and (4.2), spherical Bessel and Hankel func-
tions have been replaced by their leading terms,
(2.12), and it is useful to notice that

w  _(dF+w!Cr—1NQI—2n -]
fomin @+ -n)! (0~ m)! ’

which is given in (6.21).

A straightforward proof of the formulas (4.1) for
m 2> 0 is given by applying (3.2). Let us consider
the addition theorems for spherical waves in the
forms

l2n,

w0 J ()
hor)( = 22 (2k + DE i@
ho(r)I lhk(d)
o),
X P,,(—@ a—(})lho(r’), d<r,
700", d>r.

Apply to the both sides the differential operator

coltveg) ()

which is an invariant for translation of the reference
system, and assume that the product of polynomials
P{™ (z) and P,(z) is expanded in the form

which is known to be equivalent to (4.4) by multi-
plying both sides by (1 — z*)!". The formulas
(4.1), then, follow immediately.

Similarly, by applying (3.3), it is known that the
formulas (4.1) are also valid for negative m. The
formulas (4.2) are proved to be direct consequences
of (4.1) by considering the inversion about the origin
O and by recalling that Helmholtz’ solid harmonics
J%(r) and H%(r) have the parity of 1.

5. BIPOLAR EXPANSION OF A SPHERICAL WAVE

The addition theorems for Helmholtz’ solid har-
monics facilitate the expansion of an outgoing spher-
ical wave around two centers. Applying (2.17), we
have

1o Pler', 1 9

F1a. 3. The system of reference for
double expansion.
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ho(PP’) = Z( )2l + 1) Z( )

m=—1

{H’?(r)J:'"(OP'), r> OP,
JT®H;"(OP), r < OF,
of which J;™(0OP’) and H;™(OP’) can be expanded in serics of Helmholtz’ solid harmonies around O/ on

account of (4.1). Thus we have

exp (zPP) - m)!
PP’ Zoz;)( Y@l + D@+ 1 T m)!

| JH'"(r)J aJnd), r> 0P,
L.n] —_—
X [Z ] (=) 1J'"(r)H~”(r')J (d), r<OP, r>d,

JImJ @) HT(d), r<OP, r <d, (5.1)

{1,n]

= 2 T4 DEn + D) X wPURPIW) cos nl — o)

[hz(r)jn(r’)Jz‘,.'”(d), r> 0P,
FOREYTTE), v <OP, + >d,
L,@],,(r NHiPd), r<OP, » <d,

where e, is Neumann’s factor, J,7(x) and H/.(x) are the functions defined by (4.3) and can be expressed in
the following forms, as shown in Sec. 6.1:

Ta@] Z g ' Ly (A mlmt m!Gh = DI L [
= 1 (—) — 1 — 1 1 — [ ’ (52)
HZ':.(:::)JL =t =—mNn-—-—n'h+m!h-—mz Y
By replacing 7, /, and d by r, 4/, and 4d, respectively, in (5.1) and (5.2), and by noticing that
—my e . . linym
T = (<)), 53

HiM(iz) = (=) KT(),

we attain the formula (1.1).
If we reverse the order of the procedure and expand the outgoing spherical wave first around O’ according

to the formula

ho(PP") = Z( yen+ 1) Y (-)

m=—n

{H @)JNO'P), > 0D,
JM@)HWO'P), 1 <O'P
then we have, by using (4.2),

¢ — m!

2 (P _ S 5 (-yet+ v+ 1 G B
) J TOHM@)Td), > 0P,
X “'Z] (m)HM®I @) nd),  <OP, r>d, (5.4)
e lJ"‘(r)J "WHL), 1 <OP, r<d,
which can also be obtained directly from (5.1) by considering the inversion of the reference system.
6. THE FUNCTIONS J7(x) AND H7\(x)

In this section, the functions J2(z) and H,(x) are studied in detail, since they are key funetions in the
paper as seen from the formulas (4.1), (5.1), and (8.3), the last of which gives a new method for evaluating
two-center integrals.
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We have three methods for calculating J,.(x):
(1) Expansion formulas:

Ta@)| _ e K L+ ml e+ m! @h = DU 1 [,
}“’h§fﬂ<l D V@+my@_mv{ ®.1)

Hi.(2) By n-i(2).
(2) Expansion formulas:
m l+n N
Jln(x)} = Z ik(2k + 1)6:1,.{ ]k(x)} (6_2)
HE) B hi(2).

The coefficient ¢~ is given in forms of finite series:
gl k! 29 — 20)! (I + m)!

G = O G T DTG = Bl — Dlg = mI (=
m+m+0! G+k—m— !
X Tt mEoida—mo oy 6
- (- CELL+ M) (n + m)! (29 — 26 — Y (29 — 21 — 1)”(29 — 2n — 1N
=) @7 + D!
(=)
X LT GG F i mi(Fn—m —9GET = 9GTn9 ¥
= (=) gl 4+ m!n+ m! )3 (=)"(2h)! (29 — 2R)! 6.5)

e+ DIg—-—RB TU-WE-KHg-—NHIE+mIE-—m!h—g+k’

where g = 3(k + [ + n) and ¢,;» vanishes when & + ! 4 n is odd. The summations in (6.3) to (6.5) are taken
over all integral values of ¢, s, h for which the factorials are meaningful under the conventions:

1/n! =0, for n <O, 0l=0l = (D! =
(3) Recurrence formulas:
WHz) = — m(n + m + DJ(2)

|_(n+m)(n+m+1) m—mhn-—m-+1) ,.
L om + 1 Jr n—l( ) - o + 1 Jz.nn(x):l

=l —-m{l+m+ DJ.®@)

A+ ml+m+1) . Q=—ml=—m+1 . ]
x[ r)l + 1 J -1 n( ) 2l + 1 Jl+l.n(x) 1]

(6.6)

5 :- - {0 —m 4+ DIV @ + 4+ m)ydT .2)]

— i [0 — m A DIT@ + @+ W Tan@) 6)

The same formulas are also valid for H%,(x)’s. The first subsection, 6.1, gives a method for deriving the for-
mula (6.1). The formulas (6.3) to (6.5) are proved in Sec. 6.2, where some of recurrence relations for cj,, are

given also. Following the subsection 6.3, where the recurrence formulas (6.6) and (6.7) are derived, an
interesting property of the function J;%(x) is discussed in Sec. 6.4.

6.1. Derivation of the Formulas (6.1)

We make usc of Gegenbauer’s addition theorems® for spherical Bessel functions in the forms

Mk~rW1 o ﬁ@ﬁwq
ho(fr — ') ¢ = J‘(—;)‘,—l 2 (Ch + D) OmE) PE V), <7, (6.8)
hi(lr — 1) [hh(r)jh<r’)J r>r,

®G. N. Watson, A Treatise on the Theory of Bessel Functions (Cambridge University Press, New York, 1944).
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where r V r' denotes the cosine of the angle
spanned by r and r’ both referred to the same origin,
and P{¥(z) is defined by (2.2). A useful comment
on it is that
P{(=2) = (=)"'P@).

We introduce here two sorts of integral operations;
one is the spherical average around the center O
after multiplication by P%(u) exp (—ime), cf. Fig. 3:

1 2x
=" [ i [ do PiG) exp (—ime) X,

the other is the spherical average around the second
center O’ after multiplication by P (u') exp (img’):

o= [ au [ dy PA) e lime) .
Then we get
Senlho(FP)] = {’"(" hO'P)
ha(r")3n(O'P)
X exp (tmey), r < (—)_'_P-, r" > O'P.
After the spherical Bessel functions h,(O'P) and
7.(O’P) are expanded by using Gegenbauer’s ad-

dition theorems (6.8), the addition theorem for
spherical solid harmonics, (4.6), can be applied to

O'P'PL(0'P vV 00).
If we confine ourselves to the case where r +
r’ < d for the moment, we get

W [S%ho(PPY] = ju(—r)THo(r, d),

D NCl i (1)

stontk _ o _ym (L m)!
mkl = ('_) (l — m)|

%P"‘(O’P Y, OO’ )

where

JH,.(r, d)
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k+l—-n

X Zo (2h + l)bmkl]h(r)hh(d)' (6.9

Be= [ PPOPWPY, 610

which is to be understood to vanish in either case
where h < n, k < |m|, orl < |n|.

When the order of performance of the spherical
averages are reversed, we have

SinlStho(PP)] = i) Ho(—1", ),

where JH,,(—7', d) stands for an expression derived
from JH,.(r, d), (6.9), by replacing r by —r’ after
exchanging ! and n. As the results of the spherical
averages should coincide with each other, we obtain
an identity

JHu(r,d)  JHu(—r', d)
j;(?") B jﬂ(_'rl)

The value of the identity has been denoted by F(d),
since it can depend neither on r nor on r’.

A simplified expression for F(d) is obtained by
making r tend to zero and by replacing spherical
Bessel functions by their leading terms:

Py = AEDL S fn+m)

20+ 2n — 2k + 1 L a1ins hm—kﬂd)
@l +2n — 2k + DIt d*

= Fd), r+r <d.

X

The coefficient b%,,, (6.10), is integrated out for
h=1l4+n—k

1
f dp P Q)P (1) P (i)
-1

= (Y @pia

1 — 1N —_ - nn rt 2
_ 4+ m! @k — D@l 4 2n — 2 l)uf.ld"(l_”)l

@epnig — mytd — p!

2-(L+ m! 2k — DN 21 + 2n — 2k — NN

= 0, otherwise.

Thus we find a simplified expression:

1l,nl

@+ itk - m!i{d—

(l + m)!n + m)! 2k — DN

, when |m| <k <

(6.11)

R +n-r(d). (6.12)

F@) = 2. (- )"

ke |ml

W)l (n — k) (& + myl (b — m)'d"
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If we use the bipolar expansion (5.1) for ho(PP’) in
83,82 ho(PP’)], we obtain a relation

Hi.(d) = ©""F(d). (6.13)
In the case where ' 4+ d < rorr 4 d </, the results

of the successive spherical averages are given as
follows:

0 [8%ho(PP)]

_ {ﬁ(w’)HJ,n(r, d, r+d<r,
()BT e, d), r4+d<r,

8. [8%ho(PP)] = {h’(r)'”"'(r" —d), v Hd<r,
jl(r)HJnl(T’y —d)a r + d < "".

Here HJ,(r, d) is an expression obtained from
JH . (r, d), (6.9), by exchanging two spherical Bessel
functions j, and ks, and JJ,,.(r, d) is that obtained
from JH,,(r, d) by replacing h; by js.

Again, comparison leads us to the identities

HJ;,.(T, d) = JJ,,;(’I'

—d) _ '
ne ey @ rHd<r
JIwlr, d) _ HIu(', —d) _ '
e =T One) = H{(d), rt+d <.
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By letting ' — 0 in G(d), and r — 0 in H(d), it is
known that G(d) coincides with H(d) and is given by

G(d) = H(d) =

(+m!n+ m! @k — D 1.

X T BT = B0+ m)IGe — myi & i@
(6.14)

We can find also the relations
Jr(x) = i7G(d) = ' T"H() (6.15)

by substituting the bipolar expansion (5.1) for
ho(PP) in 82, (S ho(PP’)]. The formulas (6.1) are
an immediate result of the combination of (6.13)
with (6.12) and of (6.15) with (6.14).

6.2. Properties of the Coefficient c;,

Next, we derive useful formulas for the coeflicient

™,
cklu'
Ckln =

L[ PP PG,

(6.3) is a special form of Gaunt’s formula'®

2291+ l+ !l +n— k!

‘[—1 d#P;(“)Pv;(#)P;+w(“) = (_)ﬂ_l_. (29 + 1)| (g — k)‘ (g — l)' (g — n)‘ (l — ’lD)'

l+k—v—w—tn+ov+wt !

X Z (=)

The integral vanishes except when the sum & +
I 4+ niseven and k, [, n obey the triangular relation:

k+1+4+n=2g.

In order to pass from (6.3) to (6.4) which has a
symmetrical form with respect to ! and =, the fol-
lowing identity is used most conveniently:

Z (a—b)!(a—c)!
(a—b—w)!(a—c—u)! (b+c—a+u)!u!

a=>b, a2>ec. (6.17)

I4n2>2k>2|l—n|, I4+k>n,

b'c'

This is & special form of the addition theorem for
binomial coefficients:

L)Y, e

10 J, A, Gaunt, Phil. Trans. Roy. Soc. (London) A228,
194 (1929)

I—k+otwt+d)m—v—w—DlE—0v—le

(6.16)

where x, y, n are natural numbers such that r +
y > n, or Vandermonde’s theorem'!

:E()(Z)x(x—-l)- c@—s+1
Xyy—1D - ---y—n+s+1)
=@+yPet+y—-D--G+ty—-n+1l),

6.19)

which is valid for any complex numbers z and y with
the understanding that

2z —1) -+ (z—s+1)
=T+ 1)/Tx—s+ 1)
as long as n is an integer.

Applying (6.17) to each of the fractional factors

1 For example, G. Chrystal, Text Book of Algebra II
(A. and C. Black, Ltd., London, 1900), 2nd ed., p. 9.
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under the summation symbol in (6.3), we get

Com = (=)

REIKICHI

NOZAWA

— Q1EV (29 — 2B (2 — 2D (29 — 20} (1 4+ m)1 (n + m)!

(29 + Dlg —B!(g — DI (g —n)!
(=)

X 2

L kFn—l—wlntm—wl (—k+l—n+t+wlul k+l—n—)(I—m—v)!n—I—t+v)lo!

The triple sum over ¢, %, » reduces to a single one

1

L R Tl =0 G F =G F = m = BIG o)

on account of the identity

(=) .
LG agrp g (e

Thus, by replacing the running number u by & +
n — s, we have (6.4).

Now we turn to the derivation of (6.5). Expand
the function z7%,,,.,() in (6.1) into a series of
7{x)’s by an identity

@) = Z (%a he k>>

k+1+nl!

k+1—h—DUEk+ D
(k+ 1+ h+ DU

X h<,

(6.20)
where k runs in steps of two units. This is a gen-
eralized form of the first of the recurrence formulas
{Al). Then, comparison of the result with (6.2)
yields (6.5) immediately by virtue of the orthogonal-
ity of j,(xr)’s:

7@},

[ 2 i@i@ = 5775 b

which is shown in the Appendix, (A2).
The series (6.3)—(6.5) are known to be summed up
only in few cases:

E+1l—-—n—-—DN0Il+n—-k-=DlEn+k—1— DU

10 s
Crin =

k+1+n+ DN

*+1—mn

{+n—- KU n+k—Hpu -

@) @m)! (I + ! 1+ n)!

anm = (=) Dol — my!n — ! 21+ 2n + 1Y

@20 - 20! 2! I 1+ m)!

l>2n

(6.21)

=l +I+n+DNI-k+nmlE+n— DI’

Ln2g,

Clomtn = T -l 2+ Din — m!’ =M
= ()Rt A+m) @)k +1—n— DN
cv e (__)k g' (l + g)' (ﬂ + g)!
He e+ DKl G@G—-d~glln — 9!’ -
nos L (L ml
Corn = Crm T T — m)!

The first is given in Hobson’s monograph’ and is
tabulated for g < 4 in Table I in the Appendix. The
second is obtained by taking &k = I 4+ n in (6.3),
the third and the fourth result from (6.4) by putting
k =1—mnandm = n <, respectively. The second
expression is obtained also from (6.5) by comparing
it with the identity (1.5). The fourth and the fifth

come from (6.5), and the last is a trivial case where
all the series in (6.3) to (6.5) degenerate into a single
term.

Other special values of the coefficient ¢}, are
obtained by expanding the product P7{p)P7(p) in
a polynomial with descending powers of u, which is
obtained by (2.2). The first three terms are
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(=) — m)l(n — M) PTw)P7w) = 21 — DN (2n — DN '™ @l —-—3PN2n - NN U +n — 1)

2n
X [2n — 1 — n) + 2m7u™ + ;1% @ — 5@ —5NI+n—2(1+n—3
X [In(ln — 21 — 2n + 2) + 2ln — 31 — 3n + m’ + m* 't 4+ - (6.22)

from which we have

i _ (o L= DEn = DI+ n)!
Cranim = A—m!m—m! 2L+ 2n + DIV’

. W= — AN+ — D!
CFonztn = () (T 00T = m)1 @ 2n = D1 P

" (o @ = AN En = O+ n =
Ctan-tta = 20— mlm — m)! (2] + 2n — N

X [Bln(l — D — 1) 4+ (21 + 2n — 3)(6In + 4l + 4n — Dm® + (21 + 2n — 3)21 + 20 — 5)m'],

— (21 + 2n — )m?, (6.23)

on account of the formula

' 2.n! (n—k— DU
[ P ={@ - Hiwreron 2k 6.24)

0, for k> n.

The first of (6.23) coincides with the second of (6.21).
Some recurrence relations for c;;, are listed below:

k+1 .

e Lo l=—m+1 . l+m .

k. N
2I€ + lclc—-l,l,n - 2l + 1 ck,l+1,n 2l + lck,l—l.n

+
(6.25)

_n—m+1, 4 +m .
= —“—zn + 1 Cr.l.n+1 n + 1 Ck,l.n~1y

A+n—-—Bl+n-k+2d¢ .=k +1+n—-DEk+1+n+ Déin

= B2 0@ = D+ M, = @n = Dt e, (626)
m#il c’rcn-;l ) (n + m)(n + m + 1) ml (n — m)(n — m + 1) cml
k +1,n 1.n = k n—1 k,l.n+1ly
+ 2n + 1 2n +1 ©.27)
1 (cm+l cm+l ) (l + m)(l + m + 1) m _ (l - m)(l —m + 1) cm
2n + 1 k,l,n+1 k,l,n—1 2l + 1 lr I-1,n 2l + 1 k,l+1,n)
»m+1 m+1 1 m
Cevl,i,n 7 Cr-1.1,n = L:';ln_;" (Ck+1.1m — Ci-1.1,m)
+ 2L+ Mo+t Dy — = M@ — 7+ D]
(6.28)
_l+m+1

= l —m (Ck+1,l.n - C;cn—l.l.n)

2k +
21+ 1

-+ [(l +ml+m+ Dt — (@ —m)(l—m+ DEx 141.0)-



1854

(6.25) and (6.27) are derived by considering the
integrals

[ awuP PP

and

[ ant — P PIPE G,

respectively, (6.26) is obtained directly from (6.5),
and (6.28) results from (6.29). (6.26) may be used
to obtain ¢7y,-24,1.. by starting with ¢, ; ., given in
(6.23).

6.3. Recurrence Formulas (6.6) and (6.7)

The calculation of the coefficients cj;, is a rather
tedious work as seen in Sec. 6.2. One who is patient
enough to work through the square root of numbers
may also be referred to the monographs'* on
Clebsch-Gordon’s and Racah’s coefficients. He is,
however, recommended to deal directly with the
functions J;.(z) and H;>(x) in practical calculations.
For the purpose, the recurrence formulas for J2(x),
(6.6), and (6.7), may be used most conveniently.

The formulas (6.6) show a way of successive com-
putation of J2(x), m > 0, from J9,(x)’s:

Jin(@) = 2272k + Dennie(®),

k
cf. (6.2), where c;,, is given by the first expression
of (6.21). These J9,(z)’s could also be computed
directly by using (6.7) from
Joa(2) = 7ja(2)
and

1@ = [7/@n + DI + Djnii(@) — nja-a(2)]

without appealing to the coefficient cj;,. The explicit
forms of the functions J3,(z), I, n < 4, are given in
Table II in the Appendix.

The first of the formulas (6.6) is derived by notic-
ing the fact that

1
[ du 1P WP W] = o,
-1 ou

where
m+1 (’ﬂ + m + 1)! (m) (-m—1)
()™ e PGP )
- Py @t D pr g
m—mmn—m-+1) .
- om + 1 Pnﬂ(#):l ’

2 A, R. Fdmonds, Angular Momentum in Quantum
Mechanics (Princeton University Press, Princeton, New
Jersey, 1957); M. E. Rose, Elementary Theory of Angular
Momentum (John Wiley & Sons, Inc., New York, 1957).
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and that
"Il(l) = am,O)

The second equality of (6.6) is a consequence of
the symmetry of J,.(x) with respect to [ and n.
Each side of Eq. (6.7) can be shown to be equal to

—i(d/dx)J ().

6.4. Connection with the Delta Function

Pi(=1) = (=) dm.o-

It may be instructive to note here that an infinite
matrix with J3, (z) as its (I, n) element has a con-
tinuous eigenvalue A extending from exp (—iz) to
exp (1z) over the unit circle and that the eigenvalue
problem is equivalent to solving an equation

€™ — Nf(w) = 0, —-1<p<Ll, 220,

obeyed by a generalized function f(u).
We commence with the fact that normalized
Ferrers’ functions

‘Pl(ﬂ); l=m’m+1:"';
where
|2t +10—mt .
soz(n)—[ ) m]l’z(u), I>m>0,

form a complete orthonormal system which spans
the Hilbert space consisting all square integrable
functions in the closed interval [—1, 4 1]. In fact,
we have Vitali’s completeness theorem:

i [f: Ohum(u)]2 =1-\

lmm

Let us consider an infinite matrix J(z) with pa-
rameter z whose (I, n) element is given by

f_ 11 du €™ 0u(1)ealr)

(I—m)!n— m
I+ m!@n + m)!

Then, the closure property

= [(zz +u)(@n + 1) ]QJW-

2. e:(Nei(p) = 8\ — w)

leads us to a relation
J@ +y) = I(2)-IW),
implying that
JO =1, J-=z) =@,

and that J(z) is nonsingular. Since J(z) is nonsingu-
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lar, there exists uniquely the matrix L(z) such that

J(@) = exp [L(2)],
and that
Lz + y) = L(@) + L),
implying that
L) =0 and L{n/m)z] = (n/m)L(2),

for any pair of natural numbers n and m. Because
of the continuity of J(x) and L(zx) with respect to
z, we deduce that

L(z) = L, J(x) = exp [izL], (6.29)

where
= —iL(1).
The (I, n) element of the matrix L is given by

L. = f_ 11 dp- por () @a(p)

= 2l + 1)7¥2n + D@ — mH?
X 51.,.—1 + (l2 - 2)} 51—1.:];

which is shown by expanding J(z) in terms of small
z and considering the linear term in z.

As can readily be shown, the matrix L has a
continuous eigenvalue X extending from —1 to 41
and its associated eigenvector is

[ﬁorn()‘)y Pmir(N), - -]

It is interesting to trace the passage from a discrete
to a continuous spectrum pictorially by starting with
an N-dimensional truncated matrix LY’ obtained
from L by retaining the first N rows and N columns.

For the sake of simplicity, we assume that m = 0
in the following. Let L{.’ be the (I, n) element of
L(N ) :

(6.30)

1

LY = [ dunedot); Ln=0,1,-,N -1,
-1

where

‘Pt(ﬂ) = [%(21 + 1)]*P1(#)-

Then we have

Ni LiPo.()

a=0

I

M) = ox [ du-er(lonts)
= Mi(NV), for I<N -2
= Aew-r(N) — (ZNTN:_T)‘ en(N),

for =N —1.

1855

It is seen that the spectrum of L‘* is constituted
by zeros of the Legendre polynomial of degree N,
say MM, -+ ALY, and that the eigenvector associ-
ated with A{™ is given by

VS I NVl NEEERR N o V4] A
its length amounting to the square root of
NPy (V)P (M),

as seen from the Christoffel formula of summation:

PN()\) - PN(I-‘)_

S @1+ DPOVPLG) = NPy () A =1

The distribution of N zeros of the Legendre
polynomial Py () is known to be governed by Brun’s
inequalities:

[k — H/N + Dlr < 6. < [k/(N + P]=,

where

6, = cos™* A,

Hence, the angles § = cos™'\ corresponding to the
eigenvalues A tend to be distributed everywhere
dense over the semicircle with unit radius as N — o

as shown in Fig. 4.

F1e. 4. The distribution of the
zeros A® of Legendre polynomial
of order 4. The angles 6, =
cos™! M@ corresponding to these
zeros are also shown on a semicircle
with unit radius.

The eigenvector associated with the continuous
spectrum of L is intimately connected with the
delta function. Suppose we are given an eigenvalue
problem such that

> Lia, = Aa,, (6.31)

where (aq, a,, @z, ---) is an eigenvector with eigen-
value A\. By introducing a function

f(z) = 2.: aei(2),

the problem turns out to be equivalent to that of
solving an integral equation

[ dwo@e— @ =0 k=012,
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This means that
1
[ @ e@@ — Vi@ =0,
-1

for any test function ¢(x) which has a support in
the open interval (—1, 41) and has eontimuous
derivatives of arbitrary order. Hence f(x) should
obey an equation

(= = M) = 0, (6.32)

which implies that the generalized function f(z) is
concentrated at the point z = \. Such a generalized
function should be of the form of a linear combina-
tion of the delta function and its derivatives,*® viz.

—1<z< +1,

@) = 36 8% — N

with finite m. Further, it is seen that ¢, = ¢, =
- = ¢, = 0, because

[ '1 de o(@)(@ — V) 8%@ — N) = (=) ke® (N,

which cannot vanish in general for £ > 0. Thus
we have the solution

(@) = 8@z — N,

which is unique except for a constant factor c,.
At the same time, we have solved the original eigen-
value problem for I, (6.31), and obtained the eigen-
vector ‘

[eo(N), 21(N), @2(N), ~ - -]

with the eigenvalue A extending continuously from
—1to +1.

The above consideration applies also to a general
function F(L) of L. Suppose an analytic function
F(2) of z is given by a Taylor series

Fe) = 2 b, ] <,

n=0
with r > 1 as its radius of convergence. Then F(L)
may be defined, since the characteristic roots of
L lie in the circle of convergence of F(z). The whole
argument in the last paragraph holds for the matrix
F(L) in place of I.. Naturally, (6.32) has to be re-
placed by

{F(u) — Mf(w) = 0, (6.33)

This has a nontrivial solution f(x) only for such A
that A = F(u,) for some g, in [—1, +1]. The char-
acteristic solution is given by

13 I. M. Gel’fand and G. E. Schilow, Verallgemeinerte Funk-

tionen, I (VEB Deutscher Verlag der Wissenschaften, Berlin,
1960).

-1 << +1.

REIKICHI NOZAWA

fw) = 6(u — uo)

with the characteristic value F(u,), —1 < » < 1.
The statement at the beginning of the section con-
cerns with the case where

F(uo) = exp (txpo), —1 < o < 1.

7. METHOD OF DIVERGENT INTEGRALS

So far, the deduction has been developed within
the scope of the classical analysis except for that in
Sec. 6.4. A short cut in the procedure can bemade,
however, if we do not hesitate to make use of diver-
gent integrals to be understood as generalized func-
tions. Concerning the theory of generalized functions
as applied to differential operators, the reader may
be referred to Hormander.™

Consider, as an example, an integral

[ " dr @)

= xk''[8(k — 1) + 8k + 1)]. (7.1)

Although it scarcely has any meaning in the classical
analysis because of the divergence at r = o, cf.
(2.13), we may understand it as the generalized func-
tion given on the right.

The proof follows from Sonine’s integral'®

f dr - Ty T (k)
0

RO =

= , BN — ) >0,
2)\—;4—111(}\ _ I‘) ( “)

(7.2)
where (1 — k%)% denotes the discontinuous function
given by

2 2 2
(1—k2)i={(1—k)’ when 1 —k* > 0,

0, when 1 — k* <0.

The integral (7.2) is written in terms of spherical
Bessel functions in the form

7rkl(l . k2 i—l-l

2'r(v— ) @3)

[ arr i@t =
where ! is a fixed positive integer. Since the general-

ized function (1 — k*)?7! has simple poles with
residues

(=) 8™ — K)/n!

41, Hormander, Linear Partial Differential Operators
(Springer-Verlag, Berlin, 1963).

5 For example, I. N. Sneddon, Fourier Transforms
(McGraw-Hill Book Company, Inc., New York, 1951).
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atz= —n,n=0,1,2, ..., and the gamma function
T'(2) has also simple poles with residues
(=)"/n!,
we have
21_)76!(1 kz))\—l 1 . .
T =) —k 81 — k), as A— L
Applying, further, a general formula
1
8(f@) = 22 Feal 8z — z.), (74

which is valid for an infinitely differentiable function
f(z) with only simple zeros at z = z,,n = 1,2, -« .
Then, the proof of (7.1) is completed.

In virtue of the integral (7.1), the Fourier trans-
form of the Helmholtz’ solid harmonic J73(r) is
obtained immediately. In fact, defining the Fourier
transform F(k) of a function f(r) by

P = @0 [ drep (—01®,  (7.9)

we have, for f(r) = J7(r),

F®) = @) PiGe [ dr i)

= @407k 8(k — DP(u)e ™, 0 <Lk,
(7.6)

where (k, cos™'u, ¢,) is the polar coordinate cor-
responding to k.

The differential operator (3.2) generating J7(r),
m > 0, is obtained in the process of Fourier in-
version:

I = (—i)"(dn) f dk k™ 5(k — 1)

[iR(L — WP (e ™

- o+ ) en(-

) skr

-‘fdkk'l 3k — 1)e

= (2 + 5 2P~ )i,
where the second equality comes from the identity
kr = k(1 — D! cos ¢i-z + k(1 —pD)? sin ¢y + 2.
Similarly, we have, for m > 0,

(= m)!
o+ )v

S

T = D am)? f dk K 80k — 1)
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S@k(1 — )l )P (ke
= oml (a i2 ) ""(—ig;)jo(r).

(I + m)! \ox ay
The addition theorem (4.1) may also be derived
readily from the inversion formula

0 = [ di exp (ikd) exp (ikr')P®),

where r = d 4+ r’, Fig. 2. In fact, substitution of
(7.6) yields

J(n)

= % f ) dk k' 6k — 1) f_ 1 dps PT(u)e™
X 3 @n -+ D(=)"TEPGw)

= 3 nt D@ [ du e PIOIPIG

- g_*_i;"%_;:f; @n + DI

s n=|m|
8. DISCUSSION

One of the most important applications of the
bipolar expansion formula is the evaluation of two-
center integrals especially in quantum chemistry.
The main advantage of the bipolar expansion for-
mula lies in the fact that it allows us to perform an-
gular integrations around two centers independently
of radial integrations.

Unfortunately, however, this is true only for the
following three cases:

() r < dand v < d;
@) r4+d <
gi) " +d<r.
For the overlapping case
v) Ir =7 <d<r<+7,

p or u’ integration cannot be done over the complete
range —1 to +1, as pointed out by Buehler and
Hirschfelder.” The trouble comes essentially from
the presence of singularity of the screened (or usual)
Coulomb potential ¢”**/R in the overlapping region
@iv).

A remedy to surmount the difficulty is furnished
by the method of Fourier transform. Let us consider
a screened Coulomb integral with two centers O and
0O’, as shown in Fig. 1,

V=fdedP’p

—aR
o (P’) ’

8.1
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where p(P) and p'(P) are given density distributions
around the centers O and O, respectively,

p(P) = Z Z...: PP (w)e™™* ;
o) = 2“: Zm: Pl )P ()6

8.2)

Then, we can derive a formula
_ -l _\m (n - m)!
V= XX T o
® K .
X [ dh gt I dion®ish w0, 63

where J.(z) is the function defined by (4.3) and
investigated in detail in Sec. 6 and

REIKICHI NOZAWA

jp,,,ac)} - d,..,z,-l(kr){mm@ (8.4)

jpin(k) ’ pin(r).

It is seen that the singularity of the screened Cou-
lomb potential has been integrated out in the for-
mula (8.3). The detail of the Fourier transform
method has been published in Sec. 8 of Preprint
No. 759 by the Quantum Chemistry Group, Uppsala
University, Uppsala, Sweden, which is available on
request.
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TasrLe I. Numerical values of the coefficients c%;a:

1 1
Chin = 3 f , du Pu(w)P1() Po(i), ef.  (6.21),
which are given in the table in the order of increasing ¢ = 3(¥ 4- I + n). The superscripts zeros are deleted for brevity.
o = 1 o = 1 o 2
011 = 3y 022 = 5) 112 3_5!
! oo o B = 2
038 7 ] 123 5_7 ) 222 5.7 1]
_1 s = A o = 2, = A
Coss = 9’ 138 = g0 224 = 00D 138 = PTE g
Coss = = Cuss = S5 Caas = 10
'4 088 — 11 i) 145 = 9_11 ) 238 3‘7.11 )
o = 20 o =2
244 7_9'11 ] 334 7_11 )
_ 1 __5 Core = _5 Cors = 10
Cogs = 13’ Cis6 = 11-13"° ue = 11713 255 31113’
<
o 100 e = — 20 A 18
a6 " 3.7-11-13° s 7 7.11-13° 4T 7011413
(L T 1 o = 14
Cor7 = 15 Cigr = 13-15 ' Caz7 = 5.11-13 206 5-11-13 '
4
85 _ 7 o = 5 o = 2
Ca7 = 9-11-13 " Goss = 311-13° “e = 311-13 " = 1113
N __8 _ 28 Cory = 56
Coss.™ 171 Girs = 1517 Co08 = 51317 ° 7 = 1301517
J 56 _ 168 o 490
Case = 11.13-17 Caoo7 = 511-13-17 ° 8 9.11-13-17"°
_ 280 __ 28 o =80
1% = 9o11-13.17 0 % T 111317 556 = 3.11-13-17
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Tasre II. Explicit forms of the functions J%;,(x):

Tin(z) =

% f_ du e"*P (1) Po(u)

l+n

= k-”E_ | (2% + Derrnfs(z)

J s and ji stand for J%,(z) and ji(z), respectively; cf. (4.3), (6.29), and (6.30).

Joo = Jo, Jor = 171, Joz = —Ja, Jos = —1° 73,
Jll:éjo"%jh J12=i<§‘j1—'§ja), Jzz:%]o 7]'2+1§J4.
ha==2addin ma=iSa-Li410),
J33=%J.o"§‘1‘j2 ;_?j"_;_g(l)j“’ J14='i(—§ja+g.’i&).
Ju = _slaj° - 7-13911 It 7-1(13?13 = %j" + %js'
o Dt Gl DD Ky -

The author would also like to express his gratitude to
Dr. Janos Ladik and Mrs. Eva Ladik, who have
given him kind help in writing the mathematical
formulas.

APPENDIX 1

Three tables are given here. Table I shows numer-
ical values of the coefficients ci,,, from which we
could obtain the values of ¢}, according to the
formulas (6.25) to (6.28). Table II gives explicit
expressions for the functions J9,(z) withland n < 4.
Those for J[;(z), m > 1, may be obtained using the
formulas (6.6) to (6.7). Table II1 is a list of spherical
Bessel, Neumann, and Hankel functions of lowest
integral orders.

APPENDIX II

It may be of help to scientists working in the field
to summarize useful theorems and formulas for
spherical Bessel functions which are scattered in
the literature. Since the collection of them is rather
lengthy, it will be published as a Technical Note
from the Quantum Chemistry Group, Uppsala,
Sweden.

In that Technical Note, the spherical Bessel func-
tion ji(2) of complex order A and with complex
argument z is defined by

based on the recurrence formulas

O+ D 24 = 5@ + ),
(A1)

@ADL 5@ = %@ — O+ Divnd.
The theory of spherical Bessel functions is not a
special case of the theory of Bessel functions unless
we confine ourselves to those of integral orders. They
are logically equivalent to each other.

Here, an elementary proof is given of the orthog-
onality of j,(z)’s:

[ a0 = 35 s

Proof: Replace the j,’s by their integral representa-
tions (2.6) and perform the ¢ integration. Then the
integral is written in the form

(A2)

o [ ax [ du PP 801+ #)

21r(
4 l+n

[ auPap.),

5., QE.D.

2l+1
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TapLe ITI. Spherical Bessel functions of integral order.

. sin z

JO(x) = R

. sin T coszT
.71(1‘) - ’

z
3 1 3
- — = smx—;acosx,

@) = (2

() = (_5_6_)81”_(15_1)

Js\Z, i 3 e p cos z,

(@) = (105 1) o (105 _ 1_0) o8

J\Z, xs z sSIn r x4 xz ] x,

R 945 420 15\ . 945 105 1

is(x) = |\ —3)sinzg — |—% — —5 + =) cosz
T x X z Z
cos ¢

no(r) = —
coS T sin z

mz) = —25% - B2,

@=~(3-1) cosa -2
n.(z) = 7 . cos z 3 8in «,

z

ny(z) = —(1?05——%-}-1)(: 8z ~— (lf,;é—-lg)smx,

ns(z) = _<g;4_6§_@+1_§) cos & — <%5—5—1—05§+ )smz,
z z z z z z

ho(z) = —i e,

we = (- 1= F)

h = (&~ 5 - S

w(z) = e -2—xe"’ ,

o4t B2 B

TS R T

ko(z) = —e ™7,
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The discrete most degenerate principal series of irreducible Hermitian representations qf the Lie
algebra of an arbitrary noncompact as well as compact rotation group SO(p, ¢) are ‘denved. The
properties of these representations are discussed and the explicit form of the corresponding harmonic

functions is given.

1. INTRODUCTION

ROPERTIES of representations of a semisimple

Lie group are closely related to the properties
of its Cartan subgroup. That is, the number of
different principal series of irreducible unitary rep-
resentations is equal to the number of nonisomor-
phic Cartan subgroups of a considered semisimple
Lie group.' Moreover, if a given Cartan subgroup is
isomorphic to a direct product of a k-dimensional
linear space and an r-dimensional torus, then there
exists a corresponding series of irreducible unitary
representations determined by k real numbers and
r integers.! Hence, if a semisimple Lie group has
a compact Cartan subgroup, then there exists a
discrete principal series of irreducible unitary rep-
resentations characterized only by integers.

The number N of nonisomorphic Cartan sub-
groups contained in an arbitrary noncompact rota-
tion group SO(p, ¢) is enumerated in Table I.

We see that there is a discrete nondegenerate
principal series of irreducible unitary representations
in classes (i), (ii), and (iii), However, we show
that the most degenerate principal series exists even
in the class (iv). Of course, besides the principal
series, there also exist supplementary series, which
we do not consider. Their existence is closely related
to the existence of a double-point measure.”

The discrete principal series of irreducible unitary
representations of the SO(p, ¢) group have been
constructed only in special cases: for the Lorentz
groups’ SO(2, 1) and SO(3, 1), for the SO(2, 2)

* On leave of absence from Institute of Nuclear Research,
Warsaw.

t On leave of absence from Institute Rudjer BoZkovié,
Zagreb.

1 On leave of absence from Institute of Physics of the
Czechoslovak Academy of Sciences, Prague.

1 M. 1. Graev, Tr. Mosk. Mat. Obshch. 7, 335 (1958).

2 I. M. Gel’'fand and M. A. Naimark, Tr. Mat. Inst. Akad.
Nauk. SSSR 36, (1950).

3 V. Bargmann, Ann. Math. 48, 568 (1947). For the SO(3, 1)
group see also M. A. Naimark, Linear Represeniations of the
Lorentz Group (Pergamon Press, Inc.,, New York, 1964).

group,® and for the de Sitter groups® SO(4, 1) and
SO(3, 2).° In the present work, we consider the
properties of the discrete most degenerate principal
series of irreducible unitary single-valued repre-
sentations for an arbitrary SO(p, ¢) group.” We
restrict ourselves to the discrete most degenerate
principal series of representations, since ‘these rep-
resentations seem to be of great importance in
quantum mechanics and in elementary-particle phys-
ics.

The main idea behind our construction method
of the most degenerate representations of SO(p, q)
groups is explained in Sec. 2. In Sec. 3, the properties
of the discrete most degenerate representations of
SO(p, q) groups for p > ¢ > 2 are discussed and
the explicit form of harmonic functions is given, The
properties of the discrete degenerate representations
of the SO(p, 2) groups, p > 2, are considered in
Sec. 4. Tt is shown that there are three principal
series of discrete most degenerate representations in
this case. Section 5 contains the construction of the
discrete representations of the so-called Lorentz-
type groups, ie., SO(p, 1) groups. In Sec. 6, the
proof of irreducibility and unitarity of our represen-
tations are presented. In Sec. 7, properties of the
derived discrete representations are discussed. Fi-
nally, in the Appendix, the most degenerate rep-
resentations of an arbitrary compact rotation group
SO(p) is derived.

4+ A. Kihiberg, Arkiv Fysik 30, 121 (1965). There is a
method of how to construct representations of a semisimple
Lie group as long as the order of the group is not too high.

§ L. H. Thomas, Ann. Math. 42, 113 (1941); T. D. Newton,:
Ann. Math. 51, 730 (1950); J. Dixmier, Bull. Soc. Math,
France 89, 9 (1961). .

¢ J. B. Ehrman, Proc. Cambridge Phil. Soc. 53, 290 (1957).

7 In the following we speak about representations of the
group SO(p, ¢) on the Hilbert space 3¢, although we derive only
representations of the Lie algebra ® of the considered group
on definite vector space £, which is dense in the Hilbert
space JC. However, in paper II1 of our series of articles it will:
be shown that our infinitesimal representations induce the
gloo?al )1rreduc'1ble unitary representations of the group
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2. DISCRETE MOST DEGENERATE
REPRESENTATIONS OF SO(p, g¢ GROUPS

Different principal series of irreducible unitary
representations of a semisimple Lie group may be
created, in the Hilbert space 3¢(X), of functions with
the domain X, a homogeneous space of the type

X = G/GOy

where G, is a closed subgroup of G.?

The number of independant invariant operators
characterizing different irreducible representations
by their eigenvalues is equal to the rank of the space
2.5%1° Consequently, the most degenerate rep-
resentations, determined by one invariant operator,
are representations in the Hilbert space of functions
whose domain is a homogeneous space of rank one.

In a homogeneous space of rank one, the invariant
operator is just the Laplace—Beltrami operator of
the form"'

AX) = [FX1 6. g XY 85, (2.1)

where ¢,4(X) is the left-invariant metric tensor on
X and §(X) = |det [g.s(X)]].

If the metrie tensor g,4(X) on X is induced by
the Cartan metric tensor g, in the Lie algebra R
of the group G, then the Laplace—Beltrami operator
A(X) is equal to the second-order Casimir operator
Q. = guX'X* (see Chap. X, Sec. 7 of Ref. 9). Thus,
the construction of most degenerate irreducible uni-
tary representations may be reduced to the fol-
lowing:

(i) Construction of a convenient coordinate sys-
tem on X, in which the metric tensor g.s(X) is
diagonal.

Tasre I. Nonisomorphic Cartan subgroups in 8O(p, ¢).

Compact

Cartan
Class P q N subgroup
(i) even even i[min (p, ¢)] + 1 yes
(i) even odd min (p, q) +1 yes
(1ii) odd even min (p, q) +1 yes
(iv) odd odd $[min (p, ¢)] + 1 no

( 8 I. M. Gel'fand, Transl. Am. Math. Soc., Ser. 2, 37, 31
1964).

¢ S. Helgason, Differential Geometry and Symmetric Spaces
(Academic Press Inc., New York, 1962), Chap. X.

10 T, M. Gelfand and M. I. Graev, Tr. Mosk. Mat. Obshch,
8, 321 (1959).

1 Tn faet this theorem has been proved for the space X
being Euclidean or a global symmetric one of rank 1 (Ref. 9,
Chap. X, §2). However, we may extend it on homogeneous
Bpai‘ces of rank 1 by using results of Gel’fand and Graev of

. 10.

12 If no other indication is given, we employ the Einstein
summation convention.
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(it) Solution of the eigenvalue problem for the
Laplace-Beltrami operator

A(X)"!’). = X

(iii) Proof of the irreducibility and unitarity of
the representations related to a set of harmonic
functions ;.

For homogeneous spaces X, we may take the
quotient spaces /G, with a compact or noncompact
stability group G,. The homogeneous spaces of rank
k with the compact stability group related to
S0(p, q) groups are’®

X, = 80o(p, 9)/80,(p) X 80(q).

Since the rank k of these Cartan symmetric spaces
is equal to min(p, ¢), we may construct in these
spaces the most degenerate representation only of
the Lorentz-type groups SO(p, 1). For an arbitrary
SO(p, ¢) group, we have to consider more general
spaces of rank one. We may take these spaces as
homogeneous spaces of rank one of the following
form:

X7 = 80(p, 9/80:@ — 1, @),
X2t = 80,(p, 9)/80:(p, ¢ — 1),

where superscript p + ¢ — 1 denotes the dimension
of the space X5*¢'. M

and 2.2

3. DISCRETE MOST DEGENERATE
REPRESENTATIONS OF SO(p, q)
GROUPS (p > ¢ > 2)

To choose a suitable coordinate system, we have
to introduce some convenient model of the space
X7ret in (2.2). This means that we have to intro-
duce a manifold, with the same dimension and the
same stability group as X2**"! itself and on which
the group SO(p, ¢) acts transitively.

For the space X%2**7*, such a model can be realized
by the hyperboloid H? determined by the equation

@)+ -+ @)

n+1)2 —

— (z cee — (@) = 1. (3.1)

As an appropriate model for the space X2**!| we
take the hyperboloid H? defined by the equation

@)+ - + @Y

— @) — e — @)Y =1 (32)

138 See Ref. 9, Chap. IX. SO a, b) denotes a component
continuously connected with the identity of the group 8O(a, b).

1 Such spaces were classified by B. A. Rosenfeld, Dokl
Akad. Nauk SSSR 110, 23 (1956).



REPRESENTATIONS OF ROTATION GROUPS

If we introduce internal coordinates @ = {6', - - -,
6°**"'} on the space H%(or H) (which is imbedded
in the flat Minkowski space M”'®), then the metric
tensor g.s(H?) on the hyperboloid H? is induced by
the metric tensor g,,(M”™'*) on the Minkowski space
M?° and is defined as

gaﬁ(H:) = gab(Mp'c)'aa 0(9)'6917"(9)1 (3-3)

wherea, b = 1,2, --- ,p+gande, =12, .-,
p+qg—1

Generally, we may choose a large number of
different coordinate systems on the hyperboloid H?
{or H?), in which the Laplace-Beltrami operator
can be separated. However, as follows from our
previous work,'® the most convenient coordinate
system is the biharmonic one, because, in this sys-
tem, the maximal Abelian compact subalgebra of
the considered SO(p, q) group is automatically con-
tained in the maximal set of commuting operators.

for r=1 z'' = cos ¢,
z’* = sin ¢,
for r> 1 ¢ =2 sind,
2 = cos ¢ cos ¥,
z’* = sin ¢” cos ¢,

and, if p is odd (p = 2r + 1), we first construct the
z*,i=1,2, ---, 2r, by using the above-mentioned
method for p = 2r; we then obtain the corresponding
?k=1,2 - ,2 41, as

' = z*¥ginyg™*, {= 1,2, .-+, 2r,
4 € [0, 7).

The recursion formulas for £°, g, even or odd, are

(3.7

" = cos 9",

and denoting

d 2 3 d a d
{67}5{6—‘01’6—?,... 6

" 9o T g9t 1 95T 195 T o5
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The biharmonic coordinate system on the hyper-
boloid H? (3, 1) is constructed as follows:
=z coshd, k=12, --

**! = g'ginh g, 1=1,2 ---

D
s @

6 €0, »),
x ==

3.4
where the form of the z* and #' depends on whether

p and g are even or odd. We must distinguish four
cases:

@ p=2 g =2s,

(i) p = 2r g=2+1 _10....
(i) p=2r+1; q=2s (3.5)
) p=2r+1; q=2+41,

Then, if p is even (p = 2r), the corresponding
a™Fk = 1,2, ---, 2r) are given by the recursion
formulas

‘P1 S [0: 27");

3.6
1=1,2, .- ,2r — 2,

‘Pi E[O; 27"))
s e [0) %’"’]: k= 2, 3, 00,1,

j= 1,2, .- ,m,

the same as those for 2/, p, even or odd, respectively,
except that angles ¢, ¢ in z* are replaced by
¢\ 3.

Choosing the parametrization @ = {w, @, 6} on
the hyperboloid H? as'’

]
* 7¢Hp )732: ce ,',lhl}’

=3 1 - .
©= {‘f_" g g (3.8)
w = {‘P17 e 7‘Plh]102; e 70‘hl}:
i) d a
’a¢[§c1 ’ at”lh) ’-a—o ’
y=1,2,- ;p+qg—1, (3.9)

we can calculate the metric tensor g.s(H?) as well as the Laplace-Beltrami operator A(H .
Since in all four cases of (3.5) the variables in the Laplace~Beltrami operator (2.1) are separated in the

18 J, Niederle and R. Raczka, International Centre for Theoretical Physics, preprint IC/65/89, Trieste (1965).
18 Here and elsewhere, we use brackets for indices defined as follows: VoI PR /85789, ¢ )

a ta
(0] = { ta) = {
ia—1) 3o +1)

ifa =2r , ifa =2r s
. . r=12-..,
fa=2r+1, fa=2r+41,
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same way due to properties of the metric tensor (3.3), we can write the operator A(H?) in the form

A(Sv—l) A(Sa—l)

cosh® 6~ sink? 6’
where A(S*™")[A(S*")] is the Laplace-Beltrami operator of the rotation group SO(p)[SO(g)]."” If we rep-
resent the eigenfunctions of A(H?) as a product of the eigenfunctions of A(S*™"), A(8*™"), and a function

A(H?) = —(cosh®™* #sinh*™! 9)‘ g Cos >~! 9 sinh™ 8 i (3.10)

'ﬁ(./.,.z(.,,,(ﬂ), we obtain the foIIowing equation:

d

-1 a-1 -
[ —(cosh®™* 9 sinh®? §)7! 70

osh”'1 0s8inh®™" 4.~

li}v\(l(}v +JD - 2) + (}ql

(Zlhl +q¢-—-2 -

cosh® 6

where Iy, (Lo + 2 — 2o lia + ¢ — 2)] are
eigenvalues of the operator A(S™)[A(S*™")] with
Ligoilli3a1] the certain nonnegative integers for p > 2
g > 2.

A discrete series of representations exist if there
exist solutions of (3.11), which are square integrable
functions ¥y,,,.,.1.,(8), (8) € (0, ), with respect
to the measure'®

du (6) = cosh®™* §-sinh*™" 9-d9, (3.12
which is induced by the measure'® du(Q) on the hyper-
boloid Hz:
du () = [§(HD} a2

= du (w) du (@) cosh®™ fsinh®? 6 d6. (3.13)

The left-invariant measure du (w) is defined in
(A8). Since the differential equation (3.11) has
meromorphic coefficients regular in the interval

sinh® 8 )‘]"ﬁma)-lu/s)(o) =0, (3.11)

(0, =), any two linearly independent solutions are
also regular analytic in this interval.'® Since at the
origin and at infinity the coefficients are singular, the
solutions are not generally regular there, and we can
easily find two essentially distinct behaviors of the
solutions at the origin: y2 ~ ¢/ 0/*¢!,

g2~ grlimmere,
and at infinity:
ip+g—2

= (B0 + ¢ — 2 — AHe.

The only satisfactory solution, i.e., the solution
square-integrable with respect to our measure du(6)
(3.12), is the one that behaves like ${(8) at the origin
and like ¢5(0) at infinity. It turns out that the
solution of (3.11) with these properties is

Yra~ exp {—

- - ~g2)3-2]%
‘p?h/-)-i!c/a)(a) = tanhl““)o'cosh Bo+e-D+ e ! ’0

Fn(‘—n + l(hl + L;:‘z‘ ’

—n; Ly + % ; tanh’ 0) )

where a nonnegative integer n is connected with l,;, [;;.), and N by the condition that ,F; be a

polynomial, i.e.,

i — Ly — 20 =

p+¢—-2D+{Bo+e¢—-27 -\ —p+2

n=2012- - (3.14)

From this restrictive condition, we can find that the discrete spectrum of the operator A(H?) is of the

form'®
A=-LL+p+9¢—-2, L=

where

-3 +q—-9, - +e—-HI+1, -,
L =1y, ~ zth} -~ q — 2n.

(3.15)
(3.16)

Thus we have shown that there exist discrete most degenerate series of representations of an arbitrary
SO(p, q) group (p > ¢ > 2) on the Hilbert space 3¢"(H3), i.e., on the space of square-integrable functions

17 For more details, see the Appendix.
12 The measure du(Q)
on Hr, See Ref. 9.

[§(H? )2 dQ is the Riemannian measure, which is left invariant under the action of 80(p, ¢

19E. L. Ince, Ordinary Differential Equations (Daver Publications, Inc., New York, 1956).
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W linse), l.
My, e, ﬁ(p/al LY "'-’ﬁll/n]

denote such a series of representatlons by D"(H?).
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sl &, 6) with respect to the measure du (2) (3.13) and with X given in (3.15). We

The basis of the Hilbert space 3¢“(H?) is formed by the orthonormal functions:

Yﬁ;l’ m(l,l/’:/)”ﬁf’ ml{‘://:)’(“’? w, 8) = qu‘:. 2?1;};( ) - Y,l.:, .... o ’-{J:;lx(w) VH»/:) l(-h)(g): (3-17)
where
Yiniihw = W H sin®™ (9) - ditviaes (207 I exp imue, if p = 2r,
k=1
Yo = (3.18)

Vi) =

Hsm"‘(&) di

k=3

are eigenfunctions of A(S*") derived in the Appendix; Y%

(V7h) sin'™ @) - dicts oY)

o (209) - nexpzmkgo, if p=2r+1,

:Hes) (&) are eigenfunctions of A(S®™) ex-.

pressed as the product of the usual d-functions of angular momenta and exponential functions exactly as
(3.18), but respectively of variables ¢°, §°, and I, #, instead of ¢°, 87, and I, m,; and Vi oy biese, 18 the solu-

tion of (3.11) given by
Vl(n/a] l(c/.)(a)

(N—i) tanhi{g/sl (0) cosh-(l'a+p+q—2) (0)
DO+ ¢ =24 Uy + Lo + D), 3L+ g + Ly — Lis); Ly + 3g; tanh? 6],

3. 19)?

where, for a definite representation, L is fixed and l;;,,, li30 are restncted by the condition that .F; be al'

polynomial, i.e.,

N =

bim = lyjo=L+g+2m n=012 .. (3.205
N,, N,.., N are normalization factors given by
No=2 [G+k=D"  New= 4R +9 - 10" [TG+E-D", @2,
- -2 :
Dl — Lo = L = ¢+ D0l + YTBE = Ty + L + 2
(3.22)

and the indices J,, M,, M} are defined as:

Jio =3+ k — 2),

M, =3m+ Loy + &k — 2), L=m (3.23)

M, =%m — ey — kE+2),fork =2,3, -+, 7
Jm =l +r—1, M, =1+r—1,

L}

L,k = 2, --- , r 4+ 1, are nonnegative integers,
m, k = 1, -+, r, are integers restricted as follows
{See Appendix):

lmzl + Imll = l2 - 2n2) (3‘24)
*mal + l2 = 13 "‘21’!-3, Tty !mrl + lr-—l = lr - 27&”

Ny = 0) 1) Tty {%Zk}:
lr‘= lr+l—nr+1) k=23,---,1
nr+l = 0; 1: Sy lr+1‘

There exists also a discrete series of representations
D*(H?) on the Hilbert space 3¢“(H?) with H}? given

2L + 3 + ¢ — DITEUys + zli«n +L4+p+qg— 2)]”%@(}::; + Z(h) — L]

in (3.2). This series is obtained formally from the
previous D*(H?) by exchanging p, Iy, for g, [,
respectively, and vice versa. The most degenerate
representations D*(HY) created on 3¢”(H?) are not
unitarily equivalent except in the case p = ¢, when
both Hilbert spaces coincide.

Finally, we would like to mention that the rep-
resentations D“(H?) and D"(H?) are irreducible a.nd
unitary, as will be proved in Sec. 6.

4, DISCRETE MOST DEGENERATE
‘REPRESENTATIONS OF SO(3, 2)
GROUPS (p > 2)

For the de Sitter-type groups, SO(p, 2), the
homogeneous spaces are

X2 = S04(p, 2)/804(p — 1, 2),
X7 = 804(p, 2)/804(p, 1),

and can be rejaresented, respectively, by hyperboloids
H? and H3.

and 4.3
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The biharmonic coordinate system is introduced again in the same way as in Sec. 3. Hence, for the
Laplace—Beltrami operator A(H}) we obtain

A(Sb—l) )

A(H?) = — (cosh 0 sink*™* o)' s

cosh 8 sinh®! 0 T (cosk’ 9)! (4.2)

( a ..l 3 =
The main difference with respect to the equation for A(H3) is rooted in the fact that instead of the
operator A(S*"), ¢ > 2, appearing in equation (4.2), the operator A(S') = 9°/(3&')?, which has
eigenvalues —(fi,)” with #, an arbitrary integer appears. By using the same procedure as in Sec. 3,

we finally obtain, for the function of ¢, the equation:

d (ml)

[ —(cosh 4 sinh®™* ())'1 = cosh 6sinh® ! 6 —

The discrete series of representations exist, again
due to the fact that there exist solutions of (4.3)
square integrable in 8 & (0, «) with respect to the
measure du(f) = sinh 9. cosh 6-dé.

} The discrete spectrum of the operator A(H?) looks
like

A =i—L{L + p),
L=—-{i0-2}, -3@-2}+1,---, (44
where

= || = [lgn| — 20 — p. (4.5)

In a definite representation, the value L is fixed
and Eq. (4.5) imposes the following restriction on
|7, :

|fi,| > L + p. (4.6)

Vi am(8) = (N7 tanh!* /1" - cosh™** ¢

SFil3(= 1] + L] + L+ ), 3] + [lgs| + L + 9); [lgs| + $p; tanh® 6],

Pj(["h‘ ~ lgm| —

dd ~ cosh® @

~ p + AT(|ly,)| + $p)TIEL —

+ l(hl(l(hl +49 —2

sinh?® @ ) - )‘]'p}i,.x(,,,,(e) = 0. (43)

Since generators of an SO(p, ¢) group can change
the quantum number #, only by one (see Sec. 6),
we create on 3C“(H2) two discrete unitarily non-
equivalent series of representations. The representa-
tion corresponding to i, > L 4+ p is denoted by
D%(H3), and the other corresponding to #, <
—(L + p) is denoted by D%(H?).

The representations D (HZ) are representations on
different invariant subspaces of the Hilbert space
3e*(HZ), with basis formed by the following ortho-
normal functions

Yo, 8, 6)
= Y,',,'l',,[":;,‘,(w)[(&r) exp "”ﬁ@’] Vé,,,(,,,,(o),
4.7
where Y20 22} is given in (3.18) and
(4.8)

”lv l + |ml‘ +2)

2L + —p)I‘%(Im,l + llym + L + DT + |lgm| — L)

where, for a definite representation, L is fixed and
fiiy, liysy are restricted by the condition that ,F,
be a polynomial, i.e.,

(@] = lym| =L+p+2n, n=0,1,---. (4.9)
The discrete series of representations on the Hilbert
space 3¢“(H3) are constructed by the same method,
but (except p = 2) we obtain only one series be-
cause now [, plays the role of f#i,; and, for p > 2,
liy» is a nonnegative integer. For p = 2(l, = m,),
we find again two discrete unitarily nonequivalent
series as both Hilbert spaces 3¢*(H?2) and 3¢”(H3)
coincide.

5. DISCRETE MOST DEGENERATE
REPRESENTATIONS OF SO(p, 1) GROUPS
The homogeneous spaces of rank one for the
Lorentz-type groups are

X% = 804(p, 1)/80.(p —
= SOo(P, 1)/500(17),

where the X? space is the Cartan symmetric one.
We take, respectively, the hyperboloids H} and H} as
their models.

The biharmonic coordinates on H? and H) are
introduced again by the method explained in Sec.
3, but, on the hyperboloid H3, the range of @ is
(— », ®). On the hyperboloid H}, the range of ¢

and 1,1,

(6.1)
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is from zero to infinity sinee we restriet ourselves to
the upper sheet of the hyperboloid Hj}. Of course,
the upper sheet of H} is a transitive manifold only
under the proper SOq(p, 1) group, i.e., under the
group of transformations g = (g,,), for which gy, is
positive.

The Laplace-Beltrami operator on the Hilbert
space X(H?) has the form

_ ~1 a -1 A(S’-l)
A(HY) = cosh® 630 cosh 060 + cosh® 6§ ’
b€ (—w, =), (5.2)

where A(S”™") is the Laplace-Beltrami operator for
the SO(p) group given in the Appendix.
The eigenvalue problem of A(H?) is reduced to

1867

Analogous to the previous cases, we find the dis-
crete spectrum of A(H3) to be of the form

A= ~LL+p-1,
L=-{30-3), -3@-3}+1, -,

where

(64

L= |lynl —1~n, (5.5)
lij»1 & positive integer for p > 2, and, for p = 2,
an arbitrary nonzero integer, m,. Hence, there is an
exceptional case for p = 2 and we again obtain two
types of discrete unitarily nonequivalent series of
representations DZ(H?) and DZX(H}) on different
invariant subspaces of the Hilbert space 3¢*(H?).

[__:%_ d cosh®™ 9 & d For SO(2, 1) and SO(3, 1) these results were obtained
cos 6 dé dg by Bargmann,® and for SO4, 1) by Dixmier.’
Ly +p — IR _ The basis of the Hilbert space 3¢“(H?) is formed
cosh® 4 }\J'p””"(a) =0. (53 by the orthonormal functions
YEn i, g) leﬁ;h'";n'[lp'/’,/f’(w: 6) = Yo @ Vie.(8), i L — Ly = —@n+2),
e O =y, 6) = YR 5V (0), 6.8
f L—Ilgpn=—@n+1, =012 .-,
where Y- 00001 (w) is explicitly given in Eq. (3.18) and
1Viom(6) = —2(N7) tanh 6-cosh™ ***™" 0, P, (3L + Ly + 1), 3L — 1y + 2); §; tank® 6].
2VE s = (N cosh™ ™ 0. B\ + gy + p — 1), 3T — lum + 1); §; taok® ], 6.2
Here, the normalization factors N, N are of the form ;
N =2r{TRC - DI TRC+ L +p — DB{RL +p — 1}-TRC+ L + ] THC - L+ D]}
N = (a3l — L + DTGy + L + D1} (5.8)

{[Z + 3 — DITBUuwm + L + p — DITEWs, — DI}

and, for a definite representation, L is fixed and
lips2) must satisfy the restrictive condition that ,F,
be a polynomial, i.e.,
llih}{ =L+ 1+n, n=012--- (5.9

The discrete series of representations on the Hil-
bert space 3¢“(H!) does not exist, because the La-
place-Beltrami operator

.

mh ede

= b +p — 2)
sinh® 6 !

A(H;) = —(sinb®™ 6)'

§ € [0, «), has no discrete spectrum.

6. IRREDUCIBILITY AND UNITARITY

The Lie algebra R of the group SO(p, ¢) can be
expressed in the form of two types of operators with
commutation relations:

(Liis Lyi]-

= —8&, L;, + 8. L;y + 8, Liy — §;, Ly,
(Liiy Bri)-

= —8, B;. — 6 B;r + 8;r B, + ;4 Beu (6-1)
[B:i, B..]-

= 61’;‘ Lfn + 6:’; Lir + 6ir Lh + 6jn L,',.,

where L;; and B;; are, respectively, the generators
of the compact and noncompact one-parameter
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subgroups. We represent the Lie algebra R on the
linear manifold £ composed of the set of harmonic
functions

LJ:."'.”;/!)J.."'.,(c/!l ~
Ym.---.mlp/-l.ﬁ..-".ﬁn/-n (w, @, 6)

by the Lie algebra of operators:
. a_ﬂfi) — i(?ﬂl)].‘?_
[:c (axi T\or/ | ag" +

: 60“1’) ; al’(ipl .
+ x(axi)-x(ax‘) o’

wheres,j = 1,2, .-+, pandz’, - - -, z” are defined by
(3.4). For the remaining operators L;;, 7, j = p +
1,p+ 2 ---, p+ ¢ we obtain analogous expres-
sions. The generators of the noncompact type are
represented by:

__ x4 9
" ginh 6 cosh 6 96

,-gg:)_a_ ,.(
+x(axi 6¢1+ + =z

AN ; __65‘*“..’) 9
+x(ax")a¢1 ot x( oz’ / ggtiei

where¢ = 1,2, ..- ,pandj=p+ 1,p+ 2, -,
p + ¢. It turns out that the differential operators
L;; do not contain derivatives with respect to 6;
and their coefficients depend, respectively, only on
the parameters w or & of the corresponding subgroup.
The differential operators B,; contain the derivative
with respect to 6 and their coefficients generally
depend on all of the parameters w, &, and 6.

A
25

L",‘ =

(6.2)

B‘,’

ad(ipl a
az' / ggtt®

(6.3)

L
xH,Td .

RACZKA, LIMIC,

AND NIEDERLE
A. Irreducibility

To prove the irreducibility of our representations
D*(H?) on the Hilbert space J¢“(H?), we show that
there is no invariant subspace of the space 3¢*(H?)
with respect to the representation (6.2), (6.3) of
the Lie algebra R.

(@) The Casep > g > 2
The Hilbert space 3¢”(H?) has the structure
:}CL(H:) = Z (-D Gcf[,/”,l“/,,(H:),

Lipsa}il(a/e)

(6.9)

where the sum is taken over all such nonnegative
integers Uiy, li30), which satisfy l;y,) — [30 — 20 =
L4+¢n=012 ---.

Here the subspaces

Gcf'(,/.,.n./.,(ﬂl’)

are the finite-dimensional spaces spanned by all
the harmonic functions (3.17) with fixed values of
pairs of integers l;,), /(3,). The representation (6.2)
of the algebra of the maximal compact subgroup
SO(p) X 80(g) is irreducible on the space

5(3%(,,,,,1“,,,(115)
(as is proved in the Appendix). The structure of
the Hilbert space 3¢“(H?) can be graphically il-
lustrated by use of nets. A characteristic detail of
the net is drawn in Fig. 1. Every node of the net
represents a subspace

ch(p/llnl(alnl(Hz)a

and every unit step in the net connects the two
nearest neighboring subspaces.

Thus, to prove that there is no invariant subspace
of the space 3¢"“(H2) with respect to the operators
in (6.2) and (6.3), it is sufficient to find one operator
B;; and one element

YL’”,/”J“/’] e chlv/-)-t(c/'l(H:
such that
BYL-llv/-l-f(c/n

has nonvanishing components in four neighboring
subspaces (see Fig. 1).
Let us show that

L, Uipre). L {as
BD-D+¢Y"'(D/:I-ﬁlclcnl‘,(g)
has the desired properties if
L,lpra}Lar — L.ls o>+ b{psa), lavoer l(asay
lep;:l:'lﬂlcl/'ll’)(g) e me.’“',mlr‘/p:]’-)ﬁx:"‘.ﬁl:/ll (Q))

'=m[)pl=ﬁi2= e =777'[}al=0r
'y ll}cl-l have the

where m, = .-
and m,, lz, ttt l(}vl—l’ '71’1) ZZ! .
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minimal possible values. Omitting indices {1p}, {#¢q} whenever such omission does not lead to misunder-

standing, we obtain the following expression:

(A l+L+p+g—d+1-

(BY:oll)(Q) = 2T+ ¢
@l + g - 24,04.0]

_(d=1+L+9l-1-

]
L) A+(l)A,(Z)[%Q] gL+ ,I+1(Q)

N(l + 1; Z"" 1) ¥ L,i+1,1-1
NG, D JEE®

21+ ¢
+@l+q— 2)A_(Z)A_(l)[
where

Yg..olvﬂ.l.n(n)’

ZL.H,/-].“«I-'(Q) =

~1¥L Q) + 1YE ) +

Here N(l(inh l(}cl) = Nlhh N(}al; N: where Nlivh
N ., and N are defined by the expressions (3.21)
and (3.22). Then, if p is even:

p=2r r=23,---

A#(llh)) = At(lr)

=C(Jn4J. £4,M,,$)-C(J., 3,7, £}, — M, 5);
(6.7)
and, if p is odd, then
p=2r+1 r=12...
Alyp) = ALy
=041, 1, Jos1 £ 1, M,,4, 0)
C(J 41,1, Jpy £ 1,0, 0), 6.8)

where the Clebsch—Gordan coeflicients C(J, 1, J,,
m,, m,) are taken from Ref. 20, and J ,,, M 3, are
defined by (3.23).

Substituting the corresponding values of the con-
stants appearing in the expression (6.5), we check
that no term vanishes if the corresponding values
of integers liy,), Lo satisfy iy, — Iy — 2n
L + gexcept in the case I, = 1,1, = L + ¢ +
1 + 2n, where g are even. In that case BY - i+e+i+in1
has no components in 3¢, 41200 (H2) and 3%, isae2n.0

20 M. E. Rose, Elementary Theory of Angular Momentum
(John Wiley & Sons, Inc., New York, 1961).

Ni—1,1=D 101
T ]z i),

@)y — Y5 (@),

L - y + 2) A_(Z)A+(Z)[N(l _ 1’ l+ 1):|*ZL.I—I.I+1(Q)

NG, D

(6.5)
i p=27‘+17
q=2s+1;
. p=21',
if q=28+ly
. = 2r,
YELN@ - vkisie), i b T on
r,8 = 1) 2: v (6.6)

(H?), but this does not mean that the representation
is reducible on 3¢“(H?) as B is skew-symmetric on
£, and BY*'2*e****% and BY**¢**° have non-
vanishing components in 3¢, 41424,1(H2).

The proof of the irreducibility of the representa-
tion D*(H?) on the Hilbert space 3¢*(H?) is analo-
gous.

(b) The Casep > q = 2

The proof of irreducibility of the representation
D*(H3) on the Hilbert space 3¢“(H?) is the same as
in the previous case.

The representation of the group SO(p, ¢q) on the
Hilbert space 3¢*(H?2) reduces to two irreducible
parts DZ(H?) on the subspaces

JCI;(H: = Z @ scilﬁ.l.l(,/-)(H:):

where the sum is taken over all nonnegative integers
], i3y such that || — 1y, — 20 = L +p,
n =0,1,2, --- . The proof of the irreducibility of
both representations DZ(HZ) on 3¢%(H?) is the same
as in the previous case. The reducibility of the rep-
resentation on the space 3¢“(H2) 3LH) D
3L (H3) can be easily understood from (4.6) and the
fact that every operator B,; (6.3) maps the subspace
3¢ s 1,11,,0 (H3) only into those four subspaces
B{mr1,1 1,00 (H}) for which i — i, = £1, U,py —
liyn» = =£1. This follows from (6.1) and (6.5).
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(¢) The Case q = 1

If p > 2, the structure of the Hilbert space
et (H?) is
3" (H3) =

Z @ JCf‘( »/ |(H11,) ’ (6 ~9)

where the sum is taken over all nonnegative integers
lym = L + 1, L 4+ 2, ... . The irreducibility is
proved as in the previous case using the operator

RACZKXA, LIMIC,

AND NIEDERLE

B, and the element (5.6)
i Q) = Yalnlannine,
wherem, = +++ = my, = 0and m,, b, -+, lyp -

have minimal possible values. The element BY %+ (»/2)
has non-vanishing components in

JclL(p/. ) u(Hf)

as is expressible in the form

1,2

3
B, Y )(Q) = _2A+(1)[2—Nl(]i—,(“%9} ZE () — 2A-(1)[2N(]lv(l) )] ZE ), (6.10)
3
BYEYND) = — YL+ 14p— DI — l)A(D[%—I—)] ZE14(Q)
_ 3
—L -1+ D@+l — 2)A_(z)[i"2%—w——11] ZE), (6.11)
where

1.2ZL"(9) = {1.2Y€J(Q)7

@)Y Q) —

Here ,,N() = N, °1..N, where the constants
Ny, and , ;N are defined by the expressions (3.21)
and (5.8). The nonvanishing feature of the coef-
ficients can be checked as before.

If p = 2, there exist two irreducible representa-
tions D%(H?) on the spaces
2

Iml=L+1

*(H) (’Bmilml(Hz))

which can be proved as before.
B. Unitarity
The representation 7, of a group element

g € SO(p, q) on the Hilbert space 3¢"(H?) is deter-
mined by the left-translation:

L,1 Lipsay.l I(as
(T Y ’° m[p(/p, 1’ lﬁ," m[aq/‘n’l (Q)
L.l Lip/ay lavrol{a/a} 1
Y,,“ u '"[n(/’ll.mx,' '-ﬁlqa/n] g Q) (6-13)

then the representation of the corresponding Lie
algebra given by (6.2) and (6.3). Here the symbol
¢7'Q represents the set of parameters ¢!, .- ,
39 9 of the point @' = ¢~'Q on H?, and

YEn Sl (9)

is a harmonic function defined in the expressions
(3.17), (4.7, or (5.6). Therefore, the unitarity fol-
lows from the left-invariance of the measure du()
on the corresponding hyperboloid H?.

l(ﬂ/l] | PER]

imip/a) e,

for p odd,
12 Y51, for p even.

(6.12)

7. CONCLUSIONS

We devote this section to a brief review and dis-
cussion of the derived representations D*(H?) of
the group SO(p, q).

A. The Case p > ¢ > 2 (Sec. 3)

There exist two series of representations: D*(H?)
and D*(H?), related respectively to hyperboloids
H? (3.1) and H (3.2). The nonnegative integers
Lissy, liaq), which determine respectively the irre-
ducible representations of the subgroup SO(p) and
SO(q) are not independent as in the case of con-
tinuous most degenerate representations, but are
restricted by

limy — Ly — 20 =L + ¢ for HZ, (7.1)

ljo — lym —2n =L +p for H:, (7.2)
where 1;,), [, and n range through every such
triplet of nonnegative integers which satisfy (7.1)
and (7.2). These two conditions are respectively
illustrated graphically in Fig. 2 and Fig. 3. Every
node of the net in the figures represents a subspace
3CE 1, e1. 1100 Of an irreducible representation of the
maximal compact subgroup SO(p) X SO0(q) deter-
mined by a pair of integers l;,, and [,;,,. Generators
L, of the compact type act inside the subspace

3CT, a1 10ee)- On the other hand, the generator
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B,, of the noncompact type maps the subspace
3CE 1.1, into four neighboring subspaces

L L L L
5ct+1,l+x; 3cz-1.t+1; 3Czu,l—n 5cl—x.l—l

(graphically represented in Fig. 2).

All the representations D*(H?) and D*(H?) are
unitarily inequivalent except for p = ¢, where we
have only one series of representations D*(H?).

B. The Case p > g = 2 (Sec. 4)

In general, there exist three series of representa-
tions. Before describing them, we wish to stress the
fact that the irreducible representations of the sub-
group SO(2) are characterized by an integer nffi,,
which also takes on negative values. Instead of the
conditions (7.1) and (7.2), we have now

llam| — || —2n = L +2 for H;  (7.3)

74

where |l;,,], .|, and n range through all such
nonnegative integers so that (7.3) and (7.4) are
satisfied. It follows from these conditions and con-
clusions of Sec. 4 that there exists only one series
of representations, D*(H?2), related with the hyper-
boloid H3, while there exist two series of representa-
tions D%(H2) and DZ(H?) related with the hyper-
boloid Hj. Their graphical representations are given
in Figs. 4, 5, and 6, respectively. The representations
are unitarily inequivalent except for the case p =
g = 2. In the latter case, two subgroups SO(2) of the
group SO(2, 2) are indistinguishable, and we have

o 0
iszT o

|| — |lgm| — 20 =L +p for Hj,

0 -
“y

F1a. 2. Representation DL(H2), p > ¢ > 2.
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l;p Lep+2

F1a. 3. Representation DX(H2), p > g > 2.

only two unitarily inequivalent representations
drawn in solid lines in Fig. 7. The representations
appear after changing m, and i, are equivalent to a
pair of previous representations. We represent them
by dotted lines in Fig. 7.

C. The Case g = 1 (Sec. 4)

In general, there exists only one series of discrete
most degenerate representations D*(H?). However,
in the case of SO(2, 1), we have obtained two series
of irreducible representations, i.e., DZ(H3) and

Py

L+2

RN YR
]

Fia. 4. Representation DZ(H3).



1872

T’m

~(L+p+2) ~(L+p) m,
F1a. 5. Representation DL(H?Z).

DE(H?). The condition on the number l,,, which
determines the irreducible representations of the
maximal compact subgroup SO(p), has the form

s} = max (L + 1,0) + =,
n=20,12---. (7.5

It is interesting that we have found the discrete
most degenerate representations even for the groups
SO(p, ¢) with odd p and ¢, which have no discrete
nondegenerate principal series of representations (see
Table I). Let us explain this unexpected fact, for ex-
ample, for the Lorentz group SO(3, 1). The action of
two Casimir operators A, = M? — N® and A, =
M-N on the basis f* of the Hilbert space, which
realizes the irreducible representation, can be writ-
ten in the form™:

Aft = =2k + & — D,

RACZKA, LIMIC, AND NIEDERLE

'{%’)T |

L ;p Lrps2 m

L)
Fia. 6. Representation DZ(H?).
A,f’: = —41:kon’:, c=1p, p& [0, ®). (7.0

If we take the hyperboloid H? as the domain of the
functions f;, the second Casimir operator A, vanishes
identically and the first operator admits discrete
spectrum for ¢ = 0:

Afe = —2(ks — D).

If we put L = k, — 1, the result agrees with that
derived in Sec. 5.

For applications to physical problems with the
SO(p, q) symmetry, the derived diserete most de-
generate representations D“(H2) or D*(HY) are es-
pecially convenient due to the facts that

1. The maximal set of the commuting operators is
maximally reduced in these representations of
SO(p, ¢) groups. That is, for the discrete most de-
generate representations of the SO(p, ¢) group,
the maximal set of commuting operators in the

kh=0,%,1,%,---, (7.6) enveloping algebra consists of
A[SO®, 9],
C = {A[SO(p)], A[SO( — 2)], --- , A[SO@)], for p even}
A[SO(®)], ALSO — 1), A[SO( — 3)], -+- , A[SO@)], for podd

o o= {A[SO(q)], ALSO(g — 2)], +++ , ALSO@)],
A[SO(9)], ALSO(g = 1)], A[SO(g — 3)], -+ , A[SO()], for

=]-9 _29
H={a¢'~ o’

for ¢ even
qodd}, (7.8)
k=1,2,---,[3p]

Z=1,2,-~,[%q1}'

1 M. A. Naimark, Linear Representations of the Lorentz Group (Pergamon Press, Inc., New York, 1964), p. 167.
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F16. 7. Representation D, L(H3,).

where A[SO(p, g)] represents the Casimir operator
of SO(p, @), and C, and (, the sequence of corre-
sponding Casimir operators of the maximal compact
subgroup SO(p) X SO0(g). The set H contains opera-
tors of the Cartan subalgebra except when p and
¢ are odd, in which case H represents the maximal
Abelian compact subalgebra of SO(p, ¢) (see Table
I.

The number of operators contained in the maxi-
mal set of commuting operators in the enveloping
algebra for the discrete most degenerate representa-
tions of 8O(p, ¢) is equal to

N=p+g¢-1,

while the corresponding number for principal non-
degenerate representations is

N' =4+ 1) = 3NN + 1) + 20,

where r and [ are the dimension and the rank of
SO(p, q), respectively. :

ii. The additive quantum numbers may be related
to the eigenvalues of the set H. It turns out that the
set H is largest in the biharmonie coordinate system,
which we have used.

iil. The eigenfunctions of the maximal commuting
set of operators are given in explicit form by formulas
(3.17), (4.7), and (5.6); the range of the numbers
Lll?) Tt l(hh Z’h T Z(&ah My =7y Miges My, - o+ ’
#1341, Which may play the role of quantum numbers,
is determined by (3.20), (3.24), (4.9), and (5.9).
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APPENDIX

THE MOST DEGENERATE REPRESENTATIONS
OF THE COMPACT ROTATION GROUP SO(p)

The most degenerate representations of the com-
pact rotation group SO(p) were derived in Refs. 15
and 22. In this Appendix, we briefly review the main
results, and we prove the irreducibility and unitarity
of these representations.

For an arbitrary compact rotation group SO0(p),
there exist the most degenerate representations on
the finite-dimensional Hilbert space 3¢(X) of func-
tions, the domain X of which is the following Cartan
symmetric space of rank one’

X7t = SO(p)/S0(p — 1).

The model of this space is a (p — 1)-dimensional
sphere §°7!

(A1)

@+ @) =1, (A2)

imbedded in p-dimensional Eueclidean space E®,
Introducing the biharmonic coordinate system on

the sphere S°7' by formula (3.6) or (3.7), we can

caleulate the metric tensor g,s(S”"") on the sphere

RACZEKA, LIMIC,

AND NIEDERLE

8%, and, for the Laplace-Beltrami operator A(S*™)
defined by (2.1), we then obtain

AWST™Y = (eos’ ) iz

(3 )
+ (sin*~* 9" cos :3’)"‘ 3 (6in*"* ¢ cos ¢") a—%;
+—31§Q%; for p=2r, r=2, - (A
and A(SY) = 8%/(8p")*
A(S™) = (sin” ™t ") twﬂ (it ¢"*) aam
+ A8 o p=or Al r=1,2 -, (A4)

sin’ §
where A(S*?) and A(S*") are again invariant
operators of SO(2r — 2) and SO(2r), respectively.
Using induction, both operators A(S*®) and
A(S*'y can be decomposed in the same way as
A(S™™") in (A3). The eigenvalues X\, of the La-
place-Beltrami operator on the sphere S*' are of
the very well-known form

)\(hl = “l(b)(llip) + P 2)' (As)

Due to the inductive construction of the Laplace-
Beltrami operators, we can separate variables in the
eigenvalue problem for the operator A(S8*™"). Thus,
we obtain the differential equations:

1 8 . (ased) g r 8 m:
[Smmr—a)t} s F oF —osin ¥ cos & proiadives 2
Losllyey +2r — 4 ) '
—— l( Sxinz Y ) 4 l(l + 2 - 2)] s ;,“x(ﬂ = if P = o (Aﬁ)
and
1 8 -ty qrt1 D
[Sinmr-x) F gyt gin®d g 32?”1
2 L4 [y
l(ls;f S L + 2 = D]'ﬁ:*‘(& =0, if p=2r+1. (A7)

Solutions of the equations (A6) or (A7) belonging to the Hilbert space of square integrable functions

with respect to the measure

H cos (8% -sin'®*™? (9%)-do*- H dot

dp (@) = [§& N do = {7

for p = 2r, "8
8

sin? ! (ar«n) do' H cos (15&}'551’1{%»3) {'}k).d!}k.n dcpk for P = 2r + 1,
k=3 bt

are given as follows:

12 N. Ya. Vilenkin, Tr. Mosk. Mat. Obsheh. 12, 185, (1963).
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Forp=2r,r=2--.
mr tooa(87) = tan'" ! 97 cos' o Fy[F(|La| —

forp =2

I + mr): %(llf-ll -
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l, = m);l,._, +r — 1; —tan’ §'],
(A9)

Umle') = @07} exp imye',

where I,, I,.,, and m, are restricted by the condition
of square-integrability of solutions of (A3), i.e.,

=L+ Ll + |m] = —2n,
n=201,--,[3L] (A10)
andforp=2r+1,r=1,2, ---
Las(@7+1) = tan®” 971 .cos'™ 07, FL (A0 — Law);
3l = Lo+ Dl +r; —tan’ 8] (ALD)
with the restriction
l, = lga= —n n=20,1, -+, L. (A12)

Both solutions (A9) and (All) can be expressed
in terms of d-functions® and exponential functions.
The basis of the Hilbert space 3¢(**8*~")[3¢*(S*™)]
is then given by expressions in (3.18).

A. Irreducibility

(A) p=2r,7r = 1,2, --- . The proof is based on
induction. The representation D™ (S") of the group
S0O(2) is irreducible on the one-dimensional space
3e™ (S") determined by the vector

Y. (e) = @07 exp (imye").

Let us suppose that the representation D ~*(S8*~?%)
is irreducible on 3¢'"~*(8”~?), and then let us show
that the representation D' (8*') must be irreducible
on ' (8°7"). Denoting 3¢;’_, .., = 3" (8" ®
3¢™(S'), we can represent the space 3¢'°(S””') in
the form

38N = 2 Dl m, (A13)

(Ls-1,r-bm7,d ™))
— (lr—l + m, — lr)(lr—l + m, + lr + p —

2L, +p—2

+ @2l +p — 4)'A—(lr—l)A+(m")[

+ (lr—l — m, — lr)(lr—l — m, + lr + P —

2lr—1 +P -2

+ @l +p — 4)'A-(lf-1)A-(mr)[

N(lr—l —

1)
N(lr—l) :I Zm-—l (w)l

4»
’0 >’0

SR

Fia. 8. Representation D¥(821),

where the sum is taken over all such integers I, _,, m,,
which satisfy the condition |I,.,| + |m,| + 2n =
l,n=20,1,2, ---,[4,] (In the following we use
the convention [,_, = m, for r = 2.) The decomposi-
tion (Al13) is represented by the net in Fig. 8,
where the nodes correspond to the subspaces
3} _, ... Hence, to prove the irreducibility of
the representation D'*(877'), it is sufficient to show
that the vector (L,-;,,—»¢55*)(w) has nonvanish-
ing components in all four possible neighboring
subspaces 3C}’_ .;.m,+:- Here L,_, ,_, is defined by
(6.2) and

LA ()

= ‘&m l,..,(t’) Yl. 01’—1)

l"(‘P: o, e,

X (2m) "t exp im,o".

2 RORYRER| LTS PAESET®

N(.-,)

N(lf_l — 1 }

) lrlr—1—-1
N({,-) :I Ze1 (@)

2) ) A+(lr—1)A_(m,)[M]§Z;.'._t;_,+l(w)

N(,-,)

(A14)
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where
Z) = @)W — @07

The coefficients A.(l,-,) are defined by the expres-
sion (6.7), A.(m,) = (2)7*, and N(I,_,) = N,., is
defined by (3.21).

The coefficients in the expression (A14) do not
vanish for any two nonnegative integers I,.,, m,
satisfying the condition |l,_,| + |m,| + 2n = I,,n =
0,1, .-, [3L], except A_(I,_,) for [,_, = 1. How-
ever, the mapping

Lr~1.r—2

4 t
scl:my ) Gcofm %1

is possible as the operator L,_,,.,., is skew-sym-
metric on 3¢'"(S”*) and (L, 1 s—2b0. 20, Zii'Y) 5 0,
where ¢:,'2x.o & 5331..,*1 and Z-ln';l € GC:fm.

RACZKA, LIMIC,

"AND NIEDERLE

B)p=2r+41,r = 1,2, ---. Using the operator
L., ,, and the element

""" )
= Y51, (0 Yo%

where [,, - - - , I,_, take the minimal possible values,
we prove the irreducibility of the representation
D¥*(8*7") on the space 3'**(8*") from the ir-
reducibility of the representations D' (S*"*) on
3¢ (8”"%) as before. The irreducibility of the rep-
resentations D*(8”7%) on 3¢'"(S*"*) have been
proved in the previous case.

r—l, r—l),

XTI 0N
yeen0 (¢1; 02: @

B. Unitarity
Due to the left-invariance of the measure du(w)

(A8) on the sphere S°', the representations
D¥(8”') and D¥*(S"') are unitary.
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This paper is devoted to the study of the statistical dynamics of the small amplitude coplanar
vibrations of a compound pendulum consisting of N + 1 particles suspended in series by weightless
strings in a gravitational field. All particles have the same mass m, except for the top particle whose
mass is m{1 + Q); and all strings are of equal length. The behavior of this system in the limit in which
N — « is of particular interest, because the maximum normal mode frequency is proportional to N'1/3,
In the limit N — «, asymptotic formulas with error estimates are obtained for the time dependence
of the momentum sutocorrelation function of: (1) the top particle when @ = 0; (2) the bottom
particle when @ = 0; and (3) the top particle when N »> @ » 1.

A. INTRODUCTION

ECENTLY a large number of investigations of

the statistical dynamical behavior of systems

of coupled harmonic oscillators have appeared in
the literature.'™*® The object of this work has been
to gain insight into the properties of time-relaxed
correlations between small numbers of oscillator
variables. Only three investigations'®'® have dealt
explicitly with the dependence of correlations on
the number of oscillators N as N approaches infinity;
and all three were concerned with the same system,
a one-dimensional model of a crystal with nearest-

* Present address: Institute for Theoretical Physics,
Rijksuniversiteit, Utrecht, Netherlands.
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neighbor interactions and periodic boundary con-
ditions. The purpose of this paper is to study a
different one-dimensional oscillator model with
nearest-neighbor interactions in which there is an
essential dependence of the momentum autocor-
relation on N. Our meodel, first considered by D.
Bernoulli,” deals with the small amplitude coplanar
vibrations of a compound pendulum consisting of a
large number of particles suspended in series in a
gravity field by means of weightless connecting
strings. Figure 1 is a reproduction of the figures in
the Bernoulli paper of 1732 showing the 2-, 3-, and
«-particle chains. The restoring force on a dis-
placed particle in a Bernoulli chain is roughly pro-
portional to the number of particles suspended below
it. Consequently, there is a significant difference
between the dynamical behavior of a particle near
the top of the chain and that near the bottom of
the chain. Furthermore, the maximum normal mode
frequency of the chain is proportional to the square
root, of the number of particles in the system. These
properties are in marked contrast to those of the
one-dimensional erystal model® in which all particles
are dynamically equivalent, and in which the maxi-
mum normal mode frequency approaches a constant
as the number of particles in the crystal is increased.

In the remainder of this section, we outline the
calculations contained in the paper. They are based
on the following solution to the general problem of

¥ D. Bernoulli Commentarii Academise Scientiarum
Imperialis Petropolitanae 6, 108 (1732); 7, 162 (1734). [This
journal is cataloged under “Akad. Nauk SSSR, Leningrad”
in Union List of Serials, W. Gregory, Ed. (W. H. Wilcox
Company, New York, 1943), 2nd ed.} These papers contain a
treatment of the oscillations of a double and a triple pendulum,
s figure depicting a five-particle pendulum, and the classic
treatment of the continuum limit in which the Bessel function
Jo{z) oceurs.
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f Lo

F1a. 1. Reproduction of the figures in the Bernoulli paper
of 1732 showing configurations of the 2- and 3-particle
chains and of the continuum limit of the chain.

calculating the normalized momentum autocorrela-
tion function of a particle in a coupled oscillator
system®®

N
pa(t) = 2, X2, cos s,t, €]

v=1
where p,{t) is the normalized momentum autocor-
relation function of a particle n in a classical system
in a canonical distribution at temperature 7,

pulf) = (PR(t)Pu(t' + O)/(Pat))-

The coefficient X, is the amplitude of particle n in
the »th normalized normal mode vector, and s, is
frequency of the »th normal mode. Thus, the cal-
eulation of p,(t) requires a knowledge of the normal
mode eigenfrequencies and eigenvectors. Our model
is a Bernoulli chain consisting of N -+ 1 particles
numbered from n = 0 to n = N starting at the
bottom particle. The lengths of all connecting strings
are equal to [; and the masses of all particles are
equal to m except for the topmost particle n = N
whose mass is m{1 + @). In Sec. B, we calculate the
values of X,, and s,. The values of X,, and s, for
the case in which the top mass is equal to the others

AND P. ULLERSMA

have been obtained by Bottema.”* We have merely
modified his calculation to account for the change
in the mass of particle N. In Sec. C, we estimate the
time dependence of the momentum autocorrelation
in three particular cases and obtain rigorous bounds
on the errors in the estimates. The three cases
treated are: (1) py(f) when @ = 0, (2) po(t) when
Q = 0, and (3) pa(t) when N >> @ > 1. The exact
formula for the momentum autocorrelation function
of a particle in a Bernoulli chain of N + 1 identical
particles (@ = 0) is obtained immediately by sub-
stituting in Eq. (1) the values of X,, and s, ob-
tained by Bottema. The result can be written as

N4+l 2
o= 5t 2 e (BB s (0/00, @
where L,(z) is the Laguerre polynomial of order N,
the numbers k,, » = 1, +-- , N 4 1, are the zeros
of Ly..{x), and ¢ is the gravitational constant. The
estimates which are obtained in Sec. C for p,() and
px(t) are based on three observations. First, the sum
of the coefficients of the cosine in Eq. (2) is iden-
tically equal to unity. Second, when the number N
is large compared to unity, there is an asymptotic
series® for Ly(z) which is uniformly valid in the
oscillatory range 0 < z < 4N + 2 and which pro-
vides accurate values for k, and [Ly(k,)]"%. Third,
when the asymptotic formulas are substituted in
Eq. (2), the resulting sum is obviously related to
an integral. There is a simple upper bound on the
magnitude of the difference between the sum and
the approximating integral which involves the num-
ber of terms in the sum and the total variation of
the integrand.

Finally, in Sec. D, we discuss some of the results
obtained for the Bernoulli chain; and we relate
these results to those obtained in other models. A
comparison of po(t) and py(t) when @ = 0 shows
two extremes in the behavior of the momentum
autocorrelation function. In the ease of py(f), when
Q@ = 0and N > Q> 1, there is a significant de-
pendence on the number of particles in the chain.
The difference between the results in the last two
cases illustrates the inhibiting effect of a large mass
difference on the rate of transfer of momentum in
harmonie oscillator models. This inhibiting effect is
of considerable interest and has been studied in
simple crystal models where various correlation
functions of a heavy particle have been shown to

‘ 20 (. Bottema, Jahresber. Deut. Math.-Verein. 42, 42
1933).

2 ¥, G. Tricomi, Differential Equations (Hafner Publishing
Company, New York, 1961), p. 190.
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exhibit classic Brownian-like properties in the case

of one-****" and three-dimensional® crystals.

B. NORMAL MODE EIGENFREQUENCIES AND
EIGENVECTORS IN A BERNOULLI CHAIN

Consider a Bernoulli chain, or compound pen-
dulum, consisting of N -+ 1 particles at equal dis-
tances ! along a string suspended in a gravity field.
The mass of the connecting string is neglected and
we are only concerned with small transverse coplanar
oscillations of the particles. The particles, numbered
from 0 to N starting at the bottom, have the same
mass m with the exception of the top particle which
has the mass (1 + Q)m. The tension S, in the string
between the 7th and (7 — 1)th particle is given by

i=17"'yN’ (3)

where g is the gravitational constant; and the tension
Sx+1 in the string connecting the uppermost particle
to the suspension point is given by

SN+1 = (N + Q + l)mg.

If we denote the transverse displacement of the
particles from their equilibrium positions by z;, then
the net force on particle 7 is

Si1@ivr — 2)/1 — Si(z: — z;-1)/1.

The Hamiltonian for small amplitude vibrations of
the system is
N=-1 2 2

Pi Py
.-2.;,2m+2m(1+ Q

=8 Sisa 2 Swe1 2
+ g) 21 (@is1 — z)' + Tv’vm @

S.’ = 'img,

H =

where p; is the momentum conjugate to z;. We
transform the Hamiltonian to diagonal form by
following the procedure used by Bottema® in the
case in which all masses are equal, @ = 0. First
apply the following canonical transformation in (4)
z; = m"Q‘,

t1=0,1,--- ,N—1, ()]
pv = A+ QmPy, zy =1+ QImiQy.
This yields for the Hamiltonian

= m*P-’)

N N-2
H = JPi+ 3 3l + D@ — QF

+ 3N[Qx/(1 + &)F — QuosT
+ 3N+ e+ D@+ D7Q, (6

where
wo = gl ™
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To diagonalize the Hamiltonian (6), we construct
an orthonormal transformation which diagonalizes
the potential energy. The equations of the associated
eigenvalue problem are

—tQi-n + 2+ 1 — k)Q: — (¢ + DQivr =0,
=0+ ,N—2,
—(N — D@y, + 2N — 1 — k)Qy
—NQ+ 9%y =0, @8
~NQ1 + 9 Qy-,
+2NA 4+ @ 4+ 1 — klQy = 0.

In (8) the first N — 1 equations have the form of
the recurrence relations of the Laguerre polynomials,
Ly(k), so that we may put

Q:(k) = L-(k)r 1= O; M) N -2 (9)
Then we deduce from the Nth equation
Qv(®) = (1 + @ Ly(k); (10)

and consequently the last equation gives the eigen-
values k,,

NLy_,(k) — 2N + (1 + (1 — B)]Ly(k) = 0. (1)

Applying the recurrence relation between Ly_,(k),
Ly(k), and Ly.,(k), the eigenvalue equation can
also be written as

(N + DLy.a(k) + @ — BLyk) = 0.  (12)

Clearly this equation has N 4 1 roots k, which are
separated by the zeros of Ly(k). Thus, the com-
ponents of the eigenvectors of the equations are

Ll'(k!):
i=0,-+ , N—1;p=1,.-- ,N+1,

and

(13)

(1 + QLy(,).

To normalize the eigenvectors we use the property*

2 (L®)Y

t=0

— N +1) [LNH(k) ‘—;%L,v(k) — Le®) ;-kLN“(k)]-

(14)

Combining the recurrence Eq. (8) with (12) and the
relations®

k(d/ dk)sz(k) = N [LN(k) - LN—1<k)]) (15)

2 G, Szegd, Orthogonal Polynomials (American Mathe-
matical Society, New York, 1939), Chap. 5.
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and
(d/dk)Ly+y(k) = (d/dk)Ly(k) — Ly(k),  (16)

we obtain for the components X;, of the normalized

eigenvectors in Eq. (11)

X, = kel + QK — 20k, + e+ 1)
+ NV + e + VLk)/Laky),

,N—1 (17)

i=0,:--
and
w = (1 + O%la + oK
—20%k N +a+1D)+ W+ e+ 1)L

Now the transformed Hamiltonian is written

N+1

H= 2 40 +sa), s =k,

¥l

(18)
where

= ZXinw

i=0

N
= Z Xian

=0

The values of X?, and s} in Egs. (17) and (18)
reduce to the values obtained by Bottema for @ = 0,

= (N + 1)7°k,[Li(k.) /Ly (k)T (19
and
s = wak,, -, N +1
where k, is the vth zero of Ly, (k).

y=1,

C. EXPLICIT TIME DEPENDENCE OF THE
MOMENTUM AUTOCORRELATION FUNCTION
The explicit time dependence of the momentum

autocorrelation function will be determined in three
particular cases (1) px(f) when @ = 0, (2) p(®)
when @ = 0, and (3) pn{l) when 1 K @ K N. In
each case, the procedure is based on the three
observations listed in Sec. A.

1. QN(t) When @=0
The expression for px() when @ = 0 follows from

Eq. (2) and can be written as
N+1 k

L+30+ 07 27 e

pml

PA(t)‘“N_{__I

X €os [wo( 4Nk T 6) (4N + 6)*{}

where o} = g¢/l, and k, is the vth zero of Ly.,(k).
In the limit N >> 1, the N + 1 zeros of Ly.,(k),
when normalized to 4N -+ 6, fill the interval (0, 1).
In this limit the k,’s can be expressed implicitly in

(20)

R. J. RUBIN AND P. ULLERSMA

terms of » with the aid of the following asymptotic
formula for Laguerre polynomials of large order®:

exp (~4k) Ly, (k) ~ (—=D)""'[x(N + ) sin 26]™
X sin [(N + §)(20 — sin 26) 4 1x], (21)

where § = cos™ [k/(4N -+ 6)]). The asymptotic
formula is valid in the interval e < k/(4N +6) < 1,
where ¢ is a fixed positive number, and the correc-
tion term is proportional to N~} The zeros of
Ly.1(k) correspond to those values of ¢ for which
the argument of the sine function in Eq. (21) is a
multiple of =,

(N + %)(28: - Sin 20v) + i"ﬂ’ = (N + 2 - l')‘ll',

v=1,- ,N+1 (22
or
S
1 w[c"s AN + 6
() (- s) |
“\awvse/\! " ivrs
“NFi INFsWi1) @®

Equation (23) relates v to k,/ (4N -+ 6). In the limit
N > 1, the last term on the right-hand side can be
neglected. In order to estimate the time dependence
of px(l), we determine the integral for which the
right-hand side of Eq. (20) is the discrete approxi-
mation. The integral in this case is

50 = [ 4G cos W@V + 6 du,  (2)

where the sum is based on the points

y—3%
“ N+17

and where w’(u) = k,/(4N + 6) is related to u by
the limiting form of Eq. (23) for large N,

y N+ 1,

y =1

p=1 = 2 oo wG) — vl — WP @)
Thus, the discrete approximation for 4(¢) is -
N+l of v — .l)
"”(t)“*N+1,z.; <N+1 |
EH
X cos[ (N T l)wo(éN + 6) t] (26)

where we have ignored the term (1/2)(N <+ 1) in
the coefficient of the sum in Eq. (20). The magnitude
of the difference between the integral 4(t) in Eq. (24)
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and the sum for py(f) in Eq. (26) satisfies the following inequality®:
[9() — x| < (N + D7T'OW, 9), 27

where VN, t) is the variation of the integrand in the interval (0, 1). In the present case, where the
derivative of the integrand in (20) is a continuous function of u and w(x) is an increasing function of
&, the variation VN, ¢) is

VN, ) = f l li {4w"() cos [wowWAN + 6)*]}] du

-4 f 12 co8 [wow (AN + 6)H] — wlwwodN + 6)sin [ww()EN + 6] w(x) L2E) d"’(“) di,

and satisfies the following inequality
1
W, ) <4 [ 2+ w0l + 6} u) L8 g,

< 4[1 + 3w,t@N + 6)1. (28)

Combining Eqgs. (28) and (27), and neglecting N~*
compared to unity, one obtains

l9) — pu(t)] < 4N' + (8/3)wotNY.  (29)
The initial value of py(t) is unity. Therefore, it
follows from Eq. (29) that the integral 4(t) is a useful
approximation for py(t) provided that 4N~' +

(8/3)wotN~¥ can be neglected when compared with
a(t).

The integral 9(f) in Eq. (24) is easily evaluated
after changing the variable of integration from g
to w using Eq. (25)

1
r"‘f w1 — w)}
X cos [ww,(4N + 6)}] dw

() = 16

(30)

]

-8 j—T; [J2(r)/ 7] om carservune-

The integral 4(¢) in Eq. (30) is a damped oscillating
function of the time whose period is equal to 7wy N~
and whose initial value 4(0) is equal to unity. It is
clear that when the amplitude of the oscillating
function 9(¢) is comparable with 4N "+ (8/3)w,tN 4,
the function 4(¢) does not provide any useful infor-
mation concerning the autocorrelation function
pn(t). This condition is reached at ¢ = wy'N*,
where 4(w;'N~''°) is proportional to N 25 and
where lg(w;lN 1/10) —- pv(w;1N~1/10)| S (8/3)N-3/5
Consequently, we may conclude that

PN(t) = —"S(dz/dfz)[T_lJl(T)] |r-(4N+6)‘m.¢

for 0 < wt <NV, (31)

% G. Polya and G. Szegd, Aufgaben und Lehrsdtze aus der
Analysis (Springer-Verlag, Berlin, 1964), 3rd ed., Vol. 1, p. 37.

In this limited time interval, the difference px(t) —9(2)
satisfies the inequality,

lon(t) — 9()] < 2N,

and in the neighborhood of ¢ = w;'N™'"%, the ampli-
tude of py(wy'N~'%) is

21r-l/2N—9/20,
a number which may be regarded effectively as zero,
but which is nevertheless large compared to the
upper bound of |py(t) — 9(t)|. Thus, we have shown
that, in a Bernoulli chain composed of N + 1 iden-
tical particles, the momentum autocorrelation func-
tion of the top particle is approximated accurately
by Eq. (31) in the time interval 0 < t < wi'N ™',
The difference between Eq. (31) and the exact value
is less than N~ throughout the interval. The
number N~7/*° is small compared to the amplitude
of oscillation of the autocorrelation function; and
the amplitude of oscillation at ¢ = w;'N~"° is
27 N2 which is effectively zero.

2. () When @ =0

The expression for g,(f) when @ = 0 follows from
Eq. (2) and is

N+1

po() = N +1)7* Z; k[ Ly (k,)]™ cos (wokit). (32)
The factor [Ly(k,)]* is a relatively smooth function
of », since the maxima (or minima) of Ly(k) are
located near the k,’s, the zeros of Ly,,(k). The
asymptotic formula for [Ly(k,)]”* has been obtained
in the Appendix, and its value is

i~ et

X (1 - 4N’°;r 6)_* exp (=k).  (33)
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Substitute Eq. (33) in (32) and obtain

N+1 Y -%
po() = 2¢ <m%—5) (1 — 4Nk_"_ 6) exp (—k,) cos (wokit). 34

r=1

Clearly, in Eq. (34) the high frequencies do not contribute significantly to p,(t) because of the pres-
ence of the factor exp (—k%,). With one minor modification, we proceed as in the case of py(f) and
introduce the integral g(t), for which the right-hand side of Eq. (34) is the discrete approximation,

3
90 = [ 2eNw()t ~ W exp [~ @V + Ow'()] cos low()@N + 60 du,  (35)
where w{u) and u are defined as in Eq. (24). The minor change is in the upper Limit of the integral.

We omit the last (1/2)N frequencies from the sum in (34) and the integral in (35). The contribution of
these terms to pq(f) is negligible; and by excluding the point u = 1, the total variation of the integrand

in Eq. (35) is finite. Thus, the magnitude of the difference po(f) — () is
L
00 = 501 < 27 [ |2 (R exp [ a + ) cos (4N + O uutn] | de

]
<2r [ 220 {[1 — w1 '(;iw (w(s) exp [~ (4N + 67w'()

(36)

3
+ w(y) exp [—(4N + 6)w’(u )][E‘izv—_tv%)—a])gt + (1 = (;2(11)]‘]} ap-

When the independent variable is changed from p to w in (36), the inequality can be written as

mt) — g1 < 20 [ {1 — it [ L

3
+ wexp [~ (4N + 6)'”2][(4(7 jgz)?(,t + (1 -fvwz)’]} dw

or
2 1 b . 2

ront 1= exp [—(N + Ow'@)] | o [L= QP [0S, :
RO e e G ¥ emp(—a)de,  @0)

10— 801 € = | (2) + bt [0

Thus the error made in replacing po(t) by g(t) is at most “~N"** in the time interval 0 < t < wy'N'%.
The integral g(?) is

g@) = 8N fwm w exp [— (4N + 6)w?] cos [4N + 6)}wotw] dw
’ (38)

Niw(})
=2 f v exp (—v°) cos (wolv) dv.
1]

It can be seen in Eq. (38) that there is a negligible dependence of g(t) on N for N >> 1. Therefore, we
extend the range of integration to infinity and integrate by parts to obtain

IO =1 — wet fm exp (—¢°) sin (wotv) dv

Jwot
=1 —wtep[-fif] [ e () dr =1 juif ep [—RIELRG, i3] GO)
0
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The initial value of g(f) in Eq. (39) is g(0) = 1 and
the asymptotic value® for ¢ >> w;' is

9(O) ~ —2u" ", (40)

At intermediate values of ¢, it is readily verified from
a table of numerical values of Dawson’s integral,”

exp (—2°) fo ) exp (v°) dy,

that there is only one zero of §(¢). This zero occurs
for t = 1.84 w;'. For t ~ w3'N'®, the value of §(¢)
is ~N~'*, We therefore conclude that, in the time
interval 0 < wot < N'/%, the momentum autocorrela-
tion function of the bottom particle in the Bernoulli
chain is

fwet
ool =1 — wt exp (—3il) [ exp @) o
0

The error in p,(f) is at most ~N*/%; and, except in

40 + @

1+ +07]

(-
N+1
X 4N +

o

FUNCTION 1883
the vicinity of the zero of p,(t), the magnitude is
~N7~'"* or greater.

It is also known that, in any system of coupled
oscillators, p,.(t) is the velocity of particle n at time
t for a special initial condition of the entire harmonic
oscillator system'’: the condition in which all dis-
placements and velocities are zero except for the
unit velocity of particle n. Thus, the displacement
of particle n at time ¢t is the integral [§ p.(7) dr. In
the present case, the maximum displacement of
particle n = 0 occurs at { = 1.84 w;' when the
velocity is zero. Subsequently, the particle returns
monotonically to its equilibrium position.

3. ov(t) When1 « @ « N

The expression for py(t) can be obtained by sub-
stituting Eq. (17) for Xy, in Eq. (1). The result can
be written as

k

3
) e + ot

k,

r=1

4N +6

where k,,v =1, --- , N 4+ 1 are the N + 1 zeros of
the polynomial

Cyi(k) = (N + DLya(k) + @1 — K)Ly(k). (42)
Because the zeros of Ly(k) interlace the zeros of
Ly, (k), it can be shown that a zero of ®y,,(k) is
located between each pair of zeros of Ly, (k). In

16a(a + DI + 3V+0"F{(s) - sert + +n(1 + N%)(‘mﬁe) +(1+ ]7%)2 ’

(41)

(1 — w®)} cos [ww,(4N + 6)}1]

addition, ®y.,(k) has one root which is smaller than
the smallest root of Ly+;:(k) when @ > 0. Therefore,
in the limit N > 1, the roots of ®y.,,(k), when
normalized to 4N 4 6, fill the interval (0, 1). Con-
sequently, an integral can be constructed for which
Eq. (41) is the discrete approximation. This integral
is the analog of Eq. (30) for g() in the case of
the perfect Bernoulli chain

%) = 16r7(1 + Q) f ‘v

16Q(@ + Dw* — 8aw* + 1

dw. (43)

It is readily verified that when @ = 0, X(f) is equal to 9(¢). In deriving Eq. (43) we have assumed only
that N >> 1 and 0 < @/(N 4+ 1) < 1. The magnitude of the difference px(f) — %(f) can be shown to

satisfy the inequality

w*(u) cos [w(ww(dN + 6)}]

o) — x| < LD [*1d

N ¥1 du
(e + 1/q)t

AN

dp 16Q(Q + Dw'(s) — 8aw’(n) + 1
Qa+4+1

P

4
= ﬁ{l — [o/(ea+ D)} 160 + (4@ —

(@ + Dw’ dw }
16a(@ + DHw* — 8aw® + 1
(44)

o7 + 2Nt f
0

% A, Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher Transcendental Functions (McGraw-Hill Book

Company, Inc., New York, 1953), Vol. 1, p. 278.

% Handbook of Mathematical Functions, M. Abramowitz and I. A. Stegun, Eds. (National Bureau of Standards,

Washington, D. C., 1964), p. 319.
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When @ >> 1, the inequality (44) simplifies to
lex() — ()| < 2/N + (x/2NDwit.  (45)

This error bound is identical in form with that ob-
tained in the case @ = 0. Although we have not
been able to evaluate X(¢) in Eq. (43) in terms of
known functions for arbitrary values of @ > 0, we
can evaluate X(¢) in the limit @ > 1.

The problem of evaluating XK (t) in the limit @ > 1
is relatively simple, because the factor

D(w) = 16(a + Dw’[16a(Q + Dw' — Saw® + 1]

has a very sharp and large maximum at w, =
[16a(@ + 1)]"t 2= (1/2) @ L. The value of D(w,,) is

D(w,) = 2{(e + D)/al’ll — [g/(a + DI (46)
or
DGah) >~ 49, for a>1. 47
Start with the identity
x({) =" fm D(w) cos (wr) dw
+ 7 fol [(1 — v’ — 1]D(w) cos (wr) dw
-t f i D(w) cos (wr) dw, (48)

where r = (4N + 6)}w,t. One can show for @ >> 1
that: (1) the second integral in Eq. (48) is less than
(8 4+ 1/7)@ ' because the integrand is small at
w,,; and (2) the third integral is less than (x@)~"
because w,, lies well outside the integration interval
The first integral is a known cosine transform,* so
one obtains

x(t) = @@ + 1) csc (26)

< st [6— rsin 6 :l [__ T cos ¢ ]
AR CE el R C R L
(49)

po(t) = 1 -~ ’%‘*’gtz exp ["‘%thz)tz]lFl[%; 3 %wgtz]’
> w; .

~ —2w,%t%, for

The value of po(f) when ¢t = wj'NY® is —2N V4,
Thus it is seen that not only the forms of py(t) and
po(t) are different, but the times wy'N /% and «y'N'/®
at which the respective amplitudes decay to the
value N™'* are markedly different. In each case

26 A, Erdelyi, W. Magnus, F. Oberhettinger, and F. G.
Tricomi, Tables of Integral Transforms (McGraw-Hill Book
Company, Inc., New York, 1954), Vol. 1, p. 9.
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where
cos 260 = —[g/(a 4+ 1P

In the limit @ 3> 1 where sin #=¢ 1, cos 8= (1/2) @7},
and 0 & 7/2 — (1/2) @, the expression for X(t)
simplifies to

R(t) = exp [—Nwot/2@] cos [Nw,t/@l]. (50)

We therefore conclude that, in the time interval
0 < wit < N™'%, the momentum autocorrelation
function of a very heavy particle at the top of a
Bernoulli chain is

px(t) = exp [—Nwot/2@] cos [Nlwet/@l].  (51)

The error in py(¢) arises from the replacement of py(t)
by &(t), and from the approximations made in eval-
uating X (f). The first of these errors is clearly small
compared to py(t) in the time interval 0 < w,t < N~'/°
when N > @ > 1. The approximations made in
evaluating 3(f) limit the usefulness of the result to
the sub-interval of 0 < wot < N™'/° in which px(t)
is appreciable compared to @ '. When N >> 1 there
is no appreciable difference between p,(t) for @ = 0
and p,(t) for @ > 1.

D. SUMMARY AND REMARKS

We have shown that, in a perfect Bernoulli chain
of N 4+ 1 particles (@ = 0), the momentum auto-
correlation functions of the top and bottom particles,
px () and po(t), are radically different. In the former
case, py(f) decays in an oscillatory manner

2
o) = —8 L (—J—(—)) L0 <ot <NV

T 1m2NYaot
2 ¥ cos (2NYwyt — 37)
~ 8(#) (2Nt t)? ) (52)

The amplitude of py(f) in the neighborhood of
t = wi'Ntis 47 IN7Y In the latter case, po(f)
passes through zero only once (at ¢ =2 1.84 w;') and
approaches zero from below

0 < wt < Nt

px(t) and po(t) are discrete cosine transforms based
on the same normal mode frequency spectrum. The
presence in the transform of the highest frequencies
(which are proportional to N*) is apparent in the
form of py(t) but not in that of p,(t). The greater
weight of the high-frequency components in py(?)
and the more rapid damping of the decay envelope
of py(t) reflects the physical fact that the nearest~
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neighbor interaction or coupling constants are pro-
portional to N in the vicinity of particle N. In the
limit N — o, the maximum frequency of the
Bernoulli chain approaches infinity. To the authors’
knowledge, there are only two investigations of sys-
tems of coupled harmonic oscillators in which in-
finite frequencies appear explicitly. These are a
model of Brownian motion treated by Ford, Kac,
and Mazur'” and a model of an elastically bounded
electron interacting with the electromagnetic field,
treated by Ullersma.’® In both investigations the
case N = o was considered. The transition N — o
was not pertinent to the problems posed.

The properties of a heavy particle in a harmonic
oscillator system are of interest in the theory of
Brownian motion; and several systems have been
studied.?*'7+°*:15-2" In the remaining case, we have
determined the time dependence of the top particle
in a Bernoulli chain when the mass m(1 4+ @) of the
top particle is large compared to the mass m of the

FUNCTION 1885

can be written as

px(f) = exp [—Qt/2@} cos [Qf] + 8(1),  (53)

where @ = NYw,@ ! and where §(f) satisfies an
inequality of the form |6(f)] < ¢@™" with ¢ of order
unity. Thus, the first term in Eq. (53) is a useful
approximation for py(f) as long as ¢@ ' is small
compared to exp [— Qt/2 @Y. It is clear from a com-
parison of Eq. (53) with (52) that the effect of
increasing the mass of particle N is to inhibit the
transfer of momentum between N and the rest of
the chain. In addition, the effective frequency of
oscillation is decreased. Similar behavior has been
found in the case of a heavy isotope in a three-
dimensional crystal model.’

APPENDIX

Consider the problem of calculating the asymp-
totic formula for [Ly(k,)]™® when N >> 1 and k, is a
zero of Ly, (k). Using the asymptotic formula given

(L] ~

other particles. The expression derived for py(f) is in Eq. (21), the expression for [Ly(k,)]™* can be
characteristic of a classical Brownian oscillator. It written as
(N + 3)sin [2 cos™* ( k, )*] (—k.)
i : 4N r2/ | &P
oo i)~ (e (= ) T
sin {(2N + l)[cos (4N 2 ) v+ 2 + ir Al

~@N + 1)w,<4N + 6)*[1 —w (mi ﬂ exp [— (4N + 6y’ ]

4N 4 2

~

in? ((2N + 1){cos‘l |: (ix T_ g) ]

NOE:

4N+2)[1 w(gig)}}"';"’)

Equation (Al) can be simplified by expanding the factors containing [(4N + 6)/(4N 4 2)] in powers

of N7!

L)) ~ -

But, from the definition of %,, we have for N >> 1
sin® {(2N + 3)[cos™*

Therefore the asymptotic formula for [Ly(k,)]™* reduces to

[(4N + 6)/(4N + 2)]' = 1 + 1/2N, (A2)
0s™ {w,[4N + 6)/(4N + 21} = cos™' w, — 2N) 7w, (1 ~ w)) 7, (A3)
{1 — wi[4N + 6)/(4N + 2]} = (1 — w)! — @N) Wil — wi)™}, (Ad)
and introducing the factor 2N + 3 in the argument of the sine function. The result is

2Nrw,(1 — w))* exp [~(UN + 6)uf] : (A5)

in* {(2N + 3)[cos™ w, — w,(1 — w)}] — 2 cos™" w, + ix}
w, — w,(1 — w) + ir — 2 cos™' w,} = sin’ (2 cos™* w,) = 4wl(l — w?). (A6)
(L (k)] ~ 3N7w; (1 — w)™* exp [—(4N + 6)w}]. (A7)

27 R. J. Rubin, J. Am. Chem. Soc. 86, 3413 (1964).
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A general form of the [ invariants of compact semisimple local Lie groups or rank !, as the traces of
the powers of the “velocity potential’’ operator is suggested. The connection of this form of the in-
variants with those of Ref. 3 is described. The possible generalization beyond those of adjoint group
and its connection with that of Biedenharn is discussed.

EVERAL attempts have been made'™® in recent
years to obtain the invariants of semisimple
local Lie groups. They all consist in generalizing
Racah-type invariants and to show that there are
only ! independent invariants for a group of rank
l. Such invariants have been constructed in the
earlier literature for the special case of adjoint
groups’. The inadequacy of these invariants, es-
pecially to suit the covariant and contravariant
representations, has been pointed out in Ref. 1.
The object of this paper is to show that the nth-
order invariants of the semisimple local Lie group
of rank [ can be expressed as the nth-power spur of
the velocity-potential U operator of the group of
infinitesimal generators. Also, it is shown that since
this velocity potential operator has always an ex-
pansion in terms of the self-representation of the
infinitesimal generators, one can always choose the
self-representation for the infinitesimal generators
without loss of generality. The connection of the
present work with that of Ref. 3 is given. The tensor
behavior of U is pointed out. We essentially follow
the treatment of Ref. 4 for notation and subject.
Since we are going to deal with the “velocity
potential” of the adjoint group, let us first introduce
its properties here. The “velocity potential” is de-
fined to be

Ui@@) = [9¢:(2, ¥)/0Yalu-o, (1)

* On leave of absence from the Institute of Mathematical
Sciences, MATSCIENCE, Madras, India.

1 L, C. Biedenharn, J. Math. Phys. 4, 436 (1963).

* M. Umezawa, Nucl. Phys. 48, 111 (1963). For similar
connected work, also refer to: M. Micu, Nucl. Phys. 60, 353
(1964); A. M. Perelomov and V. 8. Popov, Soviet Phys.—
JETP Letters 1, 6 (1965); and F. Halbwachs, CERN pre-
print 65/1585/5(TH.617).

3 B. Gruber and L. O’Raifeartaigh, J. Math. Phys. 5, 1796
(1964). See also, for a detailed discussion: L. O’Raifeartaigh,
Lectures on Local Lie Groups and Their Representations,
MATSCIENCE Report 25 (The Institute of Mathematical
Sciences, Madras, India).

4+ L. P. Eisenhart, Continuous Groups of Transformations
ge)eover Publications, Inc., New York, 1961), Chap. IV, p. 155.

also L. C. Biedenharn, Lectures in Theoretical Physics,
W. E. Brittin, B. W. Downs, and J. Downs, Eds. (Inter-
science Publishers, Inc., New York, 1963), Vol. 5, pp. 347-349.

where the ¢’s are the transformation functions of
the Lie group. In fact, as is well known, the whole
analysis and the classification of continuous groups
are accomplished by the study of U. The infinitesimal
generators of the group X are defined by

i 4
X, = T U@ 52 ®
The functions ¢ are analytic and have an expansion

0@, ) = Za + Yo + a5y 2y, + 2y + oo . (3)

The structure constants of the group C§, are related
to a’s through the relation

— a3 4

These concepts are indeed well known and are
introduced just for continuity and notation. The
U operator for the group 0(3), for example, looks
like

a a
Cay = Qgy

0 4z -—y

U:(It) = |-z 0 z |, xr; = (x) Y, z)' (5)

y —z O

The adjoint group P of a group @ is defined through
the homomorphism of G on the group of matrices.
So, to every element z & (@, there corresponds a
matrix p € P. The adjoint group of the infinitesimal
group is called the infinitesimal adjoint group.

Let us start with the Casimir operator

I, = g.sX°X*
= C2.Ca. XX’
Now, if we want to express this as a trace which
could later be generalized, we naturally introduce
the concept of a matrix. This association is sometimes

achieved by taking the adjoint representation in
which

(6)

o _ (4"
Cav. - (Xa)": (7)

1886
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so that I, can be expressed as

A A4

I,="Tr (
We then look to replace the adjoint representation
by some general representation, so that when I, is
generalized, it is really independent of the choice of
the representation. What we want to emphasize is
that we need essentially an association (whether
with adjoint representation or otherwise) of (CX)
with a matrix in order to express I, as a trace. In
other words, if we define

77:: = CZIO-X a’ (9)
then

I, = Tr (v)’, (10)

so that the generalized nth-order invariant may just
be written as

I, = Tr (n)". (1

These are, of course, known as the invariants of the
adjoint group (see Ref. 4 for extensive information).
The invariants are defined as the coefficients in the
expansion of the characteristic equation

A(X, p) = det (n3(X) — p 83) = 0,

as powers of p. The parameter p is supposed to define
the invariant directions. The Killing theorem states
that the coefficients ¢ in the characteristic equation
of the group

AX, p) = p" — X)p" + .-
+ (=D (X)o,

are in fact the invariants of the adjoint group. Also
it has been shown that there are only ! independent
¥’s where [ is the rank of the group. The operator
7(X) is just the operator (X < X) defined in Ref. 3.
These are velocity potential operators for the group
of the infinitesimal generators X of the group. For
the case of 0(3), the operator 5 is obtained by re-
placing, in the velocity potential U(z) of the group,
the elements of the group by the infinitesimal genera-
tors. So, for 0(3) we get

(12)

(13)

0 X: -X;
7= |-X, 0 X, =UX), (149
Xg -—Xl O

which is in fact the operator (X X X) of Ref. 3. The
invariants of the group are then

1887

O X3 _Xz "
I,. = TI' —Xa 0 X1 (15)
X, —-X, 0

It is easy to show that, for 0(3), I, = f(I,), so that
there is only one Casimir operator for 0(3).

Therefore, the method consists of first replacing
the z’s in the U matrix of the group [defined through
Eq. (1)] by the infinitesimal generators of the group
[defined in Eq. (2)]. Then take the traces of the
powers of this new matrix. It is clear that the number
of X’s is indeed equal to the order of the group. It
is also easy to see that trace (U)" is the same even if
one permutes the X’s in U. Of course, the choice of
U(X) strongly indicates that the corresponding
group function is

¢«'1(X; Y) = C;‘yXBY'n

so that
UiX) = [:':_;}%]Y_o = Cp:Xs,
and hence
I, = &r (U)
= U3U.
= gp, XpX,.

The form of U%(X), and hence that of ¢(X, Y)
immediately tells us that we are in fact dealing with
the invariants of the adjoint group.

Since U(X) is a transformation function, it can be
shown to be a tensor operator. We will not discuss
the completeness of these invariants and their ex-
plicit construction for special cases. These problems
have been discussed in Ref. 3.

Finally, it may be worthwhile to point out that
if we want to generalize these invariants beyond the
adjoint group, we can still retain the form

I, = Tr (U).
But now, U’s are defined through the relation
Ui = a5.X,,

where a’s are not the structure constants. They are
the second-order coefficients occurring in the ex-
pansion of ¢/ for the general case. We know, how-
ever, that the structure constants are related to the
a’s by the relation

Cy

— a
= Qgy T Gap

antisymmetric part.

i
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Usually, in the normal parameter system, we make
the symmetric part of ¢ vanish so that a’s, occurring
in the expansion of ¢, can be replaced by the
structure constants. The generalization of the gen-~
eral invariants beyond those of adjoint group con-
sigts in retaining both the symmetric and antisym-
metric parts of a; in other words, having the general
expansion for ¢'. In this case,

ag, = ¥(ag, + a3 + (a5, — a3p)

= %(dgv + C;-,),

where dg, are symmetric structure constants oc-
curring in the anticommutator of the X’s,

{Xa, Xﬂ} = dZﬁX‘Y’

and C’s are the usual structure constants (antisym-
metric) occurring in the commutator of the X’s,

T. 8. SANTHANAM

(X, Xp] = CopX,.

So, to conclude, the generalization of I, beyond the
adjoint group is found to be

In = Tr (U)")
U, =al,X,; aby, = 3., + Ci,).

Incidentally, the a’s are used by Biedenharn' to
construct the general invariants 7,.
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